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Abstract

We propose a two step rate optimal estimator for an undirected dyadic linear
regression model with interactive unit-specific effects. The estimator remains consistent
when the individual effects are additive rather than interactive. We observe that the
unit-specific effects alter the eigenvalue distribution of the data’s matrix representation
in significant and distinctive ways. We offer a correction for the ordinary least squares’
objective function to attenuate the statistical noise that arises due to the individual
effects, and in some cases, completely eliminate it. The new objective function is similar
to the least squares estimator’s objective function from the large N large T literature
(Bai (2009)). In general, the objective function is ill behaved and admits multiple local
minima. Following a novel proof strategy, we show that in the presence of interactive
effects, an iterative process in line with Bai (2009)’s converges to a global minimizer
and is asymptotically normal when initiated properly. The new proof strategy suggests
a computationally more advantageous and asymptotically equivalent estimator. While
the iterative process does not converge when the individual effects are additive, we

show that the alternative estimator remains consistent for all slope parameters.
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Introduction

Linear regression models with individual-specific effects are widely used to fit data with network
structures. Such linear models were used to explain trade flows between countries (Anderson and
van Wincoop (2003), Fally (2015)), to fit matched employer-employee data (Abowd et al. (1999),
Bonhomme et al. (2019)), or to study teacher effects on student performance (Jackson et al. (2014)),
to mention a few examples. In applications, these linear regression models are most often used
with a particular specification of the individual-specific effect. A popular specification consists
of including the individual effects additively. This is the approach taken for instance in Abowd
et al. (1999) and Jackson et al. (2014). Broadly, three types of estimators are used under this
specification. The two way fixed effects estimator (Abowd et al. (1999)) exploits the additivity of
the model to eliminate the individual effects. After double differencing, the initial model is turned
into a regular linear regression model (free of the individual effects), and estimators are obtained
by least squares on the transformed model. When the data is non bipartite with a number N of
agents (respectively, when it is bipartite, with N and M agents on each side), the two way fixed
estimator of the slope parameters converges at the optimal rate of N (resp. VNM ). The two
way fixed estimator comes with a significant caveat: the slope parameters on any agent-specific
observable covariates disappear in the double differencing process, in the same way as the individual
effects. Those can be recovered in a second stage by ordinary least squares if we further assume the
individual effects to be exogenous with respect to the additive observable attributes. The second
stage OLS estimators for the slope parameters on the additive covariates converges at a v/ N rate.

A second approach appeals to the standard OLS estimator (e.g. Rose (2004), Fafchamps and
Gubert (2007)). In the dyadic linear regression setting, the OLS estimator is in general v/ N
consistent for all the parameters. Given that for some covariates the two way fixed effects estimator
can provide N-consistent estimators, the OLS estimator is severely inefficient.

Other approaches consist of estimating a fixed effects model, by regressing the output variable
on the covariates, individual indicators and interactions of individual interactions. Examples abound
in the large N large T panel data literature. Bai (2009), Moon and Weidner (2015) and Moon
and Weidner (2017) study the least squares (LS) estimator, obtained by treating the individual
and time effects as nuisance parameters estimated by minimizing the squared errors. The least
squares estimator is shown to converge at the optimal v/ NT rate. However, the LS estimator is
obtained by minimizing the objective function over K + 7'+ N parameters (K being the dimension
of the slope parameter, N and 7" the dimensions of the cross-sectional and time effects), which poses
computational challenges. Bai (2009) proposes an iterative minimization routine that is guaranteed
to converge to a stationary point. However, the objective function can be ill-behaved, potentially
admitting multiple stationary points. Moon and Weidner (2023) propose an iterative process that
returns an estimator that is asymptotically equivalent to the LS estimator after just 2 iterations,
when initiated with a consistent but potentially rate inferior estimator. Each of the iterations

requires the resolution of a high dimensional minimization problem.



This paper studies symmetric non-oriented network regression models with interactive effects.
We propose a modification over the ordinary least squares estimator’s objective function to obtain
a new low dimensional objective function. We exploit the matrix structure of network data and
identify the individual effects’ footprint on the spectrum of the output matrix. We then correct
for the unobservables’ effect on the spectrum. We show that the estimator obtained through the
minimization of the new objective function has a similar asymptotic behavior to the LS estimator
from the large N large T panel data literature.

We propose an iterative process to solve the new minimization problem. Following Sargan
(1964)’s standard argument, the iterative process is guaranteed to converge to a stationary point.
However, the new objective function can have multiple local minima. We show that if the iterative
process is initiated by a consistent but potentially rate inferior estimator, then the iterations converge
to a global minimizer. We study the asymptotic behavior of that specific global minimizer.

Interestingly, we show that in theory, no finite number of iterations is enough to jump from the
inferior initial rate of convergence to the optimal N rate. To escape the inferior rate, the number of
iterations ought to be indexed by the sample size, which is computationally problematic. Building
on our results on the distribution of a single iteration estimator, we propose an equivalent estimator
that only requires 1 iteration when the initial estimator is v/ N2 consistent, or 2 iterations when the
initial estimator is v/ N consistent, substantially reducing the computational burden.

Throughout the paper, an initial v/N- consistent estimator is assumed to be available. In the
context of dyadic (network) regression, the individual effects are generally assumed to be centered
and independent from the observable regressors (e.g. Graham (2020), Graham et al. (2021)). When
that is the case, the OLS estimator is v/ N-consistent and is a good candidate for the initiation
phase. Generally, for dyadic data, one can always extract an i.i.d. subsample of a size of order N
(for instance by only keeping the observations with indices {1, 2}, {3,4}, ..., {N — 1, N}, which are
i.i.d. observations since no index appears more than once), then employ whatever cross-sectional
estimation procedure is suitable for the context at hand (for instance, using an instrumental variable
for the unobservable effects on the i.i.d. subsample). This would typically yield a v/N-consistent
estimator. The results in the paper are more general in the sense that they allow for an arbitrary
correlation between the regressors and the individual effects, as long as an initial estimator is
available.

The next section introduces the setup and lays out the main intuitions leading up to the
definition of the new estimator. Section 3 discusses the estimator’s theoretical properties and
numerical implementation. Section 3 proposes estimators for the covariance matrix. Section

5 examines the asymptotic distribution of the alternative estimator in a specification without

IThe language in this statement is kept intentionally loose. The usual assumptions in the large N large T
panel data literature (e.g. Bai (2009), Moon and Weidner (2015), Moon and Weidner (2017), etc) exclude the
network models that this paper studies. However, the proofs in that literature can be marginally modified to
obtain results on the LS estimator in our context. Later in this paper (especially following corollary 3), we
precise in what sense the estimator proposed in this paper compares to the LS estimator.



interactive effects. Finally, section 6 shows the results from Monte Carlo simulations and from an
empirical illustration and the last section concludes. All proofs are deferred to the end of the paper

(appendix A).

1 Minimizing the least eigenvalues: definitions and
main results

Consider the model:
Yij = X604+ v(Ai + Aj) + 0(A; x Aj) + Vij (1)

for all 7 # j, where A;’s are i.i.d centered random variables with finite fourth moments. The V;;’s are
i.i.d centered square integrable random variables with V;; = Vj;, Bo := (80,1, .-, Bo,1.) is the parameter
of interest and v > 0 and 6 € {—1,0,+1} are unknown nuisance parameters.? The covariates X are
such that for all 4, j, [ such that i # j: X;;; = Xji; = ¢(X;, X, Wij), for some (possibly unknown)
function ¢, i.i.d random variables X; and i.i.d. variables W;;. By convention, X;;; = 0 for all ¢ and
[ and the first covariate is the intercept (i.e. X;;1 =1 for all i # j).

When 6 # 0, the model in equation (1) can also be re-expressed:

L
Yij =D BoaXiji — 877+ 8(Ai +7)(45 +7) + Vi (2)
=1

which reduces the study of the model (1) to that of:

L
Yij = Z 70, Xij1 + 0UUj + Vi (3)

=1
where the errors U; := «v + A; are no longer assumed to be centered. All the slope parameters
remain unchanged as you move from model (1) to (2) (or (3)), only the intercept is altered by the

2 in equation (2). Therefore, any “good” estimators for the parameters of the

correction term“—4d~y
model (3) also provide good estimators for the parameters in models (1) and (2), except perhaps for
their intercepts. Because the intercept is shifted by —&v? when we move from the original model (1)
to model (3), the OLS estimator of the intercept would need to be corrected to account for the shift.
That is done in Proposition 7 and relegated to the appendix.

Let N be the sample size (number of nodes or agents ¢). Denote Y and V' the N x N matrices
with entries Yj;, Vi; and X; the matrix with entries X;;; for every [ =1...L. Y and X;’s diagonal
entries are equal to zero. Vs ith diagonal term is equal to 6(E(U?) — U?). Finally, stack the

individual random effects into a vector denoted U. This allows for the formulation of model 3 in a

2y is set to be positive because the model (1) can also be re-expressed as Yi; = X;;8 + (—7)((—4;) +

(—A;))+ 0 x (—A;) x (—A;) + Vij. The sign of  is not identified.



compact matrix form :
L
Y =) mu X, + UV +V - SE(UT) Iy (4)
=1
Iy being the identity matrix of dimension N. Let M (7) be the matrix of residuals corresponding to

T

L L

M(r):=Y =Y mX; =Y (mo; — m)X; + 6UU' +V = 6E(UT)In (5)
=1 I=1

For any N x N matrix M, Tr(M) denotes M’s trace, A; (M) > Ao(M) > ... An(M) are M’s

eigenvalues ranked from largest to smallest. We study the estimator that minimizes the objective

function

gn () = i N (M(m)?) (6)

that is, the sum of M (7)%’s N — 1 smallest eigenvalues; gy is a modification over the ordinary least

squares’ objective function, observe:

2
gn () = fj N (M) = Tr (M(x)2) = x (M(r)2) =3 [ ¥ - fjmxm ~x (M(r)?)
=2 2,7 =1

2
and note that the OLS estimator minimizes the sum of squared residuals ), ; <Yij - ZZL: 1 WlXij,l)

The OLS estimator is efficient when the interactive term U;U; is absent from equation (3), and as
we discuss further later in this paper, the interactive term mostly impacts M (7)’s largest eigenvalue,
once 7 is close enough to the true my. The new objective function gn mechanically removes the
largest eigenvalue, the one baring most of UU’ impact on the sum of squared errors (c.f. section 2
for a detailed discussion).

The problem of minimizing g can’t be solved in closed form and the function gy is in general
ill behaved (globally not smooth and potentially admitting multiple local minima). Following Bai
(2009), we propose an iterative process and show that it converges to a global minimizer when
initiated properly. In studying the minimizer of the objective function (6), we take a different
route than the common route in the panel data literature. Bai (2009) offers the iterative process
as a practical method of minimizing gy, but studies the asymptotic properties of the minimizer
independently of how it is obtained in practice. The function gy can admit multiple stationary
points and the iterations are not guaranteed to converge to the intended argmin. To illustrate this
point, figure (1) shows a plot of the function gy for the model Y;; = mo + U;U; + Vij; oy = oy =1,
E(U)=1, N =100 and 7y = 1.

In this paper, we study the global minimizer specifically by analysing the effect of individual
iterations, then combining the effects of successive iterations. In addition to guaranteeing convergence

to the desired minimizer (conditional on proper initialization), this proof strategy also offers the
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Figure 1: The graph of the function gy for the model Y;; = my + U;U; + Vij; oy = oy =1,

E(U)=1, N =100 and 7o = 1. The values of m are on the X-axis, and the corresponding
fn () is on the Y-awis.

simple shortcuts at the origin of our equivalent and computationally more efficient alternative

estimator. Let fy be the function

1
fn:im— ZXz{inj - Z vi(m)vi(m) X Xin ZXz{jYij - Z vi(m)vi (1) X1, Yin
i#j i#£j,k#i,j i i#,k#i,j

Lemma 1. Assume FE(X|,X12) is invertible. With probability approaching 1, the problem
min Y A (M(ﬂ)z) (7)

admits a solution for N large enough. Moreover, ™ is a minimizer of (6) if and only if it is a

solution to the fized point problem:

™= fn(m) (8)
where v(r) is the normalized (||v(7)||2 = 1) eigenvector of M(r) corresponding to M(w)'s largest
etgenvalue.

Proof. See section A.4. O

The condition on F(X],X12) is a standard non-collinearity condition. In addition to guaranteeing
the existence of a solution, Lemma 1 provides a practical tool to study the behavior of estimators

obtained through the optimization problem (6). Intuitively, equation (8) is a first order condition of



a minimization problem that is equivalent to (6). Let 7* € argmin gz Zf\; Ai (M(7r))2 and note

N
2
7% € arg min /\
gﬂ'ER Z ))
2
— 7€ argmlnz Yij ZTWXZJl — rﬁlzlllx I/M(Tr)ZV
vi|v||l=1
7]
2
=7 e argrmnz Y ZW;XUI — v(7*) M(n)%v(n*); where v(n) € arg max /M (n)*v
oy vilv]|=1
L 2 L
= 7" € arg mﬂinz Yij — ZW;XMJ — Z vi(m*)v; (%) | Yie — ZW;X“H Yij — ZkajJ
i#j =1 6.5 ki, =1

The last equality allows for the expression of 7* as the minimizer of a smooth and convex

function over R” (in fact, strictly convex with probability 1, when N is large enough):

2

L
Ty YZJ—ZWZXW - > ul)y(n zk—ZWzszl Yig — > mXkj

i#] .5,k F1,] I=1

the first order condition results in the fixed point problem (8). The proof in section A.4 closely
follows this sketch.

Lemma 1 does not guarantee the uniqueness of the solution to the minimization problem (6).
The iteration process just described, when it converges, could converge to one of many potential
fixed point of (8) (solutions to (6)). Additionally, the iteration process could be explosive, leading
the iterations to diverge rather than approach one of the fixed points. The function fy is generally
ill-behaved. In general, it is neither convex, nor quasi-convex, nor differentiable. Figure 2 illustrates
fn’s behavior for the simplest model nested in model (3): Y;; = mo + U;U; + Vj; for oy = oy =1,
mo = 1 and for N = 100. In this example, fy is convex between ~ —0.5 and = 2, it has a point of
inflexion, smoothly switching convexity at ~ —0.5. fx is not differentiable at ~ 2. However, fy
has a unique minimum (on the interval displayed in figure 2), that is close to the true parameter
m = my = 1. The figure also points to the direction that the results in the sequel will follow: I
show that with high probability, fn is well behaved in a shrinking neighborhood of 7y; my being
unknown, knowledge of a good enough first stage estimator will be essential throughout the paper.
In particular, we study the estimator defined defined in (6) by studying single successive iterations
on the fixed point problem (8). It turns out that when the iteration process is initiated with a good
first stage estimator, e.g. OLS when the individual effects are assumed to be independent of the
observable covariate, the process converges to a fixed point or a minimizer (formal statements are
presented in Corollary 2 in the following section).

The estimator(s) studied in this paper are obtained by iterating equation (8), that is, by plugging
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Figure 2: The graph of the function fy for the model Yi; = 7 + U;U; + Vij; oy = oy =1,
N =100. The values of m are on the X-azis, and the corresponding fy(m) is on the Y-axis.

some “reasonable” initial estimator in the right hand side of (8) to obtain what we show is a more
precise estimator on the left hand side, then iterating this process as needed until the true fixed
point distribution is achieved.

Before stating the main result, let’s summarize the assumptions we have used in the previous

Lemma and intuitions.

Assumption A. - Xij = Xji = ¢(X;, X5, Wij) has at least 4 finite moments.
- BE(X12X15) is full rank.

Assumption B. - The V;;’s are i.i.d. across pairs, and have at least 2 finite moments.
- The U; ’s are i.i.d. across individuals and have at least 4 finite moments.
- Var(U) =104 #0

We will need to introduce a final assumption ensuring that the matrix of covariates does not

include the multiplicative individual effects U;:

Assumption C. The vector of covariates is not perfectly collinear with the individual errors, that
is: for any vector A € RY, P(N' X1y = U Us) < 1.

This is a basic identifying assumption, without which the “unobserved” effects term U;U; is in

fact a linear combination of observable features. We are ready to state our main result:

Theorem 1. Let the assumptions A, B and C hold. Let T be an estimator such that ©# — my =
Oy (\/%) Define the sequence @y, by: 7o := 7 and Tpy1 = fn(Tm), and let 7 = limsup,,, 7, .

Then with probability approaching 1 #* = limy, 4 o0 T, and T is a solution to (6). Moreover:

3
E(U?)

E(UY)

E(U$ X19U5) — E(07)?
1

N(#* — ) —q 0571 ( E(U1U2X12)) + N (0, 2052—1) (9)



1
Y= B(X12X] ——E(U1UyX12)E(U1 U X12) — E(U U3 X12X}
( (X12 12)+E(U12)2 (U1U2X12) E(U1U2X12) B (U1UsX12 23)))
Proof. Immediately follows from Corollary 2 and Proposition 4. 0

Theorem 1 shows that if we iterate for long enough, we approach a minimizer of the objective
function gn with high probability. The theorem does however not provide any guidance regarding
the number of iterations that are required to “sufficiently” approach the optimum. In fact, we show
(in proposition 1) that if we initiate with a v/ N-consistent estimator, no finite number of iterations
is sufficient to escape the VN rate of convergence. For any hope of achieving a superior rate, the
number of iterations needs to be indexed by the sample size N, which is computationally challenging.
One exception to this curse is noteworthy. If the individual effects are centered and independent of
the observable regressors X, then proposition 2 shows that even initiating with a v/N-consistent
estimator, one iteration is enough to obtain an estimator with the same asymptotic properties as
7*. In that case also, interestingly, the OLS estimator is N-consistent but has a non standard
asymptotic distribution (c.f. for instance Menzel (2021)). Moreover, under these assumptions, 7* is
easily shown to be asymptotically efficient (refer to the discussion following proposition 2).

We circumvent the debate around the appropriate number of iterations by proposing an alter-
native estimator that is asymptotically equivalent to the “oracle” 7*. The alternative estimator
only requires 2 iterations on the function fy, significantly limiting the computational burden. First,

starting with a v/ N-consistent estimator 7, define the matrix

-1

[A(N = ZXivaz(,j,k — Z l/i(’ﬁ')Xi,jXJ/-,ka(’fT)
i#j i#j,k

< Y (@)X X e (®) — | Do vi®) Xagvi(7) | | D w@) X v(7)
oy i#j i#j
then follow the three steps:
1. Run one iteration to get 711 := fn(7)
2. Compute 7, := (I, — K)'ay + (I, — (I, — K) Y7
3. Iterate on 71 to get 7o 1= fn (1)

4. Compute 7y == (I, — K) Yy + (I, — (I, — K)~ V)%,

we show (proposition 5) that Ky is a consistent estimator for a matrix K that is central to our

analysis of the iteration process. More on the definition of K, its role, and why the 4 steps above



deliver an estimator with the desired properties comes in section 3. We conclude this section by

stating the paper’s second main theorem:

Theorem 2. Under the assumptions of theorem 1

Proof. Immediately follows from Corollaries 3 and 4. O

When ¢ = 0 in model (1), however, the iterations become explosive (see proposition 6) and do
not converge. Therefore, the limit distribution of 7* is not well defined. The alternative estimator
remains consistent for all slope parameters, excluding the interecept, when the individual effects A
in equation (1) are independent of the regressors X. When the individual effects and the regressors
are correlated, the iterations introduce bias to all parameters, whence the need for the following

assumption:

Assumption D. Assume that for all i,j, the individual effects A;, A; are independent from the

regressor X;;.

Theorem 3. Under the assumptions A and D, and § = 0, and assuming 7 is / N -consistent for mg.
Then:

. . _ - VNS~ vy 1
VNdiag(0,1,...,1)(7y — m) = diag(0,1,...,1) rl(c)\/ﬁ(w—m)wg(c)m%:X”Aj +op<m>

= 0p(1)
for some ¢ ~ 1 — 2Bernouilli(3) and some deterministic matriz valued functions I'1(.) and T's(.).

Proof. Follows from Proposition 6 (section 5) and Lemma 5 in Appendix A.13. t

The two following sections discuss the intuition behind the least eigenvalue estimator and break
down the intermediary results leading to theorems 1 and 2. Section 2 details how the interactive
term in equation (3) affects the spectrum of the matrix M (7) and why minimizing the function gy
is a sensible choice. Section 3 outlines the theoretical results starting from the behavior of a single

iteration estimator and leading up to the construction of the alternative estimator 7.

10



2 Some intuition

Consider the ordinary least squares estimator on model 3, defined by

TeERL

= a min 11 E m X,
rg IIRL ( ( 1\l

. 2
TOLS = arg min Yij — Zﬂ'lXij,l
7j -

:arg min )\ T
gWGRL =1 ( )

Equation (10) indicates that the OLS estimator can also be defined as a minimizer of the average
squared eigenvalues of the matrix M (w). Let’s examine the distribution of M (7)’s eigenvalues for
values of 7 that are “close” to the true value 7y, assuming 6 = 1 (the treatment for § = —1 is similar).
Begin with the value m = mp, that is, let’s look at the distribution of the eigenvalues of the matrix
UU' +V. 3 Figure 3 shows the histogram of the eigenvalues of the simulated matrix \F (U U + V)

where the U’s and V’s are i.i.d standard normal and the sample size is set to N = 1000.

100 mlifL :

o0 |- 8

# occurrences

O I I T T T T T T T T T T T T T T T T
-2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34
Eigenvalues

Figure 3: Histogram for \/LNM(WO)’S eigenvalues; o, =0, =1, N = 1000

The histogram in figure 3 shows two distinct parts: to the left, a block of eigenvalues concentrated
between values ~ —2 and ~ +2, and a single eigenvalue, further to the right, at around value ~ 31.
After proper rescaling (and ignoring the single eigenvalue to the left for the rescaled histogram to fit

on a page) the block of eigenvalues to the left has the shape of a semi-circle as shown in Figure 4 .

3We ignore the effect of the matrix E(UZ)Iy in the discussion that follows. FE(U?)Iy simply shifts all
eigenvalues by the same quantity E(UZ). The shift size will turn out to be of a low order of magnitude
compared to the bulk of UU’ 4+ Vs eigenvalues and its effect will be negligible anyways.

11



# occurrences

Eigenvalues

Figure 4: A zoom into the semi circle (the left block in Figure 3)

To rationalize the shape of Figure 3, let’s examine the eigenvalues of each of the terms composing
M (mp). The matrix UU’ is of rank 1, its unique non null eigenvalue is equal to U'U = 3. U? which
is of the same order as N E(U?) when N is large enough.

Figure 5 shows the histogram of V’s eigenvalues. The two histograms in 4 and 5 are seemingly
identical. Only M (my)’s outlier eigenvalue (the one approximately equal to 46) is absent from V’s
histogram. This should come as no surprise: the matrix M (m) is a rank 1 deformation of V. The
impact of rank 1 deformations on the eigenvalues of the original matrix (V" here) is well studied (e.g.
Bunch et al. (1978)). Because UU’s unique eigenvalue is positive, modifying V' through UU’ shifts
all of V’s eigenvalues upwards such that V’s eigenvalues are interlaced with V' + UU"’s, that is, for
1=2,..,N:

M(V) <X (V4+UU') < Xia(V)

and
M (V) <a (V+UT)

Provided that V’s eigenvalues (rescaled by ﬁ) are concentrated roughly between -2 and 2, then
the inequalities above predict that V + UU”’s N — 1 smallest eigenvalues will be only shifted by a
small amount, which explains why the figures 4 and 5 are not visually distinguishible.

The semi-circle in figure 4 is reminiscent of Wigner’s semi-circle law in the random matrix
literature (see for instance Benaych-Georges and Knowles (2016)). Wigner’s law states that the
empirical distribution of the eigenvalues of a random symmetric matrix with centered square
integrable entries “converges” (in a sense that is made precise below) to a distribution with a
semi-circular probability density function. In particular, Firedi and Komlés (1981) show that Vs
largest eigenvalue is of order v/N with probability approaching 1 as N grows.

These observations combined suggest the following rough interpretation of the histogram 3:
M(mp)’s N —1 smallest eigenvalues are of order VN and are "very close” to Vs eigenvalues, whereas

the largest eigenvalue is due to the UU’ deformation and is of order N.

12



# occurrences

Figure 5: A histogram for \/LNV’S eigenvalues; o, =1 , N = 1000

Let’s extend these intuitions to values of 7 that are different from the true parameter my. If 7 is
too far from mp, then the term ZZL:1(WO,I — m)X; in equation (5) can become dominant and dwarf
the contributions of V and UU’ in M (7)’s eigenvalue distribution. In the other extreme, when the
candidate 7w is“very close” to mg, then the contribution of the covariates’ term becomes negligible
and we obtain a histogram that is similar to the one in figure 3.

The values of w that are abberantly far from 7y lead to the eigenvalues of Zlel(Wo,l —m)X;
being of a higher than order v/N. Subsequently, they are easy to eliminate as they produce a
histogram that is grossly different from the one in figure 3. However, this rough discrimination
strategy will be ineffective for values of 7 that return a term Zle(ﬂo,l — m)X; of order v/N or
lower. In any case, for model (3), when U is independent of X, the OLS estimator is known to be
at least v/N consistent in general (See for instance Menzel (2021) or section 4 in Graham (2020)).*

The following lemma shows that any v N estimator is in fact “close enough” for our purposes.

Lemma 2. Assume that assumption A holds. We have that
masx [M(Xx)| = Op(N)
Proof. Refer to subsection A.3. O

The lemma implies that any initial estimator 7 that is v/N consistent - like the OLS estimator
- would yield a covariates’ term such that Zlel(ﬂ'OJ — #)X; = Op(V/N). Tt would produce an
eigenvalue histogram for M (7) that is similar to figure 3 with one outlier eigenvalue of order N,
due to the rank 1 modification UU’, and a cloud of eigenvalues that are of a smaller order v/N but
that need not form a semi-circle this time.

Provided that the candidate 7 is close enough to 7, the largest eigenvalue of M () is, at least
up to a first order approximation, closely tied to the error term UU’. Notice that, absent the UU’
from the model 3 (or the random effects A; and A; from the model (1)), we would be back to the

standard linear regression model with i.i.d. and exogenous noise V;;. In that case, we know that

4In fact, if B(U;) # 0, the OLS estimator of the intercept is biased. In proposition 7 (appendix A.1), we
show how that bias can be corrected to obtain a v/ N-consistent estimator.

13



N(N-1)
2

OLS is efficient, and since the sample size is , the rate of convergence of the OLS estimator
would be N, rather than /N under models (1) or (3).

An appealing idea is then to modify the objective function in the matrix form definition of the
OLS in (10) to remove the contribution of the random effects. Following the intuition laid down so
far, this can for instance be done by removing M (7)’s largest eigenvalue from the sum of squared

errors before minimizing. The new estimator would be a solution to the minimization problem
N
min S\ (M(W)Q) = gn(7) (11)

L
TeR i—

3 Single iteration analysis

The first result examines a single iteration of the fixed point problem (8).
Proposition 1. Consider the model 3:
K
Yij = ZWO,kXij,k + 0UU; + Vij = Xyjmo + 0U;Uj + Vi

k=1

where § € {—1,+1}. Under the assumptions A, B and C, given a first stage estimator T such that

|| —mol| = Op <ﬁ>, the single iteration estimator

1
wi= (D XX — Y vl®@)y(R) XX SNOXLYi— > vl@y ()XY | (12)

i#] oy i#] i3 kg
satisfies
VNG = m0) = KN (7 — m0) + O, <¢1N> (13)
for
1 1 B
K = ) (E(X{QXH) - E(Ulg)E(UlU?,X{QXw))

1
X (E(U1U3X12X23) — E(U2>E(U1X12U2>E(U1U2X12)>
1

A detailed proof is presented in section A.5. Proposition 3 shows that

1
<E(X{2X]_2) - E'(UQ)E(U]'U:}X{QX?Q))
1

is invertible, ensuring that K is well defined.
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Equation (13) describes how the distribution of the single iteration estimator relates to the first
stage estimator’s. An immediate corollary of proposition (1) is that the single iteration estimator 7
is consistent and converges to m at least as at a rate of v/N. Also, up to a first order approximation,
the single stage estimator depends linearly on the initial 7.

Whether the iteration process improves the quality of estimation depends on the matrix K. When
the individual effects U are independent of the regressors X and when E(U;) = 0 in proposition 1,

the matrix K is null and equation (13) becomes

ﬁ—70—0p<]1[>.

After a single iteration, we are able to achieve the optimal rate of convergence N. Unfortunately,
proposition 1 does not provide the asymptotic distribution of 7 or the effect iterations have beyond
the first iteration. To answer both these questions, we need to zoom into the O, (ﬁ) term in
equation (13) and determine how it depends on the first stage estimator 7 and/or how it behaves

asymptotically. The next proposition and its proof in appendix A.5 address this case.

Proposition 2. In addition to the assumptions in proposition 1, assume that the individual effects

are independent of the regressors X;; and that E(U;) =0, then
N7t —mp) =g N (0, 203E(X12X12)*1> (14)

A “one step theorem” applies, one iteration is enough to achieve full efficiency. The ar-
gument proving the efficiency of # in proposition 2 is simple: consider the alternative model
Y,j = Zlel 04X + Vij = Xijmo + Vij is i.i.d. with i.i.d. errors Vj;. In this model, the ordinary
least squares estimator is known to be efficient and asymptotically normal, with asymptotic co-
variance matrix 202FE(X12X/,) ! - the same asymptotic distribution as in (14) (see for instance
Chamberlain (1987) or Newey (1990)). Given that our model of interest (3) is noisier than the

alternative model, the following corollary holds.

Corollary 1. Under the assumptions of proposition 2, the single iteration estimator defined in (13)

is semi-parametrically efficient.

When K = 0, the one step theorem no longer applies. After any finite number of iterations, the
new estimator is still v/ N-consistent. To understand the role of K when K = 0, consider the simple
case where we have a single regressor (L = 1). K becomes a scalar and when |K| < 1, 7 is to a
first order closer to mp than 7. If the first stage estimator is asymptotically normal (the standard
ordinary least squares estimator for example) with an asymptotic variance of &2, then # is normally
distributed with variance K252 < 2. Moreover, as we iterate, the variance decays exponentially
in the number of iterations. Conversely, if |K| > 1, iterations produce noisier estimators, and the

variance explodes exponentially with the number of iterations. Finally, if |K| = 1, then the new
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estimator is asymptotically equivalent to the first stage estimator, iteration is neither useful nor
harmful.

Simplify further, and assume that the single regressor is in fact just a constant X;; = 1, that
E(Uy)?
E(U?)
positive and strictly smaller than 1 (since by assumption o% > 0), the iterations improve estimation

which 1is

is, we are interested in estimating the mean of Y;;. The constant K becomes K =

quality.

When L > 1, K is a matrix. Rather than comparing K to 1, the relevant comparison is now
between K and Iy, - the identity matrix of dimension L - in the partial order on symmetric matrices.
When K? > Iy, that is, when K’s eigenvalues are all larger than 1 in absolute value, the successive
iterations follow an explosive path of covariance matrices. The conclusions are similar to the
univariate setting in the two cases: K2 < Iy, or K? = I1. In the multivariate case however, these
three cases are not exhaustive, since > here is only a partial order. Fortunately, the next proposition

shows that the only possibile case, given our assumptions, is in fact 0 < K < Ir.

Proposition 3. Under the assumptions of proposition 1, the matriz (E(X{2X12) - E(Uy U3X{2X32))

1
E(U?)
is positive definite and all the eigenvalues of the matriz

-1
1 1
K=—— | BE(X X)) - ——E(U;U; X', X
E(U12)< (X12X12) E0D) (U1Us X5 32))

1
X (E(U1U3X12X23) — E(U2)E(U1X12U2)E(U1U2X12)>
1

are positive and strictly smaller than 1.
Proof. cf. section A.6 O

Together, the Propositions 1 and 3 imply that given a v/N-consistent initial estimator and a
fixed € > 0, we iterate the process described in the equation (12) to obtain a new /N-consistent
estimator with a variance that is smaller than € (or e, in the multivariate case). This strongly
suggests that an estimator with a faster than v/ N rate of convergence exists. In fact, using a simple
trick, the Propositions 1 and 3 provide a rate N (a rate optimal) estimator.®

Another corollary of proposition 1 is that, if fx has a fixed point 7#* that is v/N-consistent, then
equation (13) yields:

(1 - B)VN (= m0) = 0, ()

so 7* is in fact N-consistent. Proposition 1 is silent about the exact asymptotic distribution of 7*

and about its existence.

°A similar idea is used for instance to construct a “Generalized Jackknife estimator” (e.g. Powell et al.
(1989), Cattaneo et al. (2013)). In the context of proposition 1, the term /N (7 — 7p) is eliminated by taking
the convex combination, in the same fashion that the bias is removed in the generalized jackknife by taking a
convex combination of estimator with the same bias.
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To establish the existence of a fixed point, notice that equation (13) has the flavor of Taylor
expansion, where the matrix K would represent a gradient. Because the matrix K has a spectral
radius that is smaller than 1 (proposition 3), then fy must be contracting in a local sense. Then (a
variation on) the Banach fixed point theorem should prove existence. This intuition is the main

idea for the proof for the next corollary.

Corollary 2. Let 7 be an estimator such that @ — mg = O (\/Lﬁ) Fiz k € (M(K),1) and some
C > 0. Under the assumptions of proposition 1, with probability approaching 1:

1. The function fn in equation (8) is differentiable in the closed ball B(my, \/%) centered at g

and with radius %
2 8Py ) NI < < 1

Moreover, define the sequence Tt by: 7o := T and Tyt = fN(Tm), and ©* := limsup,,, Tp,. Then
T —mo = O, (ﬁ) and with probability approaching 1 #* = limy, 4 oo T and T is a solution to

(6).
Proof. Cf. Section A.7 . O

So 7* exists with probability approaching 1 and is rate optimal. It is left to determine its
asymptotic distribution. We need to compute a higher order term in the expansion (13) of proposition

1. That is the purpose of proposition 4.

Proposition 4. Under the assumptions of proposition 1, if the first stage estimator is such that
T —7=0)p (%), then

1
with
~1
1 3 EU}
Ry —y4 <E(X12X12) — WE(U1U3X12X§2)) (E(U2)E(UfX12U2) _ E<(U21))2E(U1U2X12)>
1 1 1
-1
E(U)?
+ (E(X12X12) - E((Ulg) E(X12X§,2)> N (O, 20‘2/2)
1
for
1
Y= (E(Xngig) + WE(UlUQXlg)E(UlUQXH)’ _ E(UQ)E(U1U3X12X53))>
1 1
Proof. C.f. Section A.8 O
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Because of the presence of the residual Ry in equation (15), the new expansion is fundamentally
different from the previous one (equation (13) in Proposition 1). The effect of an iteration on the
estimation quality is now ambiguous and depends on how the first stage estimator 7 relates to the
residual Ry. Even if they were independent, it is not clear whether iteration improves estimation.
Unfortunately, even though proposition 2 provides the asymptotic distribution of Ry, that is not
enough to fully characterize the distribution of the single iteration estimator. For that, we would
need the joint distribution of the first stage ™ and Ry, which is challenging even for a single iteration.
However, we can see that because K has a smaller than one spectrum (by proposition 3), as we
iterate, the contribution of the initial (first stage or input) estimator fades away. Intuitively, starting
with some N— consistent first stage 7(=: 7p), from (15):

m—1
N (7t — mo) ~ K™ N(7 —m) + Y _ K'Ry
i=0
~K™N(# —m) + (I, — K™) (I, — K) 'Ry

~ (I, — K)"'Ry; when m is lage.

So the limit distribution (when m approaches infinity) should not depend on the initial estimator

7. Corollary 3 formalizes these thoughts.

Corollary 3. Let @ be a /N consistent estimator. Define the sequence rpm: o := 7% and Tme i=

fn(tm) for all m >0, and let #* := lim sup,,, . Then

N(#* —m) = — K) 'Ry + 0, <\/1N>

and with probability approaching 1 #* is a solution to (6). Therefore

_ EU _
N(#* —mp) —q 6577 E(UX12Us) — LS E(U U, X N (0,208,571 16
(7" = 70) —rd <E(U12) (Ui X12U2) E?)? (U2 X12) | + (, oy ) (16)

for
1
Y= B(X12X] ————=E(U1UsX19) E(U1 Uy X12) — E(U1U3X12X}

( (Xi2 12)+E(U12)2 (U1U2X42) E(U1 Uz X12) B0 (U1UsX12 23)))

Proof. Immediately follows from Proposition 4 and Corollary 2. O

Notice that 7* is asymptotically biased. This is a manifestation of the incidental parameter
problem and in line with the behavior of other estimators that incidentally estimate the individual
effects (e.g. Bai (2009) , Moon and Weidner (2017)...). Interestingly, the asymptotic bias of 7*

has a particular structure when the individual effects are independent of the observable regressors.
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Notice that, in that case:

ar 2
2(1,0,...,0) = VE((U%) E(X12)
so that:
4
»! (E(?[}%)E(U?XHUQ) - mE(UlU2X12)) = Vfr(([?fll))Q (SE(Uf)E(Uf) — E(UﬂE(U{‘)) ,...,0)

that is, the bias only affects the intercept. So, when the individual effects are independent of the
regressors, and if the slope parameters are the only parameters of interest, no bias correction is
needed.

In general however, all coefficients are affected by the asymptotic bias. In the next section, we
offer a correction to this bias by proposing a consistent estimator for the bias term.

The corollary shows that if we initiate a sequence 7y := 7, for some initial v/N-consistent
estimator 7, and then we iterate “infinitely many” 7,41 := fn(7m) as in corollary 2, then with
high probability 7,, approaches a fixed point 7*. As is standard in numerical optimization methods,
“infinitely many” repetitions can in practice be read as “sufficiently many repetitions”. None of
the results so far in this paper provides any guidance regarding how many repetitions are enough.
In fact, one of proposition 1’s corollaries can be concerning: equation (13) establishes that if we
initiate with a v/N consistent estimator, then we can only hope the iteration process to return
v/N-consistent estimators if we stop after a finite number of iterations. Therefore, from equation
(35), we get a sense of what a lower bound on the number of iterations should be, and it is rather
massive. The number of iterations should be a diverging function of the sample size N for us to
have any hope to escape the v/N rate of convergence. How fast the number of iterations grows with
N will have an effect on the rate of convergence of the final estimator, but it is hard to tell what
the proper order of magnitude is. It is even less clear what the rate of convergence would be if the
number of iterations is indexed on some stoppage criterion on the value of the objective function,
as is usually the case in standard numerical optimization algorithms. In simulations, the question
of the number of iterations does not seem to be problematic. The standard optimization methods
deliver distributions that are in line with the predictions of the asymptotic results presented so far,
in particular the asymptotic distribution of 7#* in corollary 3.

Fortunately, the propositions 1 and 2 can be put to use differently to extract an estimator
that is asymptotically equivalent to the minimizer #*. The alternative estimator requires exactly 2
iterations over the function fy and is therefore computationally more efficient. Using the alternative
estimator, we can circumvent the concerns we highlighted around the number of iterations that are

sufficient to achieve the desired asymptotic distribution.
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The equivalent estimator

First, assume that the matrix K is observed. Let 7 be an initial v/ N consistent estimator and let 71
be the estimator returned in the equation (12) after a single iteration. Write 7} := G71 + (I — G),
for some fixed L x L matrix G and where I, is the identity matrix of dimension L. We will choose

the matrix G so that 7] converges at rate N. Write

VN(7F —m) = VNG(#1 — 1) + VNI, — G) (7 — m)
= (GK + I, — G)VN(7 — ) + O, <\/1N>

- 1
choosing G such that I, — G(I; — K)=0-ie. G = (I, — K)™! - yields a rate N estimator. Note
that by the proposition 3, I, — K is invertible and G is well defined.

In practice, the matrix K is not observed. Instead, it needs to be estimated and plugged

in to generate an estimator for G. Assume we have a consistent estimator K for K. Define
G:= (I, - K) ' and 7t := G& + (I, — Q)7 As for #*

VN (71 —m) = VNG(7 — o) + VNI — G)(7 — mo)
:(IL—(IL—k)_l(IL—K>> \/N(fr—ﬂ'())—i‘op <\/1ﬁ> (17)

= (I, - K)™! (K - K) VN (7 —m) + 0, (Jlﬁ)

If K is a v/N - consistent estimator for K, that is, if K-K-= Op (ﬁ), then the new estimator 7

is rate optimal. The following proposition offers an example of a v/ N consistent estimator for K.

Proposition 5. Let the assumptions of Proposition 1 hold. Let 7 be a /N -consistent estimator for
mg. Define:

-1

Ky:= Y Xi ;X[ — > vil®) X, X} ()
i#] oy

< | (@)X X () — | Do vi(®@) Xy (7) | | D v X v (7)
i#j i+ i+

Then
Proof. c.f. section A.9 O
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Proposition 5 allows for the construction of an estimator that is rate optimal. However, studying
the asymptotic distribution of 7y defined in (17) is challenging. It requires that we determine the
joint asymptotic distribution of K, VN (7 — mp) and the residual of order O, (ﬁ) in equation
(17). However, as for the study of the fixed point 7*, as we iterate, the effect of first stage estimator
fades away. Rather than iterating here again, we use the same linear combination trick that allows
us again to achieve the “infinite iterations” distribution using one iteration only.

Let 7o := fn(71) and define 7y := Gy + (I — G)ﬁl. Following the steps in equation (17),

N(iy —mo) = (I, — K)~? (K - K) N(# —m0) + (I, — K) 'Ry + O, <\/1N>

= (I, — K) 'Ry + (I, — K)~! (K - K) N(#y —m) + (K — K) 'Ry + 0, <\/1N>

= (I - K)"'Ry + O, <\/1N>

(18)

the last equality is a consequence of proposition 5. This proves that 79 is asymptotically equivalent
to 7, the fixed point studied through corollary 3.

To summarize, the alternative estimation procedure follows these steps:
1. Run one iteration to get 711 := fn(7)
2. Compute 7 := (I, — K)'#, + (I, — (I, — K) Y7

3. Iterate on 71 to get 7o 1= fn (1)

4. Compute 7o := (I, — K)o + (I — (I — K)™ Y7y

Corollary 4.
. _ 1
N(WQ*WO):(IL*K) 1RN+Op (\/N) (19)

Proof. See the steps leading to equation (17). O

We conclude this section by highlighting important connections to the literature on the large N
large T panel regression models. Moon and Weidner (2015) show that in the setting of the large
N large T panel regression model (or similarly, in the context of oriented dyadic linear regression
models), the objective function in (6) is obtained from the objective function of the least squares
estimator. In our context, however, the two objective functions are different because of the zeros

on the diagonal of the matrix M (7) in (5).° The covariance matrix ¥ is equal to the asymptotic

6The LS objective function:  Sy(m,U) = mz#j(y;j - Yo Xije — UUj)? =

Ul . us
m 2o Yig = 2 meXaje — U;U;)? — %, and Moon and Weidner (2015) show that 1\?(NN(7)1) =
4
argming m Zz‘,j(Yij —> e T Xij g — U;U;)?. Even assuming U is uniformly bounded: NX(:]QZ"D =0, (%)
uniformly), extending standard results (e.g. Arcones , we would need a ~7z ) error to obtain the
iforml di dard resul A 1998 Id need a O, (7 btain th

asymptotic equivalence of the minimizers of both objective functions.
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covariance Dy in Bai (2009) (if we were to use the LS estimator on an oriented network model of the
form Y;; = X;;8 + A;Bj + Vi; to fit Bai (2009))’s assumptions). The coefficient 2 in 7*’s asymptotic

variance and that we don’t see in Bai (2009) is simply a sample size adjustment due the fact that

out model is symmetric and that the actual number of observations is N(]\;_l) rather than N2 had

the model been oriented.

4 Variance estimation and bias correction

To be able to do inference on the (asymptotically equivalent) estimators presented in the previous
section. We need to provide a consistent estimator for the covariance matrix 20‘2/2_1 (proposition

EWUY) B (01U X12) (equation

. . . . 3 3 — L/
3) and a consistent estimator for the bias term: TU?)E(Ul X12U2) B2

(9)).

The matrice E(X2X1,) the vector E(X12) can be estimated through their sample analogues. 0,
EU}), E(U}Y), E(U1UsX12X%,), E(U3UsX12) and E(U1UsX12) are left to be estimated. Assume
that 0 = 1, section 2 explained how the eigenvector corresponding to the largest eigenvalue of M (7)
is a good approximation to the normalized vector ﬁ Moreover, the largest eigenvalue informs
about U'U, the norm of the vector U. Combining both, we can recover an estimator for U. When

d is -1, then we reason in terms of the largest eigenvalue in absolute value, and its corresponding

eigenvalue. The difference when § = —1 is that the corresponding eigenvalue in fact estimates —ﬁ
rather than ﬁ and a sign correction is necessary. The sign of § is, with probability approaching

1, the sign of the largest eigenvalue in absolute value. These ideas are formalized through lemma 3.

Lemma 3. Under the conditions and notation of proposition 1, denote U; = \/max; [ \i(7)|vi (7).
We have

1. Zi’y(ﬁ)’T:M—i_Op( L ),foralerQ

maxi|)\i(7~r)|% N/T
> UR-U7 _ 1
2= =0p(w)

3. 55 Yoivjhri; UiUeXig Xl —p E(U1Us X19Xh)

4. ﬁ Zi;ﬁj UinXij —>p E(U1U2X12)
6. 325 vil®)* Xijvi(7) =p e E(UT X12U2)
Proof. Cf Appendix A.10. O

Finally, to obtain an estimator for the covariance matrix, it is left to provide a consistent

estimator for the variance 0. Let’s go back to the model (2)

L
Yij = ZWO,lXij,l -+ (SUlU] + ‘/7;j
=1
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First, observe that

1 1
WZ(YM—XUTTQ)QZ ﬁz(éUin—i_%j)Q 7T2—7T0 ZX XU 7T2—7T())

i#] i i
—2) (6UU; + Vij) Xij (72 — m0)
i#]
1 9 1
i

=E(UD)? + a3 + O, (\/IN>

Therefore, given the estimator for F(U?) provided in lemma 3, we obtain a consistent estimator

2 02 2 A~
&‘2, = % Z#j (Yij — Xijfrg) — <Z}V’> , where U; are defined in lemma 3. To summarize:

N 2
Corollary 5. Define &‘2/ = % Zi# (Yij — Xz‘jﬁ'z)Q — <EJZVU12> where U; is defined in lemma 3.
We have
o1 —p ot

Proof. Follows from the earlier observation that ﬁ D it (Yij — Xijﬁ'g)Q —p E(U?)? + 0¥ and the
convergence of " to E(U?) (Lemma 3). O

Therefore

!
2623 1= 262 (I-K) § vi (/1) X5, X jvi (i) — § vi(j1) X v (ji) § vi() X jv; (i)
i#j i#j i#j

is consistent for the asymptotic variance. For the bias term, define:

sign(A () if A () == max; [Ai(f1)]
sign(An (@) if [An ()] = max; [N ()]

(SR
|

In appendix A.10 we show that § is consistent for 8. Therefore

6%~ maX|)\ Zgy, 3 Xiiv4(7) — Zui(ﬁ)4zyl(~)f§ vi(7)

is consistent for the bias term.
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5 The no interaction (6 = 0) specification

For this section only, assume that the individual effects are independent of the regressors. In model
(1), when § = 0, the model becomes:

Yij = Z Xij,lﬂ'l + A; + Aj + Vij (20)
l

or, in matrix form:

Y:Zlel+AL’+LA'+V
l

Assume that at iteration m, we obtain an estimator 7, with

1
fom — M0 = —0ACm,N X (1,0,0,...,0) + Zp Ny + Op (N) (21)
Where ¢, v is a binary variable taking values cy ,, with probability p,, n or c_ ,, with probability
(1 = pm,N). Zm, N is a random variable such that for all m, Z,,, y = O, (\/%) For instance, if the
initial estimator is VN consistent, then ¢y y = 0, and Zp y = ™ — mp. The reason we allow for a
bias in the intercept in equation (21) is that proposition 6 shows that even when we initiate with a

consistent estimator under model (20), iterations introduce bias in the intercept.
Then

M () = Z(WO,Z — Fmn) X+ AL+ A+ V
l

= O'Acm7NLL/ — Z ZmJ\qu + A+ A+ V- O'ACmJVIN
l

to be able to employ the ideas from the pure interaction model, we orthogonalize the symmetric

matrix oacy i’ + Al 4+ 1A’ to show that it is in fact a rank two matrix. Note that:”,8

/ / / / /
oacm Nt + AU+ 1A = e1 e, — e2.mes (22)

where:

1 1
5 > L+ b NA; eam = (bm,NCm,NUA - ) t+by NA

1
€1,m = (bm,NCm,NUA + 2 %~
m7

2bm, N

"See section A.11 for a proof.
8the dependence on N is omitted in the notation for e1,m and eg p,.
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N

N/4

2
IRES N—C"ZN 04+ cmNoal'A

bm,N =
moreover:
/
€1 me2m = 0

Therefore, the error component of M (7,,) can be written as the difference of two rank 1 matrices,
with eigenvalues that are of a similar order of magnitude (||e1,m|| = ||e1m||) and opposite signs.
Extending our past intuitions, by removing a single largest eigenvalue, one other eigenvalue, of a
similar order of magnitude (~ N) is left. We can state a result equivalent to Proposition 1 in the

0 # 0 specification:

Proposition 6. Under the specification (20), assume iterations are initiated with an estimator

7 =m0 — coa(1,0,0,..,0) + Zy + O, (%) for Zy = O, (ﬁ) if # = fn(7), then:

VN —m0) = —oa (h(c) +0, (1)> (1,0, ...,0)’

+ M(c) ™t (BE(X12X%3) + Ale, e1,n)B(X12) B(X15)) VN Z N
1 _ 1
S a0 ()

— oy <h<c) +0, <\/1N>> (1,0,...,0) + O,(1)

where |h| is deterministic with |h(c)| = [h(—c)| > |c[, Ve, and |h(c)| —|¢soc 00, A and B are

deterministic scalar functions and ciny —p 1 —2 X Bern(0.5),

+ B(c,c1,n)

Proof. Refer to appendix A.12. O

Two observations are in order. First, even when the initial estimator is consistent for all
parameter including the intercept, in which case ¢y = 0, the first iteration estimator has a biased
intercept, with a bias of order of magnitude |oc4h(c)| > 0. Subsequently, the following iterations
deliver estimators that are on an explosive path, since |h(h(c))| = |h(Jh(c)|)| > |h(c)| for all c. In
particular, this implies that the iterative process described in theorem 1 cannot converge.

On the other side, Proposition 6 guarantees that all coefficients other than the intercept remain

V' N consistent following a single iteration, regardless of the bias in the initiating estimator.
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6 Empirical illustration and simulation study

6.1 Empirical illustration

To illustrate the use of our new estimator in real world settings, we run our estimation procedure on
trade data in line with Rose (2004). Rose (2004) uses a standard gravity model to examine whether
joining the World Trade Organization increases trade. Using Rose (2004)’s data set, we estimate a
gravity model for year 1999 by regressing log(Trade) between the countries i and j, on indicators
of whether both countries are in the World Trade Organization (WTO), only 1 is in the WTO,
and a dummy variable GSP describing whether the countries extend each other preferential trade
treatment under the Operation and Effects of the Generalized System of Preferences published by
the UN. In addition to these three main variables of interest, and following Rose (2004), we regress
on a number of other country pair observables (a total of 15 regressors, plus the intercept).

The data set concerns N = 157 countries. Out of the N(J\Qf_l) = 12246 possible country pairs,

7268 pairs show a non-null trade volume for the year 1999.

We estimate the regression coefficients using the standard OLS estimator (table 2) following Rose
(2004)’s cross-sectional study (table 2 in Rose (2004)) then we use the least eigevalues estimator
described in the earlier section of this paper (table 1). Comparing the two tables, as expected, the

standard errors are lower for the least eigenvalues estimator than for the OLS.

Table 1: The least eigenvalues estimator for the slope parameters on trade data for year 1999.
The explained variable is log real trade. The intercept is not reported.

Variable Coefficient Std. Error
Both in WTO -0.479 0.072
One in WTO -0.322 0.070
GSP 0.305 0.034
Log distance -1.181 0.019
Log product real GDP 0.829 0.010
Log product real GDP p/c -0.033 0.012
Regional FTA 0.679 0.081
Currency union 0.592 0.141
Common language 0.369 0.041
Land border 0.793 0.083
Number landlocked -0.375 0.029
Number islands 0.017 0.036
Log product land area -0.071 0.008
Common colonizer 0.863 0.055
Ever colony 1.246 0.105
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Table 2: The ordinary least squares estimator for the slope parameters on trade data for year
1999. The explained variable is log real trade. The intercept is not reported.

Variable Coefficient Std. Error
Both in WTO -0.269 0.096
One in WTO -0.320 0.097
GSP 0.199 0.045
Log distance -1.073 0.025
Log product real GDP 0.944 0.011
Log product real GDP p/c -0.034 0.014
Regional FTA 0.946 0.108
Currency union 0.757 0.194
Common language 0.415 0.053
Land border 0.965 0.114
Number landlocked -0.540 0.034
Number islands 0.022 0.041
Log product land area -0.076 0.009
Common colonizer 0.966 0.074
Ever colony 1.113 0.141

6.2 Simulations

I run S = 10000 simulations on each of the 4 following designs, with a network of NV = 100 nodes in

each simulation.

1. An intercept and an additive regressor , with v =0
Yij = Boa + Bo2(Xi + Xj) + AiAj + Vi
2. An intercept and a multiplicative regressor, with v =0
Yij = Bo1 + Bo2XiX; + AiA; + Vi
3. An intercept and an additive regressor, with v =1
Yij := Boa + Bo2(Xi + Xj) + A + Aj + A A + Vi
4. An intercept and a multiplicative regressor, with v =1

Yz’j = 50,1 + BO,QXZ-X]- + A; + Aj + AiAj + Vij
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for each of the two designs X ~ Unif(0,1), Bo1 = fo2 = E(A?) = E(V) = 1.7 The histograms for
the estimated slope parameters [y 2 are in the figures 6 to 9. In each graph, we show the histogram
for the OLS estimator (in bleu) on the original model (1) as a benchmark, the estimator 7g¢ defined
in this paper in green. The OLS estimator is semi-parametrically efficient in the model without
individual effects, Y;; := Bo1 + Bo,2Xi; + Vi;j as a “gold standard” in orange, it is also estimated for
each of the simulations and displayed in orange in the figures 6 to 9 as an oracle estimator. The
estimators for the intercepts are not shown since the slope parameter are our concern in this paper.
As discussed in the introduction, our estimator is N— consistent for 5y 1 — 0y =1 —1 = 0 rather
than for Bp1 = 1. The term ¢ can’t be estimated at a higher rate than V/N. Any estimator for
Bo,1 based on our estimator and an estimated correction for ¢y would only yield a v/N-consistent
estimator, even though By 1 — 0 is estimated at rate V.

The first two histograms (figures 6 and 7) confirm the result in proposition 2. The histogram for
the eigenvalue-corrected estimator (in green) is close to the oracle (orange). On both histogram,
the OLS estimator (blue) seems to have a larger variance. In fact, the OLS estimator has a non
standard asymptotic distribution (cf. Menzel (2021)) and its distribution is slightly skewed to the
left. The skew is not visible in figures 6 and 7, because the variance of A is not large enough (see
figure 10 for a version of figure 7 with a Var(A) = 100 and where the skew is now obvious on the
OLS estimator, whereas the eigenvalue corrected estimator is unaffected).

Figures 8 and 9 show that the histogram of the OLS estimator (blue) is much less concentrated
than the eigenvalue-corrected estimator (green). This reflects the prediction of corollary 4. The

eigenvector corrected estimator is itself less efficient than the oracle (orange), but is rate optimal.

600 4
poLs

poLs with no U
500 HEKG

300 4

200 4

100 4

T T
08 1z

Figure 6: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter
Bo.1 in the model Yi; = Bo1 + Bo2(Xi + X;) + AjA; + Vij, and the “oracle” OLS estimator
(orange) for the slope parameter By in the model Yi; == Po1 + Po2(Xi + X;) + Vi;.

9T also generated simulations with X ~ N(0,1) or X ~ 1+ A(0,1) and the outcomes are similar.
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Figure 7: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter By 1
in the model Yi; := Bo1 + Bo2XiX; + A;A; +Vij, and the “oracle” OLS estimator (orange)
for the slope parameter 5y 1 in the model Yi; := Bo1 + Bo2(X; + X;) + Vij.
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Figure 8: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter
Bo.1 in the model Yi; := o1 + Po2(Xi + X;) + Ai + Aj + A A; +Vij, and the “oracle” OLS
estimator (orange) for the slope parameter By in the model Yi; == o1+ Bo2(Xi + X;) + Vi;.
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Figure 9: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter By 1
in the model Y;; = Bo1 + Bo2XiX; + Ai + Aj + A;A; + Vi, and the “oracle” OLS estimator
(orange) for the slope parameter By in the model Yi; == Bo1 + Bo2(Xi + X;) + Vij.
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Figure 10: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter
Boa in the model Yi; := Boq + Bo2XiX; + 10 x A;A; + Vi, and the “oracle” OLS estimator
(orange) for the slope parameter By in the model Yi; := Bo1 + Bo2(Xi + X;) + Vi;. Note the
10 factor multiplying the A;A; term to amplify the skew of the OLS estimator.

7 Conclusion

In this paper, we proposed a new two iteration estimator for the dyadic non-oriented linear regression
model with interactive effects. The new estimator is asymptotically equivalent to the “infinite
iterations” estimator on an iterative process similar to Bai (2009)’s. The new estimator emerges
from a new proof for the the iterations’ limit distribution examining one iteration at a time. We also

show that in the absence of interaction, the iterative process does not converge, with an estimated

30



intercept that explodes through iterations . Because the alternative estimator requires only a finite
number of iterations, and because iterations only bias the intecept, the alternative estimator is still
well defined and is shown to be v/N-consistent for all slope parameters, excluding the intercept.
Technically, studying the asymptotic distribution of M (7)’s largest eigenvalue up to a second
order is the main challenge. The results in this papers hint at how similar 2 iteration estimators
could be computed for models with higher order interactions. For higher order interactions, however,
the proof would require the computation of the joint distribution of a number of largest eigenvalues,

which would be technically challenging. I leave this extension for future work.
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A Proofs and intermediary results

This section details the proofs of all the results in the paper. It begins by showing how the OLS
estimator of the intercept (in model (1)) can be adjusted to obtain a v/ N- consistent estimator of
the modified estimator (in model 2). Then we provide the technical ingredients (propositions 8 and

9) that our main results heavily rely on.

A.1 Adjustment to the intercept

Proposition 7. Under model (1) and under the assumptions of theorem 1, v >0, § € {—1,1},
0% = E(A?) #0. Let Bi be a V/'N-consistent estimator of the intercept By in equation (1). Then
70,1, the intercept in the modified model (2) is equal to: mo1 = Bo,1 — 572. Define

a: = E(€12623) = ’VQE(AZQ)
b: = Eleineazest) = 3672 E(A?)? 4+ 6E(A2)?

Then |B| = 3672 E(A2)? +0E(A?)? and E(A?) is the unique real root of the polynomial P(z;a, |b|) :=
23 + 3ax — |b| . Denote

L L
Gij =Yy — > X =" Xiju(Boy— Bi) + €
=1 =1

N 1 A .
a:= 3 Z €ij€ik

1#jFk
~ 1 o
b: = ﬁ Z €i5€ikEk
ik
6 : = sign(b)

Let &[2] be a real root of the polynomial P(x;a, 3) and define 4? 1= U% We have
U

5% - Bad) = 0, ()

1
#1-0, ()
el P VN
- 1
1 =1=0 ()

where 7 := BO — 5&2

Proof. That P has a unique real solution whenever a > 0 results from the observation that

lim, o P(z;a,|b|) = —o0, limy— 4o P(x;a,|b]) = 400 and P(.,a,b) is strictly increasing when
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a > 0.
Observe that

i-a-0(3)
SURAEN

The roots of a polynomial being continuous in its coefficients (e.g. Harris and Martin (1987)), the

continuous mapping theorem proves the consistency of &IZJ.
Moreover, note that 6 = sign(b), that b # 0, and that
In addition, by the mean value theorem, for some (7, a,b) between (E(U?),a,b) and (&[2], &,B)

. OP _ oP oP -
_ 22~ _ 2y. 5 = 52 _ 2 4 — _
0= P(6f;5.5) = PUE(AD);0,0) + G (73,5)(5 — E(AD) + 5o~ a) + g (b~ o)

= (3% +3a) (67 — E(A})) +32(a —a) — (b - |b])

because HE! —[p]] < b —b| , then |b] — |b| = O, (\/—%» implying:

6% ~ B(R) = s (300 — ) = (1 - b)) = 0, (<)

Finally

A.2 On the distribution of the largest eigenvalue
Proposition 8. Let A = (a;;) be a matriz such that:
a;; = U;U; + Vij for all i # j
and a; = 0 for all i, where the V;;’s for i # j are i.i.d. mean 0 random variables with variance o,

and Vij = Vji, and the diagonal entries of V' given by Vi; = E(Uy)? - U?.
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The U’s are also i.i.d but not necessarily centered. Let \1(A) > Xa(A).... be A’s eigenvalues. Then:

UV UVU
UU " (UU)?

M(A) =U'U + E(Uh)? + 0p(1)

Proof. The proof draws from Fiiredi and Komlés (1981). In all what follows, “with high probability
(w.h.p.)” means“with probability approaching 1 as N grows”. Write

A=UU+V — E(U1)*Iy

define A := A+ E(U;)*Iy and decompose U into U = v + 7 such that v = 0 and Av = \jv. We
first show that, with high probability, r is bounded.

Define:
S:= AU = (U'U)U +VU = M\v + Ar
define:
L:=E(S|U) = (U’U)U
therefore:
L; = (U'U)U;
Notice

|Ar||? = 7" A" Ar < My(A'A) x ||7|* = mazi1|Ni(A))? x ||r|]?

where the inequality results from the Courant-Fisher theorem (equation (11) in Fiiredi and Komlés
(1981) ) and the second equality results from: A’A = A2, Therefore:

[ Ar(| < mazis1|Ni(A)] x [|r]]
By a standard result on rank 1 modifications (e.g. Bunch et al. (1978)), for all ¢ > 1
Ai(V) < Xi(A) < X (V)

So :
mazi>1|Ai(A)] < max{|Ay(V)], A1(V)}

By theorem 2 in Fiiredi and Komlds (1981) , almost surely:
max{ [ An(V)], \(V)} = 20,VN + 0 (N%)
so with high probability, for N large enough:

[14r]] < max{[An (V)] M (V)} < 30, VN]|r| (23)
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Thus:
|Ar — (U'U)r|| > (U'U)|Ir|| = ||Ar|| > (U'U — max{|Ax(V)], A (V) })]|7]] (24)

implying:

|Ar — (U0 ? g IS = L2

r 2
M= 70 = ma o V), MOV = (0 = max{ P (V)] M (V)12

With high probability:
o
(U'U = max{|An(V)], M (V)})? > N (26)

The second inequality is a result of Pythagorean theorem.
To show that 7 is bounded w.h.p., it is left to show that ||S — L||? also grows as N2. I use
Chebychev’s inequality on ||S — L||?:
U)

=E|> (Z:V;jUj)2 ‘U

%

B(|S = LIP|U) = B | Y2(5i = L)?

7

2
=E ZUE%%Z(Z%@) +2) UV Y ViUy|U

i\ i
=D UVi+ary D U}
: i
=N UHEW)? - U+ 3N -1) U2
" E(||S - L|*|U
{ ]_VQ IFv) — 02E(U?) almost surely. (27)
Also:

2
Var(|S — L||*|U) = Var Z(Zmﬂjj> ’U
J

i

U

i JFi JF

2
=Var ZUz?Vz‘zz+Z(ZVUUJ') +2ZUi%iZ%jUj
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2

= Var Z ;WjUj +2Umi;VijUj 'U
% Ve JIF

2 2

= Cov | [ D VU | +2UiVii Y Vi;Uy, | Y ViUs | + 200V > ViU
il j#i i#i j#l j#l

2 2

=> Cov | [ D VU | | D ViU ‘U

il i J#l
U)

+4) UiValVaCov (Z ViUs, Y ViUs
U

U

il i j#l

il J# J#l

2
+4ZUZ'V;¢CO’U (Z VijUj) 7ZWjUj

Hence:

Var([S—LIPU) =Y > Y UjUpUs, Ur,Cov (Vi Vi, Vik, Vik,)
il 1,271 k1,ka#l
+4222UiniiUlVllUjUkCOU(‘/z‘jyvlk)
il j#i k£l
+4> 3 ) UiVilU;, Uy, UiCov (Vigy Vi Vi)
il jigati kAL
=20,> Y U+ Var(Vi)) Y U} +Var(V)) Y > U707
i gk kA i g i g
+402 Y N VUV 4+ 402> Y UiVal; ViU, U,
(T i
4BV S S UM +4B(VE) Y Y URVU?
i g i g

so there exists a constant ¢; > 0 such that

Var(||S — LI[*|U)
N3

— ¢1 almost surely.

By Chebychev’s inequality:

1
P ([Is - 21 - B(IS ~ 2I70)| > VTar s = LPIIN') < 1

39



By (27) and (28), with high probability:
IS = LI < 2N*E(U})o, (29)

Combining (25),(26) and (29), with high probability:

4E(U?
2 < G0 (30)
O—'U
Now note that:
387 _8'S _ Allll® + 1A [|Ar||* = M Ar
= = — =)\ + (31)
28U S'U  M|[v]|2 +r'Ar > SiUi
let’s now show that % =0 (ﬁ) From (23), w.h.p.:
| Ar||* < 903N ||r[|”
then by (30)
3 2
AP < 902220 v _ 36p02)n
O-U
then:
2\/E(U?)
' Ar| < ol LA < 2R g S v = 1220 v

Oy
To bound A (A), note that Av = A\jv. So \Al(A)HvZ-\ =2 54 aijv; —E(U1)?v;| < max; |v;|(E(Up)? +
> jzi |aij|. Taking a max over the é’s: [A1(A)| max; [v;| < max; [vj| x max; ) |a;;|, therefore: [A| <
E(U1)? + max; > j4i laij|. For any n > 0, Markov’s inequality shows that max; }_; |a;;| = op(N1HT)
Finally:

D SiUi =8'U = (UU)?+U'VU = Zrﬂ + Y UU;Vy +ZU2
i 1#]

so, almost surely, 1
WZSiUz‘ = E(U})” + op(1) (32)

implying that:

i St
MzggU+%m
(U'UY 42U U'VU +U'V2U
— 1 33
(U’U)2 + UvU + Op( ) ( )
Uvu  (UDU'VU — (U'VU)?
=U'U 1
o T wn@ues vy oW
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Note that, by the CLT U'VU = O,(N), and note that U'V2U = O,(N?) so

- UvU | UV
Ai(A) = U 1
() = U0 + 5+ gy + o)

or

vVU |, UVIU
U (UU)?

M(A) =M (A) - EU)?=U'U + E(U1)? +0,(1)

Proposition 9. Fiz some vector 7o € RV, For all w, denote M(r) the matriv:
M(n) = X(mo—m) +UU' +V — E(U})In

where U and V' are defined as in Proposition (8), and X is a linear function of the vector (mg — m):
X = Zlel(ﬂ'oJ — )Xy, with L a fized, known number, X; are symmetric matrices with zeros on
the diagonal and such that A\ (X) := max;=1. 1, \(X;) = Op(N).
Let Ai(m) > Xa(7)... > An(m) be the eignevalues of M (m), then:

Y or(mo — ) U XU .

M (7)) =U'U + i

Op(1)
Moreover, define v(w) and r(w) the vectors such that:

1. U =wv(m)+r(m)

2. v(m)r(n)=0

3. M(m)v(m) = A (m)v(n)
Let 7 be an estimator for my such that |7 — mol| = O, (ﬁ).Th@n

1.
U = v(@)]| = Op(1)

U112 = [lo(@)I[* = [Ir(@)]]* = Op(1)

3. for any I,I' = 1.K:
o(7) Xp Xo(7) = U'Xp XU + O, (NQ\/]V>

Proof. Note that
M ()7 (7)]] < [Ao ()| < [[r(7)]]

and: for all ¢ = 2..N
Ai(M(7) = UU") < (M (7)) < Niea (M (7) = UU)
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and by Weyl’s inequalities:
—[|mo— 7| X |[AL(X) [+ M (V = E(UD)In) < X\(M(7) =UU") < ||mo—7|| x [AL(X)|+ X (V = E(U?)In)

A2 (M (7)] < max{A(V), [An(V)[} + E(UT) + |lmo — 7| x [A(X)]

by Theorem 2 in Fiiredi and Komlés (1981), almost surely:
max{An(V)], \(V)} = 20,V/N + 0 (N%)

SO:

Ao(M(7)] = Op(VN)

as in the proof of proposition (8), with high probability:
|M (7)r(7) = (U'U)r(@)]] = U'U)||r(@)|] = [|M(@)r(@)]] = (U'T) = [Ma(M (7)) D]]r(7)]]

so with high probability:

|M(7)r(7) — (U'U)r(7)|2
(U'U — o (M(7))])2
_ M@ - @oyu?
= (U = Do (M(7)])?
(I|M(7)U — M (mo)U|| + || M (m0)U — (U'U)U]|)*

[l (@)I* <

= (U0 — Po(M(7)])?
(1m0 — #) XU+ [ M (mo)U — (00U
U — (M (7))])?
_ (Silmos = &l x )| x [0 + VU — @)U

= (U'T — Po(M(7))))2
(32 Imog — 7l % (A (X0)| x [[U]| +11S — L| + EUD)||U]])?
(U'U — (M (7))])2

where S and L are defined in the proof for equation (8). By equation (29), with high probability:

1S = LIl < V2N E(U})o,

[Ir(@)[ = Op(1)

SO
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which proves the first result:
U = ()| = Op(1)

Also, as in equation (33):

UM M(#)U
M = = amo
_ Y os oy (o0 — ) (o — F)U' X XoU + (U'U) opy (o — 71U’ XU + Yopy (o — 7)U' X, VU
>k(mon — 7)) U' XU + (U'U)? + U'VU — E(UH)U'U
+ —-E(U?) Zf:l(ﬂ-o,k —m)U' X U
YTk — TV XRU + (U'U)? + U'VU — E(UHU'U
(') S (w0 = 7)U'X,U + (U'U)* + (U'U)U'VU — EUR)(U'D)?
S — 70 XU + (U'0)? + U'VU — E(UF)U'T
it (mos — F)U'VXU + (U'U)U'VU + U'V2U — E(UP)U'VU
>p(mok — T)U'XpU + (U'U)2 + U'VU — E(UF)U'U
—E(U?) 15, (rog = ®)U'X,U — E(U)(U'V)* — E(UR)U'VU + E(U7)*U'U
>p(mon — ) U'XpU + (U'U)2 +U'VU — E(U)U'U
_ (U'U) (Cy(moy = 7)U' XU + (U'U)? + U'VU — E(UF)U'U)
 Yimor - U'XU + (U'U) +U'VU — E(UHU'U
Si(mos — 7' XU + (U'0)? + U'VU — E(UZ)U'U
S iy Y (g — ™) (moe — 7)U' Xk XoU + (U'U)(U'VU)
>k (mox — 7)U' XU + (U'U)2 +U'VU — E(UH)U'U
—BUA(U'U)? = (X (mok — 7)U' XU JUU + U'VEU (1
Sk (mox — 7R U' XU + (U'U)2 + U'VU — E(U)U'U b
Yon(mor — ) U' XU

+op (1)

_l’_

_|_

+

+ 0p(1)

_|_

=U'U +

u'u
K K - 2
i _U'XyX,U UVU o Op(mor —7)U'XRU)”  U'V2U
— — — E(U7) — :
1
+ 0, | ——=
(%)
(34)
as desired.
For the third part of the proposition, note that:
K
M(7)U = (mo, — 7)) XU + (U'U)U + VU — E(UL)U
I=1
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SO

K
M(R)U ~ M(M@E)U = VU + (U'T = M(ME)U + 3 (w0, — 7)XU — E(URU
=1

remember:

M(7m)U = M(7)r + A (M (7))v
hence:
L
MM @)U = v(#)) = M(7)r = VU + (M(M(7)) = U'U)U + Y (7 — mo) XiU + E(UD)U
I=1
Zkz(ﬁ-k — Woyk)U/XkU

U'u
(35)

L
= M(7)r — VU + 0,(1 ZTI‘Z—TFOZXIU-}-E(Ul)U U

fix some [ in 1..L, multiplying both sides by ' X]:
MM @EN'X[(v(7) —U) = =/ X]M(7)r(7) + / XVU + (U'U — \ (M (7)) XU
L

+ 3 (mop — 7)) X[ XpU — E(UR)/ X[U
I'=1

The the proposition’s second result, remember that r(7) and v(7) are orthogonal and that

U = v(7) + r(7), so by the Pythagorean theorem:

U1 = [lo@IP + 11 (7)]1*

as desired.

Finally, remember that

L
M(M(7))(0(7) = U) = =M (7)r + VU + (U'U = \((M(7)))U + Y (o, — 1) XU — E(UD)U =: A

=1
SO
X)) = XU+ — XA
l (W) l )\1<M(ﬂ>) l
and
1
() Xp Xpu(@) =U'Xp XU + ——— AN Xp X)A+ ——— AN Xp XU + ————UXp XA

Note that ||Al| = Op(N), M\ (M (7)) = Op(N) and || X;A|| = O,(N?) since by assumption: Amax (X7), Amin(X;) =
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Op(N) (by lemma 2), also
[[XGU] < Amas (X0)|[U]| = Op(NV/N)

SO
’U(fr)/Xl/Xl'U(fT) = U/XZ’XIU + Op(Nz\/ﬁ)

A.3 Proof of Lemma 2

Assume X satisfies the lemma’s assumptions. Let A be one of X’s eigenvalues and let = be a

corresponding eigenvector. Then

[All[z]]2 = [[Az]l2
= [[Xz[l2
< [[X]l2[l]]2

where ||.||2 designates the Euclidean norm for vectors and the spectral norm for matrices. Hence
Al < 11X |2

but we know that the spectral normal is smaller than the Forbenius norm for any matrix. Therefore:

NENOIRS
i

It is left to show that >, ij = 0,(N?). Decompose
DX = D BOGIXG X)) + 3 X — BOX X0, X;)
ij ij ij

First, by a U-statistic law of large numbers (e.g. theorem 3.1.3. in Korolyuk and Borovskich (2013)),
> ij E(X%]Xi, X;) = O,(N?). For the second term in the decomposition, it is enough to note:

(X)) ]| — 0, almost surely.

1 2
ij

A.4 Proof of Lemma 1

Proof. First, note that, given the assumption E(X{,X12) is invertible. By a standard law of large

numbers, the matrix % Zgzl Xék 2k+1X2k,2k+1 converges almost surely to F(X{,X12), then with
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probability 1, % ch\;l XYy o +1X2k,2k+1 18 invertible for N large enough. Under the condition that

1 N / s . .
N D k1 X o1 X2k 2641 18 invertible:

Write
N
. 2 . 2 / 2
arg min Ai (M(7))” = argmin E (Yij — Xijm)” — max o/ M(m)*v
meRL “ T vi||v||=1
=2 1#]
2
=arg ngln min . (Yij — Xij7r) — E vivj (Yir — Xigm) (ij — ijﬂ')
VM= i) k]

For a fixed v in the unit sphere, the function that associates each m to ), oy (Y;j — Xijw)2
Zi#,k#’j vivj (Yip — Xpm) (ij — ijw) is twice continuously differentiable with a Hessian equal
to:

H:=2 ZXz/jXU — Z ViVsz{kak
ij 1#,k#1,j
let’s show that H is definite positive. Fix a # 0 in R”, denote: Tij 1= ﬁXija and X the matrix
with entries x;;. Because X is symmetric, represent v in an orthonormal basis of eigenvector of X:

N . . .
v = . ,mse;, where e; is a normalized eigenvector of X. Note

/ 2
o Ho = g Ti; — g ViV Tik T,
ij

i ki
=Tr(X?% — (Xv)(Xv) —I—Zl/ z3
i#£k
N
= Z Z mZNi(X)? + Z via?,
i=1 i#k
N
= Z(l - + Z v; xzk
i=1 itk

since ZZ]\L L(1 = m?)Xi(X)? = 0 implies that X is of rank at most 1 and v is its unique eigenvector

(up to a normalization) corresponding to a non null eigenvalue, if X is rank 1. Along with vz = 0,
this implies that X = 0, so X;jo = 0 for all ¢, j. Therefore o/ N k,N 1X§k72k+1X2k72k+1a =0 and
the matrix N Zk:l 2k,2k+1X2k,2k+1 is not invertible; a contradiction.
This proves that, almost surely, when N is large enough, H(v) is definite positive for all v.19
For any fixed v, the function Zi# (Y;j — Xz‘jﬂ')2 — Zi;ﬁj,k;ﬁi,j vivj (Yie — Xigm) (ij — ijw) is

minimized at 7*(v) that is continuous in v. So the problem of minimizing

2
L

L
Z Yij — ZTFZXz‘jJ - Z vi(7* v (%) | Yir — ZT"Iszl Yij — Zﬂszj,z
=1

i#j =1 i, kA,

10Tn fact, we have shown that almost surely, for NV large enough, min, Ay (H(v)) > 0.
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on the unit circle admits a solution (minimizing a continuous function on a compact).

2
So let (7*,v*) be a minimizer of the function _, . (Y;j - ZlL:1 TFZXZ‘J"[> — VM ()2, then:

2
L
m* = argmin | Y;; — Z?TlXijJ — v(m*)' M (7)*v(n*)
=1
and

v* = arg max /M (7*)%v
[lv]l2=1

taking a first order condition for 7, we get that 7* is a fixed point of fx.

Conversely, let 7* be a fixed point of fy. Then 7* satisfies the first order condition for the

minimization of the function:

= Z ij XZJW - Z vi(m*)vj(m*) (Yi — Xigm) (ij - ij?f)
i#j i ] ki,

we have shown that this function is strictly convex with probability approaching 1. Therefore 7* is

a minimizer, implying that 7* minimizes the initial objective function = — Zf\i oA (M (7r))2
[

A.5 Proof of Propositions 1 and 2

Proof. Note that the function fy is symmetric as a function of the data, that is fx(Yn, Xy;7) =
fn(=Yn,—Xn;7m) = fn(0YN,0X ;) for all m and for any sequence of data (Y, Xy ). Therefore,
an iteration using fn(Yn, Xn;.) produces the exact same effect as an iteration using the function
fn(0YN,0X ;). In other words, given a first stage estimator 7, the estimator 7 is numerically the

same whether it is computed on the model
Yij = Xijmo + 0UU; + Vi
or
(0Yij) = (6.X45)m0 + UiUj + 6V

To ease notation, I will prove the proposition for the case 6 = 1. The result for any 6 € {—1, 1}
is easily derived through the previous observation.

First, note that:

-1

N N N
(7 —m0) = (L4+o0p(1) | D X1, X5 = > | D wil®) X > vil®) X
i#£] j=1 =1 i=1

47



K K
DX Y =Y mouXa | = Y vi@vi(R) X | Yie = Y moiXin
=1

i 1=1 i k]

/
the (1,1’) entry of the matrix Zjvzl (Zf\il z/i(fr)Xij) (Zfil Vi(fr)Xij) is given by:

> vi(#@) () X X = o ”2 > i@ ) vk (7) X X g
imj?k 7.7 k
H H2 ZUUkXZ]le]l’ +O (N\/>)
1,9,k

where the last inequality results from proposition 9. Using a U-statistic central limit theorem

1 1
N3 lZJ}; UiUp X1 X = E(U1Us X121 X321) + Op <\/]V>

and, by proposition 9:

U = o(m)]| = Op(1)

implying
191 @l < 117 = w3l = 0,1
hence
Hv(]f\rf)l2 U2 +0, (\;)
SO
e S UilkXii X = = B(U1Us X1z Ko ) + Oy <1>
NP 22 B(0?) VN
and
1 1
N2 %:Vz W) Xij i Xejr = E(Uf)E(UlUSXH’ZX?’Q’”) + 0O, <\/N>
implying:
1 N N ) ! N ) 1 1
e ; z; vi(7) X5 z; vi(M) X5 | = mE(U1U3X12X32) +0, (\/N)
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and 7 — 7y has the same distribution as

-1
1
E(X'5X15) — ———FE(U1U3 X12.X
( (X12X12) E(0?) (U1 U3 X12 32))
K K
ZXZ{J' Yij—ZWO,lXij,l - Z Vi(fr)yj(ﬁ.)X]/'k Yik—zﬂo,lXik,l
] =1 i k#i,j =1

-1
= (E(X{QXH) - E(U1U3X12X32)>

1
E(U?)
S A Y XLUU Vi) = Y vi@vi(R) X (UiUk + Vie)

i#] i#5,k#4,]

Now, define:

-1
T = mo+ (E(XiQXlz) — E(U1U3X12X32)>

E(UT)

Ui U
5 | X Vi) - X (UiUy + V,
X ; (U:U; + Vi) 7&%’ o T ok (Ui + Vi)

The proof proceeds in two steps. First, find the asymptotic distribution of N(7* — 7). Second,

determine the asymptotic distribution of:

-1
7AT* — TT0— <E<X12X12) - E(U1U3X12X32))

1
E(UT)

2 | 2o XGWUU; + Vi) = Y v @wi(E) Xy (Uil + Vi)
1#] 1#),k#1,j

combining the results of both steps allow to conclude.
Step 1: I will begin by assuming that L = 1, then generalize to an arbitrary but known L.

Let’s determine the asymptotic distribution of 7* — 7y, that is, of:

U, U;
E Xi;(UU; + Vi) — E |U||—HUJ||X]-;€(UZ-U;€+VZ-;€)
i#£j i# g, k1,5
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First, note:

Ui Uj U, Uj 3
2NV D oot = L XU D o) f"fUU”ZH ol
i%j i k] i%] i k] i
U, U;
:ZX“’U"UJ" 2 oo
i7#] 1,5,k#]
3
+Z U2 ZkUk+Z U2 XijUj
21 H 01
:Q}Jj@@
2 0]
—NZ—i—MWXlU+O L
(36)
second:

Ui
ZXz‘jV%j - Z O[] UJ kVik = ZVEj Xij — Z UrXjk
i#] i, ki, i#] k#i.j
note that
V‘”<ZV“ <X”' O 2 UkX]’“)‘UX)
i#j k#i,j
ZVQT’(ZV;]' 2Xij H2 Z Uk jk — H2 Z Ulek ‘U,X)
1<j k#i,5
2
=t {2 - i 32 Ue it 3 0
i<j ki j ki j
1 1
= O"Q/N2 <2E(X122) — 3ME<U1U3X12X23) + WE(UlUQXu)Q + Op(1>> ; almost surely
by a standard CLT:
U, U;
XijVij — XV
2 XV~ D oy
i#£] i#7,k#1,]
1
— 0,02 | 2E(X%) — 3——=E(U U3 X 12X ———E(U,UsX12)?
a N 7UV< (Xi2) E(UD) (hUsX12 23)+E(U12)2 (U1U2 12))
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hence:

i Uj
|U|’ﬁXjk(UiUk + Vik))

1
N (Z Xij(UiU; + Vig) —

i#j

)
Ji k4]

i

E(UEW)) 1
—d 275([]12) ! E(X12)+N | 0,08 | 2B(XE) - 37E(U12)E(U1U3X12X23) + 7E(U12)2E(U1U2X12)2

and by the Wold device, for a multivariate X:

(ZXU (UU; + Vij) — Z Ui HUII k(UUﬁW))

i#] k]
1
20—~ __E(UUX
—d EUD) (UrUs2X12)
1
0,05 | 2E(X12X!,) — 3——— E(U U3 X 12X} — —_E(U; X12U)E(U1 X!, U-
+N(,0v< (X12X75) BU?) (U1U3 X2 23)+E(U12)2 (U1 X12U02) E(U1 X5 2)))

therefore

-1
N(?AT* — 7T0) —d (E(X{zXlz) — E(U1U3X12X32)> X

1
E(UY)

1 5 ) 1 1
2E(U12)E(U1 U2X12) +N (0, UV <2E(X12X{2) - 3T[]12)E(U1U3X12Xé3) + E([]12)2E(U1X12U2)E(U1X12U2)>>

Step 2:

Again, I will use the Wold device. Let n € R and denote X;;, = nXi; € Rand Xy == (Xij)ij €
RNXN

Let’s determine the asymptotic of

Z Vi(ﬁ)Vj(ﬁ)Xjkm(UiUk + V;,k) - ’(]ZH H(J(JJHX]k,n(UzUk + V;k)
Qg kA, 177, k#1,]
= v(7)' XM (mo)v(7) — v(7) diag (X M (o)) v(7) — HU”2 U' X, M (m0)U + HU”2 U'diag(X,M (mo))U
~\/ ! ~N\/ 7- U, U/
= v(7) XM (mo)v (%) — ||UH2U X, M (mo)U — <u(7r) diag (XM (m)) v(7) — oy dias(XaM) HUH>
(37)

e Case 1: E(U;) # 0 and U; and U; are arbitrarily correlated with Xj;

51



On one side, note:!!

v(7) diag (XnM (mo)) v(7T) — HU/Hdzag( )HU,H < HV (7) HUHHmaxlzxm UiUy + Vig)|
< |v(#) - ||U]|Hmaxz <|an UiUk + Vi) | — E (| Xinn( UUk"’Vzk)D)
+ N||v(7) — HUHHE (}Xik.n(UiUk + V;k)|)

I want to show that:

max Y (| Xy (Uil + V)| = B| Xt (Uil + Vir)|) = O, (NVN)

Fix some x > 0 and by a union bound:

P (meaxz | Xk (UilUk + Vi) | — B| Xt (UsUk + Vi) |) > :c)

k

1
<>P (m Z (I Xk (Uil + Vit)| = B| Xty (UiTUk + Vig)|) = x)

1
=NxP (M Z (| Xi1,0(U:U1 + Vir)| = E| Xi1y(UsU + Vir)|) = x)

1 Var (Z, (‘Xil,n(UiUl + Vz‘1)| - ElXil,n(UiUl + Vh)’))
N2 22
1
72 (Var (‘Xun U2U1 + ‘/12)‘) + Cov (‘X12777(U2U1 + V12)|7 ‘X13,7](U3U1 + ‘/13)‘))

where the second inequality is Markov’s. This implies:

mgxz (| Xk (UiUs + Vi) | — E| Xk (UiU + Vir)|) = O, (NJJV)

as desired. Since:

N 1| . a1 1| (1
o= | < ) = ]|+ e g = | = ()
then:
v(7) diag (XnM(ﬂ'o)) v(T) — HUHdiag(XnM(wo))W = Op(N)

" Remember that, by definition, Xiiny = 0 for all 4.
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and equation (37) becomes:

- i Uj
S wE(F) Xy (UiUk + Vie)— Z 2 X (UiUy, + Vig)

it kAi,] 5,k 1U]]
:y(fr)’XnUU’z/(fr) HUHQUX UU’U
v(7) X V() — ”U||2UX VU +0,(VN)
= v(fr)’XnU — U’XUU—i— V(ﬁ')/XnVV( ) — ||U|]2U X,VU
+ O,(V'N)
(38)
On one side:
\y - U
On the other side:
v(fr)’XnU — U’XnU = U'Xn(v(fr) -U)
1 U'xXuux,u
= — — XX — N
G > G —mo)U’ zU+Z M= 0,0~ e + Op(N)

=1 =1

_ UXUUX,U 1
= "(7 — mo.) ( ’ U U/XnXlU> +0,(N)

uuv M@ M)

where the second equality is a consequence of equation (35) and from noting that U'VX,U =

O,(N?) since, almost surely:

Var (U’XnVU’X, U> ol Z U? (Z Xij, nU) O(N*)

Hence:
VN N U, U;
N2< Z vi(T)vj (1) X (UiUk + Vir) — Z U 1|U ]HXJk,n(U iUk + Vm))
i£],k#i,j i#£7,k#1,5
U'X,U U’XnU N 1
= U’X XU O, | —=
= o) <NU/U Nx(7)  M(7) N : )+ p(ﬁ)

i

1 1
————5 (U1 X12,U2) E(U1U2 X — = E(U1U3X 12, X
(E(Uf)Q (U1 X12,Us) E(U1Ua X12,) EU?) (U1UsXa2, 23,1))
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o)

the previous equality holds for any fixed 7, so:

2

VN N N U U
i;éj ki, i),k 1,

—\ﬁz — 70,1) ( B2 E(U1X12,U2)E (U1U2X12,n)—E(lU%)E(U1U3X12,nX23,z)>+Op (\;N)

1

E(UY)

1
\/JV — 7o) ( EUD) E(U1X12,U2) E(U Uz X12,) — E(U1U3X12,nX23,l)> + Op <\/N>

since, by step 1: N(7* — mp) = Op(1), which allows to conclude:

1
E(U?)
\FZ — o) (E(U1U3X12,nX23,l)—
+0, (Jw)

1
E(U?)

-1
VN (& — o) = (E(X{2X12) - E(U1U3X{2X32)>

——— E(U1X12,U2) E(U1 U2 X12,)
E(U?) !

E(UT)
1
E(U?)

—1
(E(X{QXH) — E(U1U3X{2X32)>

X (E(U1U3X12X23) — E(U1X1271U2)E(U1U2X12777)> \/N(ﬁ' — 7T0) + Op (\/%)

e Case 2: E(U;) =0 and U is exogenous

Let’s prove the appropriate version of equation (38) for this case. On one side, note

/ !

v(7) diag (XM (mo)) v(7) — ngdmg(){ M)HUH max}ZXan UiUy + Vir)|

HUHH

maX\Zsz,n UiUx + Vik) = E (Xig,n(UiUy, + Vi) | X, Uy |

v(T) =

IUHH

v(m) —

HUH ‘max|E( zkn(U Uk =+ Vzk)‘Xk,Uk) ‘

< HV(T?) o Hmax\ ZX““? UiUy, + Vik) — E (Xt (UsUy, + Vi) | X3, Uy, |

o4



because under E(Uy) =0, E (X, (UiUi + Vig)| X, Ug) = 0. I want to show that:

maX‘Z( zkn UUk +Vzk) (X““?(U U, + vzk ’Xk,Uk)) ‘ = )

Fix some x > 0 and by a union bound:

1
P\ 5 max | D Xk (Uilk + Vi) = B (Xiny (Uil + Vi) | X, Up) | = @
1
<> P+l ZXik,n(UiUk +Vir) = E (Xiky(UilUk + Vie) | X3, Up) | > @

1
=NxP N‘ ink,n(UiUk + Vie) = B (X (UiUk + Vi) | X3, Up) | > @

Var (zi (Xinn (Ui + Vig) = B (Xigon (Uil + V)| X, Uk)))

< 2

X

Var (Xiz(UaUs + Vi) = B (X120 (U1Us + Via) | X1, U1) )

&M‘Hz"_‘

where the second inequality is Markov’s and the last equality results from the fact that for
a fixed k, the terms X, ,(U;Ur, + Vi) — E (Xz»k._n(UiUk + Vik)’Xk, Uk) are uncorrelated for

different 7’s, because they are centered and independent conditionally on X, Uy.

This implies:

max | Z ( ik (UiUi + Vie) — E (X (UsUg + Vig)| X, Uk)) | =0, (N)

as desired. Since: U .
v(m)— — 1| =0, | —
] = (V%)
then:

/ !/

HUHdmg(XnM(TrO))W

v(7) diag (X, M (mo)) v(7) — = 0,(V'N)
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and equation (37) becomes:

- Ui Uj
> v @) (F) X (Uil + Vi) — Z 7 Xk (UiUk + Vir)
oy ok

- y(ﬁ)'XnM(Wo)l/(~) ——U'X,M(m)U + Op(VN)

HU 15
= u(7) X, UU'v(%) — ||U||2UX ,UU'U
V(7)) X V(7)) — ||U||2UX VU 40 (\F)
= 0(R) X, U — U'X,U + v(7) X,V (7) — ||UH2 U'X,VU

+ Op(VN)
(39)

Let’s get back to the notation from earlier in step 2: Let n € R and denote X, = nXi; €R
and X, := (Xij)ij € RV*N. From equation (39):

N Ui Uj
Z Vi(W)Vj(W)Xjk,n(UiUk + Vik)— Z U] H[;HXJ'k,n(UiUk + Vi)
i#],k#i,5 i#7,k#4,]

= (%) Xy M (mo)v(7) —

HUHQU’X M (m0)U 4 Op(V'N)

= v(7) Xy M (7)v(7) - HUHQU’X M(m)U

L !
+) (7 — 7o) <y(7?)’Xnle(7?) - ”UUHX,]X IIZH> + O,(V'N)
=1

I next show two useful results: for any random matrix X € R¥*N such that X’s largest
eigenvalue is at most of order N and X;; := g(Xj, X;) for some fixed function g, then: 1)
IXU| = Op(N), and 2) || Xv(7)|| = ||XU]| + Op(VN).

Fix such a random matrix X, the proof of the two results goes as follows:

1. Note that | XU|]* = U'X?U = 3", U;X;; XUy, and that:

ijk

> UiXi; XpUi| X

ijk

= Y EBU,UpUx Ukl X) | Y X\ X, Z ij X
i

i1,k1,02,k2

= N*(c+ o(1)); alomost surely
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for some real number ¢. Then:
IXU||* = O0p(N?)

as desired.

2. By the equation (35):
AM(@XU = Xo(@)|| < [|[XM(@)r(7)|| + [|XVU|| + [\ (7) = U'U| x [| XU

L
+ > |7 —mog| x [|X XU + E(U})||XU||
=1

let’s show that each term in the right hand side is O,(Nv/N).
() |IXM(@)r(7)]] < M(X)|M (7)r(7)]| = Op(NVN)
(b) for the term || XV U||, note that:

UVXVU = Y UV XpXuVimUi
3,9,k l,m
= Z UiV;ijkaleUl
4,5,k Lm:{i,5} A{l,m}
+ ) UV X Xpi Vi Uy + Y UiVig X X ViU

0,5,k 1,5,k
= Z UiVij X ik X3 VimU; + Op(N?)
.4, k,0m,{i,7}#{l,m}
almost surely:
Var ( Z UiVij X1 X VimUi| X, U | = O(N®)
1,9,k Lm:{i,5}A{l,m}

s0 [[XVU|]2 = U'VX2VU = O,(N%), or || XVU]|| = Op(NVN)
(c¢) From proposition 9

S (moy — T)U' XU N

A7) =U'U + i

Op(1)

L ~ ’
when E(U;) = 0, then Zl:l(wo’ll],_g’w XU O,(1), |N(7) = U'U| = Op(1), hence

IA1(7) = U'U| x || XU|| = Op(NVN)
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(d) For every | = 1.L: ||XX;U|| < M(X)||XU|| = Op(N?), since |7, — moy| =
Oy () then S, 71 — moal X [[XXU| = O,(NVN)
(e) E(UD)IXU|l = Op(N)

In conclusion:

XU = [ Xo(®)]] < | XU — Xo(7)|| = Op(VN)

so equation (38) becomes:

- - U, U;
Z vi(T)v; () Xk (UsUp + Vi) — Z T Xy (UiUr + Vi)

Wyl Wy U |U]]
= v(7) X, M (7)v(7) — HUH2U’X M (7)U + 0,(VN)
= Al(ﬁ) v(7) X, v(7 —)\1(7?) "X, v(7
= @I ™ X0 RV v (@)
- HUl"QU’XnM(fr)r(fr) + 0,(V'N)
*—Al(ﬁ)vﬁ' r(m ! — L "X, v(7
= @R X+ M@ )<\|v<fr>u? HU|!2> U Xg(m)
+ Op(VN)
_ _|227S)T|)|2v(7~r)'X r(7) + 0,(VN)

when E(Up) = 0, the equation (35) yields:

M (M (7))v(7) Xpr(7) = o(7) Xy M(T)r + o(7) X, VU 4+ Op(1)v(7) X, U
(40)

L
+ ) (7 = mo)v(F) Xy XU + E(UD (%) XU
=1

I want to show that each of the terms in the right hand side is of order O,(Nv/N):

L Jo(@) XM (#@)r| < [[o(7)' Xyl x ||M(7)r|| = Op(N) x Op(VN)
2. for ||v(7m)' X, VU]||, first write: v(7)'X,VU = U'X,VU — r(7)'X,VU and note that

[r(7) Xy VU| < [[VU] x ||r(7) Xyl = Op(N) x Op(vV/N), since |[VU]| < A(V)[|U|| and
||r(7)' X,|| = Op(1) by the proof in bulletpoint (e) above. So let’s examine the term
U'X,VU:

2
Var(U'X,VU|U, X) = 0\2/ Z (Z UiX@'ijk)

Jk.n (
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2
k J 7
= v |[U]]71 X, U1

S0
UX,vu
Var | ————|U,X | = op||U|]?
( X, 01 ) v
= NoZ(E(U?) + o(1)); almost surely
and UXx,vu
— = — 0,(VN)
XUl 8
since || X,U|| = Op(N), then
U'X,VU = O,(VN)

implying
[0(7) X, VU|| = Op(VN)

3. [o(@) XU < [lo(@)]] x || XUl = Op(NVN)
4. ’(ﬁ'l — WO,Z)U(TNF)/XnXlU’ < |7~['l — To,l

x [[o(®)' Xyl x |IXiU]| = Op(NVN)

this allows to conclude:
A(M(7))v(7) Xyr(%) = Op(NVN)

and finally, the equation (38) becomes:

U, U

> vi@y () X (Uil + Vie)— > EaNEn

i, k.5 175, k#,5

X (UiUg + Vi) = Op(V'N)

so under the condition E(U;) = 0:

N(#* — ) = 0, <\/1N>

and
N7 —m0) =g BE(X19X12)"L x N (0, 20—3—E(X12X{2))
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A.6 Proof of proposition 3

Proof. The case E(U;) = 0 is straightforward, let’s prove the proposition for E(U;) # 0.
Note that:

~1
1 1 1
K=—— | BE(X]3X12) — ——-E(U1U3X1, X, E(U1U3X12X23) — ——=5-E(U1X12,U2) E(U U X
E(Ulg)< (X12X12) B (U1U3X79 32)) ( (U1U3X12X93) E(U7) (U1 X12,Uz) E(U1 Uy 1277)))

=B A

with:

A= E(UHE(U1UsX15X}3) — E(U1Us X 12) E(U1U> X 5)
B := E(U}?E(X12X},) — E(U?)E(UUsX12X53)

I begin by showing that B — A is semi-definite positive. Note:

E <(E(U12)X12 - U2X13U3> (E(U%)X{Q - U1X§4U4)>

= B(U})2E(X12X}5) + E(U1Us X 12) E(U1Us X15) — 2E(UZ)E(U U3 X 12X 55)
=B-A

hence!?

B-A=F ((E(Uf)Xm - U2X13U3) (E(Uf)Xiz — U1 X5,Us >

—F (E (B(UR) X1 = UsXasUs| X1, Xo, Wio, U, Us| E | E(UR) X1, — U1 X3,Us| X, Xo, Was, U, UzD

/
~E (E (B(UR) X1 — Us Xa3Us| X1, Xo, Wia, U, Ua| B [(B(UR) X1z — UsXasUs| X1, Xa, Wia, Uy, U | )
>0

as desired. Moreover, let A be a deterministic L-dimensional vector such that (B — A)A =0,

then, almost surely:
NE |(B(U}) X132 — Uy X13Us| X1, X2, Wi, Up, Uz | =0

that is:

12Remember our notation X;; := ¢(X;, X;, W;;).
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NE [(E(Uf)X12 — U X13Us| X1, Xo, Wia, Us, UQ] = B(UXN X 19 — Us E(N X13Us| X1)
SO:
E(UHN X1 = Uy E(N X13U3] X1)
conditioning on Xs, Uy
E(UYHE(NX12|X2,Us) = UsE(N X13U3)
hence

E(NX13U3)

E(UHN X9 = UL U
( 1) 12 1U2 E(Uf)

which contradicts our assumption that for any vector A\ € RE, P(N X192 = U1Us) < 1. Therefore K
has all its eigenvalues < 1.
Note that

A =E ((U1UsX12 — U1U2X14)(UsUs X3 — UsUs X34)')
=F (E [U1UsX19 — U1Us X14| X2, Us, Xy, Us| E [UsUsXo3 — UsUs X34| Xo, Us, X4, U4]/)

=F (E [U1UsX 12 — U1Us X 14| Xo, Uz, Xy, Us| E [U1UsX 12 — UrUa X14| X2, Us, X4, U4},)

Y

0

Since we have already shown that B — A > 0, then B > 0, so B is invertible. O

A.7 Proof of corollary 2

Proof. 1. The function 7 — |A;(M(7)?) — Xo(M ()?)| is continuous on the compact B(mo, \/%)
Let 7 be a minimizer on B(y, \/%) We show in the proof of proposition 9 that A1 (M (7x)?) =
Op(N?) and Xo(M(7n)?) = Op(N). So [M(M(7n)?) — Ae(M(7n)?)] = Op(N?). So with
probability approaching 1, the largest eigenvalue of M (7y) in absolute value is simple on all
of B(mo, TCN) The compactness of B(my, \/—Cﬁ)along with theorem 1 in Magnus (1985) allows

to conclude that m — v() is infinitely continuously differentiable on B(my, %)

2. Following 1), assume fy is continuously differentiable on B(m, \2/—%) Let mmax be a maximizer
of ||fy(m)|| on B(mo, %) By equation (13): vV N(fn(Tmax) — 70) = KV N (Tmax — 7o) +

% ()
1 ) — 7o) :K\/N(ﬂ'max—f-i—ﬂ'o)-i-Op (1)

\/N(fN (ﬂ'max + ﬁ \/N \/N
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taking the difference of the two last equations:

VN (fN <7Tmax + \/1]V> — fN(Wmax)> =K+0, (\/IN>

on the other side, by a Taylor expansion:!?

VN (fN (Wmax + \/1N> - fN(Wmax)> = fN (Tmax) + 0p (1)

hence
Fi(Tmax) — K = op(1)
with a probability approaching 1:

I (mmax)ll = sup  [|f'(7)|| < &
WEB(WO,%)

for any k € (M (K),1).

3. Fix some k € (A (K),1) and € > 0. There exists M > 0 such that for N large enough,

with probability at least 1 — ¢, 71,79 € B(my, 2f) so that ||711 — 7ol| < (let this be

7“4
\/7

event Ey) . Assume fy is continuously differentiable on B | 7, \/— 1 + 1

WEB(W(),% (l—l—ﬁ)

m, ' € B(mo, %(1 + 1)), we have:

event I'y) and that sup < k (let this be event GG en ror any
F d th ) fi(m let this b . Then f

1w () = (@)l < wllr — ||

By induction on m, assume g, ..., T, € B <7r0, % (1 + 111{)>

[7tmt1 = Tl = [N (Fm) = IN(Fm—)|] < &l|[Tom — Fm-1]|
and

[ Fmt1 — 7ol < |[fma1 = Fom|[ + |[7om — T || 4 - + [|T1 — 7ol | + |70 — 7ol

m .
<> KA = Fol| + |70 — ol
=0

13Building on the results in Magnus (1985), and after some tedious computations, we can show that
ov(mw %u(n . .
SUD e p(ro, 2 || | = Op(1) and supe pir, ) 1 5mgmn |l = Op(1), implying sup,cpr, <) /5 (m)]] =

0,(1).
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IN

SEEE
-

[ ng

2

<

(1)

% fimst € B (m 2 (14 ;))

So even though fy is not necessarily contracting on B <7T(), \/MN <1 + 1:{)), because it may

not preserve B (7’[’0, \/MN (1 + liﬁ)), we can follow the proof of the Banach fixed point
theorem for the specific sequence 7 (or in fact any sequence initiated in a way that the first
two first elements are in B (710, m) and not just B <7ro, N (1 + 1Eﬁ)>) First we show

that the sequence 7, is a Cauchy sequence, let p,q € N, without loss of generality take p > ¢

K/q

|17ty — 7gl| < |1 — 7ol] — 0, as ¢ — +o0

11—k

so the sequence is a Cauchy sequence. Therefore, it has a limit in B <7r0, % (1 + 11%)>

that can only be a fixed point of fy. By lemma 1, the sequence converges to a minimizer.

We have shown the following:
En, Fy and G = The sequence converges to a minimizer

Which proves that with probability approching 1, the the sequence converges to a minimizer

as desired.

Finally, the last result along with lemma 1 ensure that 7* is a solution to the minimization
problem 6 and is v/ N-consistent. Equation (13) yields

(1 - B)VN (G = m) = 0, ()

and finally

A.8 Proof of proposition 4

Proof. As for the proof of propositions 1 (section A.5), assume that 6 = 1. The result for an

unknown ¢ € {—1,1} immediately follows as described in the the proof section A.5 .
Again, I use the Wold device. Let € R” and denote Xijm = nXij € R and X, := (Xjj,)ij €

RNXN
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Following equation (38):

> Xijn(UU; + Vi) = > vl ®@)v(7) X (Uily + Vig)

i#j i#£5,k#1,j
U; U
:ZXij,n(UinjLVij)* Z ||UHW XijknUiUk
i#] i k]
+ ) HUH HUH XinaUilUk = > vil @) (7) Xk (Uil + Vig)
i k] i, k.
U, U
=N Xy(UU + Vi) = Y e i (UiUk + Vig)
i#j i#£j,k#1,j
. U;U;
+U' X, (U = 0(7)) — v(#®) Xy V(@) + Y vi(®)v;(7) Xij Vi + ||UH2U’X VU - Z ||U||J2VHX” + 0,(VN)
i#j
2 U; U
:N<E<U2>E(U?X”’"U2)> PRV 2L oo
1 i#j i3],k
+ U X,r(7) + 1 (U'X, VU —v(7) X, Vo(7))) + U'X VU”WT)‘| —|IU]" + 0,(V'N)
! [[o(7))1]? ! ! ! [[o(®)[[2U]]? !

where the second equality results from equation (38) and the third from equation (36). Note that

1.
U'X,VU —v(7) X, Vo(7) = /\(~)U’XV2U+O(N\F)
(7
to see that, observe that from equation (35):
1 L
Vold) = VU = 5 (VM(ﬁ)r(fr) ~ VU + 0,()WVU + Y (7 — m)VXU + E(UHVU
! =1
Zk(ﬁ-k - 7T07k)U,XkU
T VU
1 L
Xyv(7) = XU — WG] (X M(7)r(7) — X, VU + Op(1) X,)U + Z(ﬁl — m0) X, XU + B(UR)X,,U
! =1
Yow(Tr — mo ) U X U
- i X,U

combining both identities:

v(7) X, Vo(7) = U X, VU — %U’Xn (VM(%)r(fr) — V32U + 0,(1)VU
1(7)

L
- U'X,.U
+Z T — o, VX1U+E(U1)VU 2 (T — mo,1) k VU>
=1

uu

LAl <X,7M(7~r)r(7~r) — X, VU + 0,(1)X,U
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L
— U' XU
o= ) X, X0+ B - DU )
=1

—_

X peie (XnM(fr)r(fr) - X, VU + 0,(1)X,,U

L

uu
=1

— U'X,U
31— o) Xy XU + B2 x,u — 2T o)UY U>

L
X (VM(fr)r(fr) ~ VU + 0,(WVU + > (71 — mo)VX,U + E(UF)VU

=1

Yok (T — mop)U' XU
i VU

- U'X, VU+)\( )UX V23U + O,(NVN)

2. Remark that Var(U'X,VU|X,U) = o} >k >, UiXijUk)Q = O(N*) almost surely, hence

U'X, VU = O,(N?)
SO:

ZXijm(Uin + Vij) — Z vi(T)vi (%) Xk (UiUg + Vik)

i#j i)k,
2 U, Uj
=N (lE(UQ)E(UfXIZnUﬂ) "‘ZXiijij - Z HUHﬁXﬂc,nV}k
1 i#j i,k
1
+U'X,r(7) — U' X, V2U + O,(VN)

[o(@)[12A ()

Let’s determine the asymptotic distribution of U’ X, r(7). From the equation (35)

MM @)U Xyr(7) = U XM (7)r = U'X,VU + (M(M(7)) - U'U)U'X,,U
L
+ Y (71— mo)U' X, XoU + E(UD)U' X, U
=1
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Also
Al(M(ﬁ))U’XnM(ﬁ)r(fr) = U'XnM(fr)Qr — U’XUM(fT)VU + (M (M (7)) — U’U)U’XUM(fr)U

L
+ ) (7 — mo ) U' Xy M (%) X,U + E(UD)U' X, M (7)U
=1

= —U'X,UU'VU - U'XV2U =3 (o, — m)U' X, X;VU + (M (M (7)) — U'U)U' X, UU"
=1

L
+ (M (M (7)) = U'U)U'X, VU + (M (M U)> (mo — #)U' X, X,U
=1

L L
+ ) (7 = m)U' X UU' XU + > (7 — mo)U' X, VXU
=1 =1

Mw

L
+ ok — k) D (71 — mo)U' Xy Xp XU + E(UD)U'X,UU'U + E(UD)U'X, VU
k=1 =1
L
+E(U?) > (moy — 7)U' Xy XU + Op(N?VN)

=1
= —U'X,UU'VU - U'X,V2U + (M (M (7)) — U'U)U' X, UU'U

+

M=

(7, — mo))U'X,UU' X,U + E(UU' X, UU'U + O,(N*V'N)

=1

By equation (34), when 7@ — 19 = O, (%) as we are assuming here, we get:

. Su(mor — 7)U' XU U'VU U'viu 1
/\1(7T)=U/U+ k U + UU — (U%)—Fm-i-O

therefore:

UVUUX,U

MM (@)U Xy M(7)r(7) = —U'XpV2U + ——

O,(N*VN)
plugging back in the expansion of U’ X, r(7):

U'VAUU' X, U
UX VU +—— 1= _UX, VU
N AN WES T "
L
+ (MM F) - UDU' XU+ (71— 70)U' X, XiU + E(UD)U'X,U + Op(NVN)
=1

M(MF)U' Xyr(7) = —

U'VAUU' X, U
U'X,UU'VU — U'X, VU + 1 _U'X,VU
U’U Al( ) (R U'U "
UVUU'X, U Yk — mop)U' X UU' XU N
e i + ) (71— mo)U' X, XU + Op(NVN)

=1
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SO

1 1 U'viuu'x,U 1
/X ~ IX /V X 2 2 n o /X
U'Xyr(r) = GLhE —U X, UUVU — GUhE ——U' X, VU + Ty U’UU VU
~ L
(7 — mo ) U' XpUU' X, )U 1 .
EpY: ) =+ 5 > (71— 70)U' Xy XU + Op(VN)
=1
plugging:

ZXij,n(Uin + Vij) — Z V()i (7) Xk (UsUy + Vig)

i#] 177, k#1,]
=N (Eme(U§X12,nU2)> + ;Xij,nvij - #Jzk;” ||g|| |g|| ihon Vik
(U’U) — U X, UU'VU — (U’lU) U'Xx V2U+2U/‘Q;U/g;§(nU — U}UU/XnVU
_ Yok — Tr(()gjg;g(kUU/XnU U}U —mo)U' X, XU — WUX V2U + 0,(VN)

Notice that
U'viU Z UV + Op(NVN)

and
U'XV2U = UX;; ViU + Op(N*VN)
7.]7
so that
. UX, VU~ ——U'X,V*U =0, ( ! )
[[o(7)[[2A1(7) (U/U) JN
subsequently
> Xijn(UU; + Vi) = > vl ®@)v(7) X, (Uil + Vig)
i#] i k]
2 : U U
! z';éj i k.
1

———F X VU — X,

- CIGRE (UhUsX12,,)U'VU U,UU VU
~ L

> oi(T —mo k)U’XkUU’XnU 1

- ’ X, X
o i = UK XU+ O,/

RS o — o) (UXU_UXW UKD

R W UU U'U
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3
+ N <E.<U2)E(U13X12mU2) — E(U1X12U2)>
1
1
#30Xia¥y =2 S (ki g Ui U'VU + O(V)
i#j ], k1] 1

1 1
= N2 —— _BE(U1U3X12.0X93]) — ———E(U1Us X 12, )E(U;Us X
Z — o, (E(Uf) (U1Us X127 X23.1) B2 (U1U2X12,) E(U1 Uy 12,7;))

3
N | ——~E(UX12,Us) — E(Uy X12U:
+ (E(Uf) (U7 X12,,U2) (U1 X12 2))

1
+ 3 Xals =2 3 Vi + g FO e Xin)U'VU + O,(V)
i i#£j,k#,j 1
L
- 1 1
= N2 Z(ﬂ'l — 71'071) E72E(U1U3X12777X237l) — 722E(U1UQXlz’l)E(UlUQXlg’n) + RN777 + Op(\/JV)
— (U7) E(UY)

where the residual Ry, is of order O,(/N) and is given by:

3 E(UY
Ry, =N | = E(U} X12.,Us Ur1U2X12
51 <E(U12) ( 1 n ) E(Ul) ( )
1
+ZXZ-MVU-— Z UU; X joVik + (U2)2E(U1U2X12,,)ZU1-UM]-+0p(¢N)
i#j wéj ki, 1 i#j
3 E(UY)
=N | = EUX12,Us) — L B(U1 U X
<E(U12) (U7 X12,7U2) B(U2)? (U102 12))
+> Vi | Xijm —2U U2 > UrXjen + (Uz) E(U1U2X19,,)UiU; | 4+ Op(VN)
i#] k#w
we get:
1
Var(Rn,|X,U) = 0‘2/2 (Xim U2 Z Up Xk + WE(UIUQXIQ,U)Uin
1<J k;ﬁz,] ( 1)
1 2
+ Xijn — UrXix E(U Uz X2, )UiU‘>
J5>1 ]NE U1 k;] 77 (UQ) n J

2
OV § ig,n Z U § Lkli k,n (72 (61624(12,77)[’1‘6 >
i<y ( & NE( 12 k#i,j ’ ( ) ’

1 1 2
+ 012/ Z (Xijﬂ] ] NE(U% Z Uszk,n (UQ) (U1U2X12777)U2'Uj>

i<j k#i,j
1
+200 > ( i — Z Up X (UQ)QE(UlUQXm)U,-Uj)
1<j k;,gm 1
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x<Xij,n Ui NET) U1 ZUkXM (U2) (UlUQXu,n)Uin)

k#1,j
1 2
= <Xij,77 ZNE(U% Z UnXijkn + (UQ) (U1U2X12’,7)UZ-UJ.>
i#]j k#i,j
+ 20% (Xij,n Z UrXjim + (UQ) (U1U2X127U)Uin>
i<j k#J

X, U, X, UL Us X 19, UU,;
X ( in— JNE @) k;] ke Xiky + (U E E(U1U2X12,) )
2

_ 2 2 2
= o} ,XZJ"+4U’N2EU2 D UkXjey | +
1;&] k#i,j

Z XijnUiUp X +2

1753 k#i,j

E(U1UzX12,) Z UU Uk X jr.s

i) kg
> UnXikyXijy +
kg

1
2
‘|‘0'V ( Z Uk: an1]n+4U Uj N2E(U2)2 Z UkUlekn ilim
k#w kl#i,j

1
—— BE(UhUs X12.,)2UU?
E(U12>4 ( 1V2 127"7) (]

E(U1U2X12.9) Y XijnUilU,

1
2\2

X2 —2U;

1
ijm JWU%) E(U1U2X12,,7)U,-Uinj,n>

1
E(U)?

1
U X U,Ux X U,U;
(U k ,nE U2) ( 1Y2 12,77) J)

1

1
2
+ot <+ WE(U1U2X12,7;)U¢UJ'XW “ANEUR?

E(U U X124) Z UU Ui Xin
kA,

1 2772772
+7E(U1)4E(U1U2X1277]) Ul Uj>

= NQU‘Q/ <E(X122777) +4 E(U1U3X127TIX23,17) + E(U1U2X127n)2

1
E(Ut)?
E(U1UsX12,)? —

1
E(U?)

4
E(UUs X120 X235) +

E(U?)?
E(U1UsX12,)?

4 2
— — E(U1UsX12,)
B(0?) EIORE (itatien)

1
+ E(X122,n) - QWE(UlUSXu,ang,n) +
i

E(U1 U3X12’77X23777) +

1
E(U)?

4
2 —  B(U\UsX1a,)?
B(U7) B 1)
9
— = _E(U1UsX19.,)?
B0 (Uh Uz X12,)
1
E(U1UyX12,)* = 255 E(U1U2 X12,)°

- E(U7)?

BE(UD)?
1
EU})?

+ E(U1UsX12,)* + 0(1)) almost surely.
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4

E(U1U2X12777)2 - m
1

2
= N?o} <2E(X12 0 T T E(U1Us X 12, X03) + 0(1)>
EUY)

(almost surely)

clearly, the Lyapunov condition is met and by the Lyapunov CLT

1 3 E(U})
—R — - _EB(U3X19,Us) — —AL E(U U X 0,202n%n
N Ng (E(Ulz) (Ui X129U2) E(U2)? (U102 12777)) +N(, oy 77)
for
1
Y= | E(X{:X! —— _E(U U3 X19)E(U Uy X19) — E(UU3X 12X}
( (X10X0) + s B Xia) BN X = s BT X 23>>>
Finally:
1 -1
N —70) = [ B(X{3X12) — =5 E(U1U3 X} X32)
E(UY)
1 N -
N(Z (U0 +Vig) = Y w(w)vj(w)X;-k(UiUwv;k))
it i,k
1 1 -
=— | BE(X{:X!,)) - ———FE(U;U3 X!, X
E(Ulg)< (X12X75) E0D) (U1Us X 32))
X <E(U1U3X12Xé3) — mE(U1U2X12)E(U1U2X12)> N(7~T — 7T0)
1
+ Ry 40 (1>
3 1
:KN(W_WO)+RN+OP<\/N>
with

—1
1 1
K = Xi0X — E(U1U3X 12X
EUD) < (X12X715) — E0D) (U1UsX12 23))

1
E U1U3X12X23) E(UQ)E(UlUQXlQ)E(UlUQX{Q)>
1
—1
1 3 EU}
Ry —y4 <E X12X12 (U2)E(U1U3X12Xé2)> <E(U2)E(U§X12WU2) — E'((U?l))QE(UIUQXIQ)>
1 1 1

1

~1
(U%)E(U1U3X12X§3)> N (0,208 %)
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A.9 Proof of proposition 5

Proof. Write:

-1
1
(E(X{zxu) - ]E(U,Z)E(UlUgX{QXgQ)) (E(U1U3X12X23) - E(U1X12U2)E(U1U2X12)>
1

_
E(U})
= F (E(Uh), BE(X12X15), E(U1U3X12X53), E(U1U2X12))

for a function F that is continuously differentiable at z := (E(Ul), E(X12X1{,), E(U1UsX12X%3), E(Uy U2X12)).

For any estimator xy of x:

oF

[Flan) = F(2)] < [len — 2l x || 5-(2)

where ||.|| is the Euclidean norm and where Z is a convex combination of xy and z. So ||zy — || =
O, (ﬁ) implies |F'(zn) — F(z)| = O, ( f) Therefore, it is enough to propose v/N consistent
estimators for each of the elements E(U;), E(X12X],), E(U1UsX12X%4) and E(U1U2X12).

; XiiXi . .
Clearly, by the standard CLT: zz:lf\;{]/\?_l)’g 1 is /N- consistent for E(X12X12)

For the parameter F(U?) , lemma 3 shows that the estimators Zl L (Cf. lemma 3 for the
definitions) is enough for our purposes.

For any [,q € 1...L:

v(7) X X 0(7) = U' X1 X,U + Op(N?VN)

= N? <E(U1U3X1271X23,q) + Op (\/%))
v(7) Xpo(7) = U' X X,U + Op(NVN)

= N? (E(UIUQXW) + O, <\/1N>>

Plugging the five estimators in the function F' yields the desired estimator:

-1

- i XXl [p(E XiXw(®)],,
.= N2 —_ N2

XX ()], [vEXw®)]] [vF X (7))
N2 N N

-1

= | Y XXl - A XX, | (MEXXpE)],, - [PE X)), E X))
i#j
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Where [v(7' Xv(7)) ], and [v(7) X, Xqv(7 ))} are the matrices of dimensions L x 1 and L x L,
with entries v(7' X;v(7)) and v(7)' X; Xqv (7)) respectlvely O

A.10 Proof of lemma 3
Proof. First, note that, for r > 2
[o(@lr = [1U]l:] < [fo(a) = Ullr < [Jo() = Ull2 = Oy(1)

Implying the first result: >, |v(7)|" = % + 0, <ﬁ>

When § =1, by proposition 9, with probability approaching 1 § = | /\IE& and x%ﬂ;\ =1.
When § = —

_ ANEM(@) AN (=M (7)) > M (=M(7)))} = M (=M (7)) { = An (=M (7)) < A (=M (7))}
max; |\ (7)]

S

so with probability approaching 1:

S AWEME) TP (M @E)] > A(=ME))} + M (-ME) LA (=M @) < M (-M(#)}

>\N(*M(ﬁ))ﬂ{lkw(*M(ﬁ))bM(*M(ﬁ)))}‘;\r?g()I*M(fr))ﬂ{IAN(*M(ﬁ))\<A1(*M(7~T))} -

by the same reasonning as for the case § = 1,

1 with probability approaching 1. so 5 = —1 with probability approaching 1.

I begin by proving the fourth approximation. Note that when § = 1:

U = VA (@) (@)llz < |IU = o(@)[l2 + [[o(7) = /A (T)vi(7) |2
= [[U = v(@ll2 + [V (7) = [[v(7)]]2]

T A1<> NG >H2
U — o5 A1() ||U||2+|\U||%—!|v(7?)\|§
= [[U = v(@)ll2 + N NGRS

By proposition 9, [|[U —v(7)l2 = Op(1), M(7) = [|U[13 = Op(V'N) and |[U |5~ |v(7)[13 = (||U]]2~
o) 12) (10112 + o)) = Op(y/), therefore |[U — v/A@w@)lls = Op(1). Likewise, when
§ = —1, the same reasonning applies to the matrix —M (%) and we get that |[U 4 /[An (7)[v(7)|]2 =
0,(1)
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Combining both cases, we establish that ||U — §/max; |Ai(7)|v(7)|]2 = Op(1). Hence:

IU = Ul < |U =6, /max | Xi(7)|p(7)||2 + 116, /max | (7 )V(fr)—@/mgmlk( )| (7)] |2
= ||U =8, Jmax [Ni(@)[p(7)||2 + 16 = 6] x| /max | X (7)[p(7)] |2

= 0y(1)

Fix n € RF and X5, = ' X;; € R:

1 e 1
HW > Ui Xijn = 53 > UilUi i

1 . . .
= HN2 > (Ui = U)UiXijy + Y UilU; = Uj)Xij H

], i#] i#] i#]
< vz (1T = OlLIIX Ll + 11T ~ U] X al101))
1
=0,
()
The two remaining results are proved similarly. O

A.11 Proof of equation (22):

Proof. First:

2 2
1 1 1 1
€1m6/1m—62m6/2m: b NC NOA + w — b NCNOA — 122
’ ’ ’ ’ 2 ’ Qbm’N 27 ’ 2bm,N

1 1 1 1
+ bm,N <2bm,Ncm,NUA + 2bm,N> - bm,N <2bm,Ncm,NUA - m) (LA/ + AL,)

=cpmnoau + 1A'+ A

as desired. Second:

1 1
6/17m627m - <4b$n,NC$n,No'124 — 4b2> N + 62 NHAH2 + bgn NCm,NO AL A
m,N

1
= 4b2 (bfn,N (4||A||2 + NC?n,NO'IQLl + 4Cm,N0'AL/A> — N>
m,N

=0
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A.12 Proof of proposition 6
In line with the proofs leading up to theorems 1 and 2, we beging by studying the behavior of the

M (7ty,)’s largest eigenvalue (7, defined in equation 21). First, decompose:

e1,m = 011 (7tm) + v12(Tm) + r1(7m)
and likewise
€2m = U21(ﬁ-m) + v22 ('ﬁm) + TQ(ﬁm)

where v11 (7, ) and v12(7,, ) are orthogonal projections of ey ,, on M (7,,)’s eigen-spaces corresponding

to A\ () and Ay (7,,) respectively. vo1(7ty,) and vee (7, ) are defined similarly. We have:
Lemma 4. & \i(fy) — Aim = —m >t Zm, N1 Xie1m + Op(1)

o M (fim) — Ao = —m Y1 ZmNi€s mXie2,m + Op(1)

o 1[011(im) — emll = Op(1), 12(im) = Op(1) and r1(fim) = Op(1)
|21 (Fom) || = Op(1), [|v2a(Fm) — e2l| = Op(1) and ra(itm) = Op(1)

M (Tm) (V11 () — €1,m) = — D Zm N X111 (Tm) + (Aim — A (Tm) + Op(1))erm
+ (m > 1 ZmNj€2,mXie1m + Op(]-)) eam + Vo1 () — oacm,nvi1(7m)

o AN (Tm) (v22(Tm) — €2.m) = — D Zm N X122 (7Tm) + (A2,m — AN(Tm) + Op(1))e2.m
+ (m > 1 ZmNj€2,mXie1m + Op(]-)) e1,m + V() — 0 aCm, Nv22(TTm)

Proof. o ||[v11(Fm) — e1,ml|| = Op(1), vi2(Fm) = Op(1) and 71 (7t,m,) = Op(1) On one side:

M(ﬁ'm)el,m = Z Zm,N,leel,m + Vel,m + Al,mel,m — O0ACM,N€1,m
l

on another side:
M (7tm)erm = M(Ttm)r1(7m) + M (7m)v11 () + AN (T ) vi2(7m,)
SO

M (7)1 (7o) F M1 (Tt ) 011 (T ) FAN (T ) V12(T) = — Z Zm,NiX1e1,m+Ve1r+A meim—0ACm Nelm
!

multiplying by vi2(7,,) on both sides:
(AN (Fm) = Arm)[[vi2(7m)[] = Op(N)

similarly

(A1 () = Avm)l[o11(7m )| = Op(N)
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First, by the interlacement theorem (e.g. Bunch et al. (1978)), for all i = 2..N:

i <M(7%m) — 61,m611,m> <N (M(Fm)) < Xia (M(ffm) - 61,m€/1,m>

and for all i = 1..N — 1:
Ait1 (M(ﬁm) - (el,me'l,m = ez,me’g,m)> <A (M(frm) = el,me’l,m) <\ (M(frm) = (el,me’l,m — 32,m6/27m)>

therefore, for all i = 2.N — 1
Ait1 <M(ﬁ-m) - <61,m6/1,m - 62,m€/2,m>> <A (M (7)) < Xia <M(ﬁm) - (el,meﬁ,m - 62,m6,2,m)>

SO

also

which implies that
[[o12(7m)|[* = Op(1)

to see that ||r1(7,)||> = Op(1), as for the proof of proposition 8,

M ()7 (Fm) = Amt1 (Fm) || 2 A (Fm)[[71(Fom)[| = [|M (7 )71 () |

> (g = _max (M o) Dl 71 ()|

and by the Pythagorean theorem:

1M (o)1 (Fn) = Arrs ()12 < NIM (Fr)er=Armer|* = [[=) ) ZinviXiertVer—oacmner|[* = Op(N?)
1

in conclusion:

Hrl(ﬂ_m)HQ < || ( ) 1, 1,m¢€1 A|| 5 :Op(l)
(Arm — maxi—s. N1 [Ai(M (7m))]))

A1(Frm) — Aym = —m >t Zm,N €] Xie1,m + Op(1)
We established:

M(ﬁ'm)rl (ﬁm)+)\1(7}m)vll(ﬁm)+>\N (ﬁm)vu(ﬁ-m) = - Z Zm,N,leel,m+V€1,m+)\1,mel,m_UACm,Nel,m
l
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multiply by v11(7,,) on both sides:

(A (Fm) — ML) o1 (Fm) || = — Z ZmNav11 (Fm) Xie1.m + 011 (Fm) Vet m — oacm n v (7m)| 2
]

=— Z Zm,N 1011 (Trm) X1€1,m + €], Verm + Op(N)
]

= - Z Zm,N,lvll(ﬁm)Xlel,m + Op(N)
!

50 A1 (ftm) = Aim = (i 20 Zm N, 1€ mXie1m + Op(1)

L4 )\1 (ﬁ'm)(vll(ﬁ'm) - e1,771) = — Zl Zm,N,le'vll(ﬁ'm) + ()\1,m - >\1 ('ﬁ'm) + Op(]-))el,m +
<||€1,m||2‘]*.'||e2,m||2 Zl Zm,N,lGZ,leel,m + Op(]-)) €2.m + V'Ull(ﬁ') - UACm,N'Ull(ﬁ'm)

Write:

M (T 011 () = M (7o) 011 (7)) = — Z Zm N X011 () + V011 (7m) — 0 aCm N1 (Tm)
!

+ (o G)lPerm = (ehmor (Fm))eam )

SO

M (7)) (V11 (7)) — €1,m) = — Z Zm N X011 () + Vo1 (Tm) — 0 aCm N1 (Tm)
!

+ (oGP = Ma(Em) ) erm = (e mona(Fm))ezm

= - Z Zm, N X011 () + Vo1 (Tm) — 0 aACm N1 (Tm)
!

+ (/\17m — )\1 (ﬁ'm) + Op(l)) 6’17m — (eé’mvn(ﬁ'm))ez,m

Let’s find an asymptotic approximation for €5, v11(7). We have shown:

M (Ttm)v11 () = — Z Zm N X011 () + V011 (7Tm) — 0 aCm N1 (Tm)
!

+ (o Gom)lPerm = (ehmor (Fim))eam )

S0
M (Fm)eh 11 (Fm) = = Zm nie2Xiv11(im) + €2V 011 (Fim) + Az (€h 011 (Fim)

l

— 0ACm N (€ 1,011 (7))
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implying

(M (Tm) = A2m) € 011 (i) = — Z Zm N 1€2,m X011 (fom) + €2,m V011 (Fm) — 0ACm N (€) 1011 (Tm)
I

= — Z Zm,N,i€2,mX1e1,m + Op(N)
l

or
(ALm — Do + op(\/N)) eyo11(7) = = 3 Zm wie2Xier + Op(N)
l
with
A = llerm]
2
1 1 9 9 1 1 ,
= *bmJch’NJA—i-i N—i—meHAH +2bm,N *bm7NCm,NUA+ U A
2 QbmyN ’ 2 2bm,N
and
Xom = —|legml |’
2
1 1 1 1
= — <2bm’NCm7NO'A — 2bwv> N — b?ﬂ,NHA‘F — 2bm7N <2bm7NCm7NO'A — %W]V> L/A
therefore:

1

Mlermll? + [lez,ml

€ 11 (Tm) = B Z Zm Nje2,mXie1,m + Op(N)
I

A2(Fm) (V22 (frm) —€2,:m) = — D1 Zm, N1 X1V22(Fm) + (A2,m — A2(Fm) + Op(1))e2,m +
(Termteteame St ZmviezmXierm + Op(1)) ex,m + Vo (&) — o acm, nvz2(fm)

Write:

Ao (T )22 () = M (T )v22(7t) = — Z Zm N1 X122 (T) + Vo () — 04Cm, NV22(Tm)
!

+ (e mvzaEm)erm = lloz o) Pezim)

SO
Ao (7)) (V22(Trm) — €2.m) = — Z Zm, N X1022(T) + Vvaa(Tm) — 0 ACm, NV22(Tm)

l
+ (“lleea )l 2 = Aa(Fm) ) €2m + (€ mvrs (Rm))erm
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==Y Zn N X1022(Fm) + Vaa(ftm) — 0aCm NU22(Fim)
I

+ (/\27m — Xa(7rm) + Op(l)) ea,m — (6/27m1)11(ﬁ'm))61,m

Let’s find an asymptotic approximation for e’l,mvgg (7). We have shown:

Ao (T V22 (7)) = — Z Zm N X 1022(Tm) + Voo (Tm) — 0 ACm, NV22(Tm,)
!

+ (—llvza () [Pz + (€ mv22(m)erm)

SO

Ao(Tm )€} 22 () = — Z Zm N 1€1,mX1022(7tm) + €1,.mVvaa(Tm) 4 At (€ 1,011 (Tim))
I

— 0ACm N (€] 22 (Tim))

implying
A2(Fm) = An)€l 22 (Fm) = =D Zi na€1.m X022 (Fm) + €1.m V022 (Fm) — 0 aCm v (€] 1022 (Fim)
I
=— Z Zm,Nie1,mXie2.m + Op(N)
I
or
(AQ,m —Aim + Op(\/]v)) v (7) = — Z Zm,Nie1mXie2.m + Op(N)
I
therefore:
1
e 11 (i) = Z, e2.mXie1,m + Op(N
2,m 11( m) Hel,mH2 4 HeQ,mHZ ; m,N,1€2,mA1€1,m P( )
]
Note that:

1
Amet = | D X5Xig— Y vilfm)v(Fm) X, X SOXLYii— > vildm)vi(fm) X Y
i#] i k] i#] i kg

where v(#,,) is the normalized eigenvector corresponding to the largest eigenvalue of M (#,,)%. So

-1

g =70 = | Y X5Xij— > vilfn)vy(Fm) X Xin
i#] i k]
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SOXGA A A V) — S vy (Fm) X (Ai + A + Vi)
i#j i#j,k#i,5

First, note:

ZX{J‘X"jf Z Vi (tm ) (7t ) X Xin

i#] i#7,k#4,J

()\1(7‘('7—”) +)\N 7T'm > O (Z o Z V11 z(ﬁ'm) V11 j(ﬁ'm) X/ Xi/c)

2 2 Ton G Ton )
0222(7%1%) U22j(ﬁm) ’
L) + M) <O | D XXig = D o S om0
ij i ki V22(Tm 22\"t'm

We treat each of the two terms separately:

v11,4(7T v11,5(7
D i e e LBV

2 s Ton ) 1o ()|

= N? [ BE(X12X]5) — ME(XHX%) + 0p(1)
llexm|*/N

2
1 1
(*bm,NCm,NUA + 55— )
= N? | B(X12X)y) — ’ Lo

E(X12X93) + 0p(1)

2
1 1 2 2
(§bm,NCm,NUA + 2bm,N> + bm,NUA

likewise
, 022, (Tm) 22,5 (Tm) )
SRS X
L [[va2 ()] [v22(7m) ||
i#] 177, k#1,]

2
1 1
< b, NCm,NO A )
2vm, m, 2b
= N? | B(X12X],) — a

E(X12X23) + Op(]_)

1 1 2

For the term (Zi# Xi(Ai+ Aj 4+ Vig) = iz i Vil )V () X0 (Ai + A + Vik)>, as for
the proof of proposition 1, let 1 be some vector n € R”, and define the matrix X, with entries
Xijm = 1'Xij.

SOXGA A Vi) =S vy (o) X (Ai + Ag + Vig)
i#j i#j,k#1,5

ik, (A'+Ak—|—Vk)
2 L2 TGl Ton () e ’
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V22 z('frm) 022, (Tm)
PO o)+ A o) <O 2 Xoa (A A Vi) = D i T 20 (4 45+ V)
oy i ki 022 (T 22(Tm,

We have

. . . ) V11 Z(ﬁ-m) Ull,](ﬁ'm) ' 4 :
ZXZ]W (Az +AJ +‘/l]) Z || 11(7Tm)” ||’011(7Tm)|| ka (Az-f—Ak—f—‘/;k)

i#J i) ki,
=2 i (Ai+ 45+ V) = 3 o11i{m) o115 (Fm) X | M(m)ie = D (100 = oma) X
i [Jors o) ] [Jors (o) [] 7 &= T Xk,
i i) ki ;
1 A A~
= ZXijvn (AZ + A] + ‘/1,]) 72’1)11( )lM(’]rm)X’r]/Ull(ﬂ—m)
P [[v11 (7)) ||
1 X, X 11 z(ﬁ' ) A A v O (N
" lo11 (o HQZWOZ o, )11 (7) Xy X1 (Fom +Z\|v P Xy (Ai + A 4 Vi) + Op(N)
Note that:

< Z |U%1,i - e%,iHXik,n (Ai + Ag + Vig) |
ik

> 0 i Xk (Ai+ Ak + Vir) = > €] Xigy (Ai + Ap + Vi)
ik ik

< mI?XZ | Xk (Ai + A + Vig) | X Z vf1; — eil
) (2

< ml?XZ (I Xk (Ai + Ak + Vie) | = E(| Xy (Ai + A + Vig) ) X [Jor1 — ez X [Jor1 + ex ]2
i
+ NE(|Xigy (Ai + Ak + Vig) ) x [Jvin — exll2 X [|v11 + ez
Let’s show that

m’?XZ (| Xk (As + A + Vi) | — B| Xk (Ai + A + Vir)|) = Op(NVN)
Fix some « > 0 and by a union bound:

P meaxz (1K (A + Ap + Vi) | — B| Xy (Ai + A + Vig)|) > @
1

< Pl — Xikn(Ai + A + Vi) | — B\ X (A; + A, + V5 >

_zk: N\/NXZ:(’ ki (Ai + A + Vig) | — E| Xip(Ai + A + Vir)|) > =

1
= NxP| o Z (| X1 (As + A1 + Vi) | = E| Xirn(Ai + A1 + Via)|) > @
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1 Var (Zl (| Xirn(Ai + A1+ Vi) | — B| Xi1 (A + A1 + Wl)D)
- N2

2

IN

1
— (VGT (| X12.(A2 + A1 4+ Vi2)|) + Cov (| X12,(A2 + A1 + Vi2)],

(A3 + A + V13)|)>

where the second inequality is Markov’s. This implies:

m}gmxz (| Xt (Ai + Ap + Vi) | — B| i (Ai + A + Vig)|) = Op(NVN)

we can infer

U l
Z T = Xiky (Ai + Ap + Vi) = Op(N)

011 (7, H2

hence

V11.i(Tm) V114 (Tm,
S Ko (A Ay Vo) = 3 N X (At i
i#] i ki mJ TP m

1 . . . 1 R . .
= —7H2U11(7Tm)/M(7Tm)XnU11(7Tm) + m Z(WOJ — Wm,l)vll(ﬂ'm)/Xanvll(Wm) + Op(N\/N)
m !

1
- Am /X Am - Am Am ! Am
Tora R ) ot o) s s = o () Xiotna )+ Oy NV

=— e X,e +Cm7jNo*Av 7m) 0! Xpv11 (Fm) + Op(NV N
HelmHQ 1,m“*ntl,m Hvll(ﬁm)‘P 11( m) n 11( m) p( )

—€) mXnerm + er ]\|7|20'A61mLLX etm + Op (NVN)
,m

Note that

1 1
ell,mb = <Qbm NCm,NOA + 217]\/) N—i—bm’NA/L;
m

2
1 1 1 1
ell,mXT]el,m = <2bm NCm,NOA + 2[)]\7) ZXijJI -+ Qbm,N <2bm NCm,NOA + ) ZX” UA
m .
)

2bm N
2N D AidiXijy

ij

]

2
1 1
= NQ <2bm NCm NO'A + 2()]\[) E(X”J]) -+ Op(N\/N),

1
L’Xnel,m = <2meCmNUA+ 2me> ZXZ]U+bMNZX1]7IA

1 1
= N? <2bm,NCm,NUA + 5 N) E(Xijy) + Op(NVN)
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SO

N Xij (Ai+ A+ Vi) = >0 im) 0115{m) Xk (Ai + Ak + Vir)

poy iz iz lon @)l {[on (7o)
1 1\ N 1 Y
Cm.NO
=N? |- <2bm,Ncm,N0A + % ) + = Az <2bm’NCm’NUA + 2b > EXija)
m,N (%bm,NCm,NUA + ﬁ) N+b$n,NHA||2 m,N
O,(NVN)
1 1 ?
- N2 | -1+ Cm, NTA_ <2bm,Ncm,N0A + 5 > E(Xij) + Op(NVN)
($bmnemvoa+ szt + 82 yI14I12/N N
2
1 2 2 2
(3bmnvemnoa =z ) + 8 wllAIR/N
2Ym, ; 2b,, N 1
= _—N? al Qbm,NCm,NUA + % E(Xijn) + Op(NVN)
(%bm,NCm,NJA + zbnll,N) +07, NIJAIP/N i

2
2
112 2 2 1 1
, <4bm,NCm,NUA TR N) + bm NOA ( bm,NCm,NOA + 2brm, N)
= —N ’

E(Xijy) +Oy(NVN)

1 1
(§b7ﬂvNcm7No-A + 2bm7N) + bm NUA

b0 + 02 x0h (Sbmvemnoa + 5i)
=—N? : ~—E(Xj) + Op(NVN)
(%bm,Ncm,NJA + 2b’in> + b2, N03

Similarly

v22,i () V22,5 (7m)
2 Xian (it A Vi) = 3 1 Toma Gl k(i A+ Vi)

i#]j i#£j,k#4,]
1 , 1
= ————————— 090 (Tm) M (7)) X2 (7 _ au Tm,1)V22(TTm ) X1 X502 (T ) + Op(NV
HU22(7Tm)H2 22( m) ( m) n 22( m) H'U22( HQZ 0,0 — ml) 22( m) l 22( m) ( )
>\2(7Arm) A / A 1 ~ ~ ! A~
= —— 099 (T ) Xyvoo (7)) + - 0.0 — Tm.1)V22(Tm ) X1 Xpvoo () + Op(NV N
||U22(7Tm)”2 22( m) n 22( m) ||’U22(7Tm)||2 zl:( 0, m,) 22( m) n 22( m) P( )
A Cm,N . A
= _ﬁeé’an€2’m + maAvgg(ﬁm)'u’Xnvﬂ(ﬂm) + O,(NVN)
1 m
Cm,N
= 6,27an627¢,1 + WGAeQ mit' Xpea m + Op(NVN)
2,m
2 2
1 1 Cm,NOA 1 1
= §bm7NCm7NO'A ~ 5 + 5 ibm,NCm,NUA ~ 5 E(Xijn)
N (%bm,NCm,NUA - 21»1,1\7) + b%w,NG,%l N

+ O,(NVN)
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by NC NOA —
m,NCm, 2bm7N

Cm,NO A
2

<1 ! ) E(Xijn) + Op(NVN)

L 1 2 9
ibm’NCm’NUA T 2by,N + bm7N0-A

2
1 2 2 9
+ bm7N0'A 1 1
> ( E(Xijy) + Op(NVN)

1
Qbm,Ncm,NUA + o
—bm NCm,NOA —

2 2by, N

2
) + b2, o3

1 1
Qbm,NCm,NO'A - 2bm,N

|
(

2
pi Noﬁ + b2 NU,24 (%bm,NCm,NUA — %#)
m, m, 'm,N E(ijﬂ]) + Op(N\/N)

- 2
L 1 2 2
<§bm’Ncm’NUA B 2bm,N> +07, N

1

i - A 1
Tm41—T0 = [— L(A1(Fm) 4+ An (Fim) = 0) | b, yo3 + <2bm,NCm,N0'A + 5 -

Therefore
) 2

>2 }(1,0,0, 0) +0, (\/%)

1
+ 1A (Fim) + AN (Fm) < 0) | b2, no4 + | SbmNCmNoA —
’ 2 Qbm,N

2
. . 1 1
= |:— :[].()\1(7Tm) + )\N(ﬂ-m) 2 0) b3n7N0-124 + Zbgn’N (Cm,NUA —+ b2>
m, N
1 ? 1
11 () + An(Fim) < 0) | b2 yoi + —b2 - - 1,0,0,...,0) + O, [ —
oA 1 2
= |:_]l()\1(7%m)+)\N('ﬁ'm) >0) + <Cm,N0'A+0'A\/4+Czn,N>
1/4+C%1,N 40 4 4—|—czn7N
1 2
<Cm’NO'A _UA\/4+c$n,N> }(1,0,0,...,0)/

+ 1M1 (Tm) + AN (7)) < 0) A S
Vit doafirdy

1
+0, <\/N)
oA [— T(A1(7m) + AN () > 0) (1 + % (Cm,]v n m) 2>

o
+ 1(A1(7m) + AN (7)) < 0) (1 4 i (Cm,N - m)2> } 1000 40, (\/1N>
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Note that for any m, by lemma 4:

A(Tm) + AN (Tm) — Arm 4+ Aoym
1(7tm) + AN (Fm) _ Arm + A2, —|—Op(

¥ Vo ()

Given that:

2
1 1 1 1
M = | 2bmNemnoa+ =—— | N+ N AIP + 20N | ZbmNem o+ VA
’ 2 2bm,N

2 b
and
1 1 ? 1 1
)\27771 = — <2bm7NCm7NO'A — 2bwv> N — b?n,NHAuz _ 2bm7N <2bm7NCm7NUA — 2bm7N> L/A

then, whenever m > 1:

Man + Aom Cm NUAN—i—QL/A 1
m = A2m _ Cm, 0
v o (5)

vN
1
= Cm,NOA + Op <\/N>

so, for all m > 1:

. o 1 2
7Tm+17T0:A|::H-(Cm,NZO) 1+4<Cm:N+‘/4+C72n,N>
\/4+c$nN

s <0 (13 (e 7)) Jo00 0, ()

1 1 2
emi1N =~ | L(\i (fm) + Aw (7im) 2 0 1+<cm,N+ ite, )

— 1(A1(Fm) + AN () < 0) (1 —i—% <Cm,N — 4+C%L,N>2> ]

Proposition 10. For all mg € N:

1 1 2
HImP | Vm <mg:cppi N = —F———== |1+ 1 <cm,N—|— \/4+anN) ‘CLN =1|=1
N ,/4+c$nN '
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and

li]{[n]P’ VYm <mo : Cpy1l,N = —

1

1 2
d+c N

Proof. Immediately follows from the computations above. O

Corollary 6. Define the deterministic sequence ¢, by:

&1

Cm+1

Then for all mg € N:

and

=1

2
- \/41+c%n <1+i(cm+ 4+C?”) >

li]{ntP’ (Vm <mg:cpN = cm‘cl,N = 1) =1

li]{[nIP) (Vm <mg:cpmN = —cm’cl,N = —1) =1

Proof. Direct consequence of proposition 10. ]

> Xijm (Ai+ A +Vij) — >

i#]

1

l[v11(7m)

v11,i(Tm) V11,5 (Fm)

Let’s compute the second order (order O, (L>) term:

VN

+ 3 Xijn (Ai + Aj + Vig) + Op(N)

i#j
A1 ()

l[v11 (T

I 011 (Tm) Xyv11(Tm)

+ 3" Xiju (Ai + Ay + Vig) + Op(N)

2 Ton )l Ton )|

. . . 1 . R .
||2U11(7Tm)IM(7Tm)XnU11(7Tm) + m Zl:(ﬂo,l — 7Tm,l)1)11(77m)/Xan011(7Tm)

Xikn (A + Ag + Vig)

1

IENGSIE — T o) X1 X011 (o
+ ERESIE ;(ﬂo,z T )01 (Fm ) X1 X011 (Fm )

i£]j
>\1 m ’ Cm,N N Y ~
=——"—¢) Xpeim+ ———=04011 (7)) tt' X,v11 (7
TermlP L Xntm g, g oA () e X Gim)
. 1

+ ZXij,n (Ai +A;+ Vij) +2(e1,m — Ull(Wm))aneLm RTSSYZSENID) Z Zm,N,leleXanel,m

L [[v11 (7))

i#£] l

Ao — M (T

m—l(zm)eﬁ,anel,m + O,(N)

lle1,ml|
Cm,N
= —€} mXye1m + ||€;”’ HzaAeLmLL’XneLm
,m
. 1
+ 2 Z Xij,nAi + 2(61,7n - Ull(ﬂ'm)anel,m — W Z Zm7N,l€/17leXn€1,m
i#j o !

)\1 — )\1 s Cm. N ~ ~

+ Well,anel,m - Hem’ ||20A ((61,m — 011 (7)) 1 Xy e1,m + €]t Xp(e1m — vu(wm))) + O,(N)
1,m 1,m
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Nec 1 1
/ m,N ,
= —61 mX’I]el,m + —50A *bm7NCm7NO'A + L Xnel,m
’ 27\2 2
||61,mH m,N

1

[lerml?

+2) Xijndi +2(e1m — vir(fm)) Xye1,m —
i#]

X _
lerml2 bminetm

E / /A
vaN,lelﬂnXlXT]el,m + bm7NA L XneLm
l

Cm,N

Nexml "

+ ((el,m — Ull(ﬁ—m))/LL/Xnel,m + ell,mLL/Xn(el,m — Ull(ﬁ—m))) + Op(N)

Neny N 1 1
! m, ,
= —€ mX’r]el,nL + —=0a *bm,NC'nL’NO'A —+ U X e1,m
) 3 .
el \2 T

+2ZXZ”A " le H4ZZleelleelmelmX e1m = ZZleelleX e1m + b NA' W Xper m
€1,m

i#] | ||61 m||
1 1
_ W - Z Zm,N,leel,m + || H2 Z Zm N lel leel melm
o 1 1Lm
1 ’ .
N
| T e & ZnsicamXiean | esm ) <2Xn€1,m R (W X+ Xaesn) | + 0,0
1,m 2,m . Clm

2
1 1 1 )
= — <2bm,NCm,NO'A + 2bm7N> ZXij,n — Qbm,N <2bm,Ncm,,N0'A + 2bm7N> ZXij,nAj

ij —
Ncm, N 1 New nbm.n 1 )
Termll?” A(ab 7N°’m»NUA+2me> D2 Xt S o ghmvenvoa + g )3 Xond,

ij

_|_

+2ZX2]77A + || H4 ZZleelleelmelmX €1,m — || ||2ZZle€1leX €1m+meALLX €1,m
€1,m €1,m

i#]
1 1 /
_ W - Z Zm,N,leel,m + T Z Z7n7N,l€17an€1,m€1,m
€1,m | . ||el’m‘| l
1 ’ .
N
+ lerm|? + |le2.ml? ZZm,Nylelleel,m 62,m> X <2Xn61,m — H1”7||2 (LL/Xnel,m +XnLL/€1,m)> +0,(N)
s ,m I "

NCmN 1
<|€1m||2 oA — ) (2 NCm,NOA + Qme> Z -

ij

NmN 1 1
o (feros =) (Gmemson 50 ) #2) S

ij

1 1
+ lermll® Z Zm,N1€1 mX1€1,me} mXn€1,m — W Z vaNalell,leXnel,m + b v AL X e m
1m 1,m .
1
T .. 2\ Z Zm,N,leel,m + 72 Z Zm,N,lell anel,mel,m
leml*\ 4 lexml? 4 7

1

llex,m | + [lez,m|

!
Cm,N
|2 Z Zm,N1€2,mX1€1,m 627m> X <2Xnel,m - HBTTW (LL/Xnel,m + XnLL/eLm)) + Op(N)
l

2
Ncm N 1 1
-V (umn 7 1) (WW%W + 2m> W E(X02) 4 1 Ty

1
+ m Z vaNJell-leeLme/l,anel,m - m Z Zm,N,leleXaneLm
! 1
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1 1
_ W ( h Z Zm,N,leel,m + W Z vaNalell,mXﬂeLmel,m
1,m . 1.m l

1 ! Cm,N /
+ (||€1 ||2 + H62 Hz ZZm,N,lez,leel,m) 62,m> X <2X7,e1,m - H e, ||2 (LL/XneLm + Xy 61,m)> + Op(N)
s ,m 1 m
where
2 Cm 1 1 2 1
TimN:=N 3 oq4—1 “bmemoa + —— ~32 ZXU — E(X12)
1 1 2 2 2b N —
<§bmcm0,4 + m) + b O’A ij
Cm 1 1
+ 5 cA—2 | b | =bmemoa + ——1]+2 ZXZ]AJ
1 1 2 2 2 2bp, —
(ﬁbmchA + E) + meA v
2
Ncp N 1 1 1
:N (HelTan —1) <2bm,NCm,NUA+2b N) WZX”_E(X12)
m m, 1,]
Ncm N 1 1
+ (”61 m||2 - 2> bm,N <2bm,Ncm,NUA + %, N) + 2 Z XijAj
k) ij
~0, (N\/N)

SO:

1 v zﬁ-rn v 7,%771
2(2Xij7n(Ai+Aj+Vij)_ > 116(Fm) 11, (Fim) jk,n(AiJrAkJer‘k))

~ oo Ten )1 Tons ()

2
Cm.N 1 1 , 1,
= (N oy 1) (b E(X13) + 57/ Tim
(E(e, )74 )(2 e ’N”A+2bm,N> A
1

2

1,m

Ele; )t
+< (e1,m)

. (UAcm,N-E(el,m)2 + 2E(61,m)4 + 9 -E(el,m)Q‘E(eZm)2
E(e3,,)?  Elef,,) E(ef,,) E(ef,,) T E(e,,)+ Ele,,)
20 4cm NE(e1,m)? 20 acm.NE(e1.m)?E(e2.m)? , ,
— ’ ’ — . : : E(X12)E(X35)Zm
B E B EE,) + E@,)) ) P Iy
E(61 m)2 1 Cm,NUAE(el,m)2 1
* (‘ B,y By \ e+ g 5 | | B Xy + 00 | 75
1 ? 1
cm N / /
(E( ) ( NCm,NOA + 2bm,N> n E(X12) + N2 m N
i (E(61 m 4 1 (UAcm,N-E(el,m)2 + 2E(61,m)4 + 2 E(el,m)QE(627m)2
E(e3,,)?  E(e,) E(ef,,) E(ef,,) T E(e,,)+ Ele,,)
204Cm NE(61 m)4 204Cm NE(el m)2E(62 m)2 ’ ’
— ’ : — . : : E(X2)E(X35)Zm
B B )EE,) + E@,)) ) F e Iy
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+

E(el’m)2 Cm,NOA / ’ 1
E(ed ) B2, | 1K1K 2+ 0p |

Note that
1 1 2
E(el,m)2 = <2bm NCm,NOA + 2me>
2
9 1 1 9 9
E(el ) = | sbmNnem oA + + b, NOA
’ 2 Qbm,N ’
Hence:

1 V11,4 (Tm) U T
]\/'Q(ZXijﬂ7<Ai+Aj+Vij)_ > A jk,n(AﬂrAkJrVik))

2 2 Ton Gl Ton Gl
2

— L - 'B(X12) + ~=n/T
= E( 2 mNCm7N0'A Qbm,N n 12 N277 1,m,N

N (E(el m)t 1 (UACmJVE(eLm)2 N 2E(el,m)4 492 E(e1.m)?E(e2,m)?

E(e?,,)?  E(e,,) E(ef,,) E(ef,,) E(el,,) + E(e3,,)
20acmnE(e1m)t 204w NE(e1,m)*Elezm)? / /
_ ’ m) 7 ’ > E(X12)E(X! )2,
B@nE BB+ B, ) )T 2B X 2y

2
1 1 2 2
Bey )? (0mnmnoa = g ) +noh

E 2
(€1,m) (%bm,NcmNaA—i— anll’ ) + b2, n03

+

1
0 E(X12X53)Zm N + Op <\/ﬁ>

Define

011,i(Tm)  V11,5(7
SNy Y e e X

Py Z;,,é],ﬂ,éull V11 () || [[v11 (Frm) |

1 1
<7b NCm.NOA + 7)
27m, m, 2b
= N? | B(X12X1,) — .

1
E(X12X23) + Rim N + Op <>
1 1 2 N
<§bm,Ncm,NUA + zbm,N> +07, NoA

likewise

V994 (T vog i (T
XXy Y e e X

2- o2 Toza (i) | Teza (o)

2
1 1
(*bm,NCm,NUA - 7)
= N? | E(X12X],) — 2 2,

1
E(X12X23) + Rom,n + Op <N>
(2 m,NCm ,NO A Qbm,N) + NGA
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Therefore:

1\ (7) 4+ An (%) > 0)VNdiag(0,1, ..., 1) (i1 — o)

1 2 2
m,NCm,NOA — 35 ) +bn, N0 _
al M E(Xngég)v NZy, N+ ]\41 m, NI1m,N

2 v N

1 9 lmN
bm,NCm,NOA + 2me) + bm,NUA

elm

Blen? (2
(3

Cm,N 1 1 _ 1
ey ) (L e VNML yRim ML E(X12) + 0, (——
(E(e%,m)(m ) (2 NCm,NOA + 2me> 1m,N 1mN (X12) + O, ( N)

with

2
, (8w vemnoa+ )
MmN = E(X12X15) — ’

E(X12X23)

2
1 1 2 2
(§bm,NCm,NUA + 2bm,N) + b, N4

SO

1\ (7) 4+ An(7) > 0)VNdiag(0,1, ..., 1) (i1 — 0)

1 2 2
6 ( mcmO'A - 2bm> + meA _
: m 2 MmlE(XHXéS) v NZm,N + —= Tl m,N
el m 2 2 \/
+b5,0%

1
mchA + Db

2
c 1 1
— | = o4 —1 binCm — | VNM 'Ry ~NM 1E(X @)
(E(eim)(m )(2 c UA+2me> m L ,m NV, (X12) + p<

1
)
with

1 1 2
, (imemUA + E)
Mm = E(X12X12) —

3 E(X12X23)
(%bmcmoA + ﬁ) + b2,0%

so that

1(A\1(7) + An(7) > 0)VNdiag(0,1, ..., 1) (7mi1 — 0)

2 2
1 1 1 1 2 2
(fbcaA—i——) (J)CUA——) + b0
2Ymbtm 2b 2Ym&m 2bm mYA 1 _
= 5 M E(X12X5)V N Z N + —NMmlTl,m,N
(%bmchA + lem) + b2,0% ( bmCmoa + 55— ) + b2,0% v

Cm

1
_ 5 oa—1 <2bmchA +
(%bmcmaA + ﬁ) + b2,0%

)

2
1
5 N) \/NMW_ZIRLm,NM,;lE(Xu)jLOp<
m,
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Generally, including the intercept:

L(AL(7) + AN (7) > OV N (fiyg1 — mo

E(eq m)4 1 oacmNE(e1m)? Elerm)? E(e1.m)*E(eam)?
— —oac +1,N(1,0,...,0)’+< m__ : : 9t \lm) : :
" E(el,,)?  E(ef,,) E(ei,,) E(ei,,)  Elef,,) + E(e3,,)
B 204cm NE(e1m)t  20acm NE(e1m)?E(eam)? >>(1 0, O E(X1) Zon
3 Uy eeey m,
E(ef ) E(e ) (E(ef,,) + E(€3,,)) 2
(lb 1)? 1y 1)? B2 o2
2 mCmO-A"i_m) 2 CmUA_m) + mI A
+ 5 5 M E(X 19 X)WV N Zy n + —— \ﬁ MmN
(%bmchA + ﬁ) + b2,0% (%bmcmaA + lem) + b2,0%
2
Cm 1 1 . . 1
2 oa—1 ibmchA + % \/NMm Rl»m»NMm E(X12) + Op ﬁ
(%bmchA + ﬁ) + b72n0'124 m,N
We treat the term Y2, Xy (Ai + Ay + Vij) =Dz kot s H”jj;((:y:))” \Tjjéjtg‘r%)llXjk’" (A + A + Vig)
in the same way:

v22,i (Tm) V22, (Tm
S i (A Ay + Vi) = 3 R T (A i
i#j ik, mn m

1 1
7’022(7T ) M(fr )X ’L)gg(ﬁ ) + V5 (7T07l — 7AT 7[)'[}22(7% )/XZX ’U22(7AT )
[Joza G ) 2220 ) S22 ) L G P zl: e

+ ) Xijm (Ai + Aj + Vi) + Op(N)
oy
A ()

1
__oANATmy A /X A

Y (Mo — 1) V22 (Tm) Xi Xyva2 ()
TomaGim )| 2701 = Fm)vaa(fon) X Xl

+ ) Xij (Ai + Aj + Vi) + Op(N)
Py

2,m / Cm,N
— el Xpeom + 0 AV (7 ) 1) X nv22 (7
TeamlP 2 X2 + o Aveefn) 1/ Xy (o)
) 1
+ D X (Ai+ Aj + Vig) = 2(ezm — v22(Fm)) Xyeo,m — |[va2 (Fom ) |2 2 ZmNihmXiXne2m
itj ]
)\2,m - )\N(ﬁ'm)

2 6,27mX7762,m + Op(N)
|le2,ml|

CmiNzcrAeQ mbl 'X. n€2,m
|le2,ml|

= 6,27an627”1 +

+2 Z XijnAi — 2(e2,m — vo2(7tm)) Xpeom — 5 Z Zm,N1€5,m X1 Xn€2,m
- e

)\2,m - )\N(ﬁ'm) /

N
€. Xneom — cm,
legml2  2mTT

ezl A ((e2m = vaa(Fn)) 1 Xy m + €l it/ Xy(eam — v22(Fm)) ) + Op(N)
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Nc¢ N 1 1
/ m, !
= €9 mX77€2,m + gA *bm,Ncm,NUA - 2 X7]62,m
’ €9 2bm,N

llezml[* 7 \ 2
R 1
+ 2 Z Xij,nAi — 2(627m — V22 (Wm)),XTIeQ,m — W Z Zm,N,le,szaneZ,m + bm7NA/LL/Xn€2’m
i e
)\2 — )\N T Cm,N A N
—’7!62 ”g m) € mXn€am — 7"6; IE ((egm — v22(Tm)) 1t Xpeam + € 1t Xy (€2,m — Ugg(ﬂm))> + Op(N)
,m m

Nepm N 1 1
62 mX eam + H m||2 A (2bm,Ncm,N0-A — % N) L/Xr]62,m
m,

1
+ 2 Z Xij,nAi + oz Z Zm,N,l6,27le62,7716/2,an62,”1 IR TSR
2 ezl 2 ez

+ bmyNA/LL/Xn(ig’m

1 /
E Zm N €y m X1 Xpe2,m
[

1 1
+ H€H2< =D ZmNaXiezm + TeamE > Zn N1 mXne2merm
2,m I 2,m I
! Z Zim.N1€1.mX1€2 e1 >/ X | —2X,e2m — M (LL'X eam + Xpit'es )
HelmHQ + Hel,mHQ l m,IV, ,m ,m ,m ntz,m H QWHQ nva,m n ,m
+ Op(N)
1 1 ? 1 1
= =bp.NCn.NOA — Xiin +2bpN | =bm.NCm.NOA — XiinA
(2 m, m, Qbm’N %: 1.7777 m, 2 m, m, 2bm’N %: 7/]777 J
NCm N 1 Ncm me N 1 1
_— bm - — X; b, XijnA;j
+ ||62m‘|2 0A <2 ,NCm,NOA Qme> Z ijm T e 2m||2 — 5 0A 5 NCm NOA — b N %: ijn
1 1
+2) Xijndi + T > Zin Ni€h i Xi€2m€h y Xy€om — TP > Znieh mXiXneam
i#] m l m l

+ bm7NA/LL/Xn€27m

1 1
W < - Z Zm,N,le(f?,m + W Z Zm,N,le/Zan@Q,mCQ’m
2,m 7 2.m ;

1

lle2mll? + [le1,m]

/
‘25 Zm,N,1€1,mX1€2.m 61,m>
!

[le2ml 2"

2
Ncm’N 1 1
- (o 1) (gimemson 515 ) L

v

NCmN 1 1
— 210 b — 2 XijnA;
+ <||eg,m||2UA+ ) m,N (2 m,NCm,NO A 2me>+ Z ijm

]

X (—ZXneg,m — M (LL/Xnelm + XnLL/€2’m)> + Op(N)
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1 1
W Z Zm,NJ€é,le€2,m€/27an€2,m - W Z Zm,N,lelgvaanF:g’m + bm,NA/LL,Xnegym
,m l m p
1 1
+ ||62H2<_ ZZm,N,leelm"‘ les ||2 ZZmNZGQ mXn€2,me€2.m
;1M l

1
llerml? + [lea,m||?

/
§ Zm,N,1€1,mX1€2.m 61,m>
!

C
X (—2X77€2,m — ﬁ (LL X n€2,m + X LL €2 m)) + Op(N)
m

2
Nc 1 1
=N =V ou + 1| | Sbmnemnoa — 1 B(X12) + 1 Tom,n
[le2,ml] 2 2bm, N
1

74 Z Zm7N7l€,2’le62’me/27mX’l7€2,m -
leamll® 2

T 2 ZZlee2leX €2.m
|le 2m||

1 1
+ W < a Z Zm,N,le(??,m + W Z vaN’ZG/Q,mXHQQ,mGQ,m
2,m . 2.m l

1

llermll? + [le,m]

/
‘25 Zm,N,1€1,mX1€2.m 61,m>
!

X (—QXneg’m — M (LLX e2.m + Xy wes m)) + Op(N)

lTezml?”
where
A2 | Cm 1b 1
Ty i = N . oAt 1| (sbmemoa+ 5 | 2 ZXu B(X12)
(lb CmO —i—L) + b2 o2 2 2bm, N
5UmCEm0IA 20 mJA
c 1 1
+ n oq4 — 2 bm< memUA—l-) + 2 ZXZ]AJ
(1b Cm0OA + ) + b2 o2 2 2b ij
2YmtmOA 2b mY A J
N

Cm.N 1 1
= N2 m, 1 7b - Xl X
(HGQ,mHQUA+ ) (2 N EmNTA 2bm,N> N? Z I 12)

NCmJV 1 1
+ ( |20A + 2) bm,N <2bm,NCm,NUA — Qbm,N> + 2 ZXijAj + Op(N)

i
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SO:

S K (At Ay 4 V) 3 il vmalfn) sy
2 ot TGl Tosa )

2
Cm,N 1 1 ) 1,
(E(e% ) oA+ ) (2 ZNCm,NOA 2bm,N> n' E(Xi12) + 2!l T2m N
E(ea,m) + 1 oaCm NnE(€e2,m)? B 2E(€27m)4 Ly E(e2,m)?E(e1,m)?
E(eg m)2 E(6%7m) E(e%7m> E(eg)m) E(e%’m) +E(eim)
204Cm NE(62 m)4 20 4Cm NE(@Q m)QE(el m)2 >> ’ ’
- ’ — - : : : E(X12)E(X1y) Zum
E(eg,m)Q E(eg,m)(E(eim) 4 E(eg,m)) n E(X12) E(X13) Zm,n
E(egm)® 1 »  emnOaE(eam)? / / )
- 2E(e2,m : ’ E(X10X5) Zmn + O, [ ——=
B, T EE PP T T G, B2 Xos)Znw + 05 | 75

2
Cm 1 , 1,
(E(% oAt )( N EmNTA Qbm,N> WEX2) + 150 Ty
(e2 1

+ < + <JAcm,NE(e2,m)2 2E(62,m)4 2 E(62,m)2E(61,m)2
E(e3, m)2 E(e3 ) E(e3 ) E(e3,,)  E(e3,,) + E(ef )
20 4ACm NE(eQ m)4 204Cm NE(eQ m)2E(61 m)2 >> / /
- ’ — - ’ : : 1 E(X12)E(X19)Zm N
E(e3,,)? E(e3 ) (E(ef,,) + E(e3 ) " .

E(eam)? (1 L CmNOA

1
+ 'E(X12X}3) Zm.n + O ()
() E(ea,m>>” (2Xa)Zmn +0p \ 75

Note that
1 1 ?
E(eam)? = <2bm,NCm,NO'A - 2bm,N>
2
2 1 1 2 2
E(e3m) = | 5bmNCemNoa — 57— | + b n0a
’ 2 Qbm N ’
Hence:

1 022,i(Tm) V22,5 (T
W(ZXim(AﬂrAﬁVij)— > o (o). t22 () jk.,n(AiJrAkJrVik))

S sl Toza () TToza(o) |

2
m,N 1 1 ’ 1 ’
S N E(X12) + —0To.m
<E(€2m) oAt )(2 N Cm,NTA 2bm7N> WEX12) + 150 Ty

+ <E(62,m)4 n 1 <O'Acm,NE(€2,m)2 2E(€2,m)4 9 E(€2,m)2E(el,m)2

B(e3,,)?  E(e3,,) E(,,) B3, B&.)+ B,

20 4¢m N E(ea m)4 20 a¢m N E(ea m)2E(el_m)2 , ,
— . d — ’ d ’ E(X12)E(X759)Zm,
BlE. 7 BB B, ) )" PE B Zny
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2
Bleg ) (Bonvemnoat s ) + 80k
E(e%,m) (1b

50m,NCm ,NOA —

1
'B(X19X5) Zm.n + O <>
n ( 12 23) N P N

2
1 2 2
2bm,N) + bm,NUA

Define

V22 ; (7T V92 (T
I I DI o o T
i i || V22T L [0224Tm

2
1 1
( b, NCm,NO A p )
39m,NCm ,NO 20,,,
=1 2 E(‘<12‘<12)

1 1 2
(ibijanNO’A — 2bm,N> +b NUA

E(X12X23) + Rom N

where:

— L
i sy 1022 ()] w22 (7o) | E(e3 )

1 V22,; Am v Am E(e m 2
Romn : = (ZX X[, — BE(Xi; X}, )) (N2 Sy (i) v22,5(T )X;kXir (e2,m) (X12X23))

Therefore:

()‘1( )+)‘N( )<O)\/7dzag( 0, a"'al)(ﬁ-m+1_7"0)

= 1(\ (%) + An(7) < 0)diag(0,1,. )<

2
1 1 2 2
E(eg.m)? (§bm,NCm,N0'A + Qbm’N> + b NOd

MY CE(X19X5)VNZy v+ ———=M 2 Tam N
E 2 2mN 23 m, 27T)’L7N 1,
(€3,m) (%bm,Ncm,No . zbi,N) 12, vod NVN

2
Cm,N 1 1 1 , 1
- ’ 1]| 50 — VNM. R M. E(X o. [ =
(E(e%’m) oA+ ) (2 m,NCm,NO A 2bm,N> 2.m,N12m,NMVo N ( 12) + D \/»

with
1y _ 1 2
/ 2 m,NCm,NUA 2bm N
MmN = E(X12X79) — E(X12X23)
(%bm,Ncm,NUA - anIL,N) + b2 NO'A
then
L(A(7) + An (/) < 0)VNdiag(0,1, ..., 1) (frm41 — )
2 2
1 1 1 1 2 2
(,,b c JAf—) (,,b c JA+—) + b2 o
2YmCm 20y, 29mCm o mOA 1 B
= 5 5 M E(X19X53)V' N Zy § + N—\/ﬁMmlTQ,m
<_%bmchA — ﬁ) + b?na% (—%bmcmaA — ﬁ) + b2 0124
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m 1 1)’ 1
- (— ‘;2 oA+ 1) <—2bmcmaA - Qb) VNM,,' Ry n My, E(X12) + O, ()

E( Z,m) \/N
with
1 1)?
, (imemO'A + E)
My, = E(X12X75) — 3 E(X12X23)
<%bmchA + i) + b2,0%
and
i
1
b = 2 2 2
4oy +ci0%
SO
1AL (7) 4+ An(7) < 0)VNdiag(0,1, ..., 1) (Fmi1 — o)
2 2
1 1 1y, 1
(s )’ (mner— a2)'
29mCm 2 29mCEm0A — 33~
= 5 1E(X12X23)\/72mN + WM 1T2 m
(%bmchA + le ) + b2,0% <1 mCmTA + 3~ ) + b2,0%

2 2
<(;bmcma,4 b ) bznoa) (b + =)

2 2
bz, 0%

Cm

— |- 5 oa+1
(%bmcmaA + ﬁ) + b2,0%

1
X VNM, 'Ry n(1,0,...,0) + O <>
2, :N( ) p \/N

Again, including the intercept:

LA () + An(7) < O)W(ﬁ'm+1 —7) = —Cmt1.804(1,0,0,...,0)

+ E(e%,m) (E(SQ,m)4 1 <UACm,NE(€2,m)2 _ 2E(62,m)4 _9 E(€2,m)2E(el,m)2
E(ef,,) — E(e1m)? \E(e3,,)*  E(e3,,) E(e3,,) E(e3,,)  E(e3,,) + E(e,,)
2 E 42 E ’E 2
_ Zraemn Bleam)” _ 2046mv Blepm) Plerm) >>(1, 0,0,..0) E(X}y) Z.n
E(eQ,m) E(62,m)(E(el,m) + E(eQ,m))
2 2
1 1 1 1 2 2
(7b c UAJr—) (fb c UAf—) +b;,0% 1
po e A M (X X)WV N Ly + My T
1 1 2 ) ’ NVN '
2 2
. <(%memO'A + ﬁm) + bfn0124> (%bmchA + ﬁ)
— | - n oa+1 2 o2
m~ A

1 1 2 2
(ﬁbmchA + m) + bgnUA

1
x VNM Ry mn(1,0,...,0) + O <>
2, :N( ) p \/N
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In conclusion:

VNdiag(0,1,...,1)(Fm41 — m0) = diag(0,1,...,1) x ( (41)
2 2

Ly emoa+ s L D CmOA — =2 + b

¢ 25’”) ( %’")2 My E(X12X3) VN Zon v (42)
(%bmcmo,q + ﬁ) + b2,0% (%bmcmaA + 21m) + b2,

+ o oa—2|b <1bca+1>+2 Z (43)

P) A — m | 3YmEm0OA YR m
(3bmemoa + 50-) +02,0% 2 2bm NVN
c 1 1)’
(%bmchA + ﬁ) +b2,02% m
(44)
e ZXw B(X1) (45)

2 2
<(;bmcm0}4 + i) + b72710,24) (%memO—A + i)

~ Cm
1A (%) + An(7) 2 0) 2 o4 —1 b2 o2
(%memUA + ﬁ) + b%ﬂi m-A
(46)
X VNM; Ry n (1,0, ...,0) (47)
2 2
N ((;bmcmm )+ bgnajg) (Somcna+2=)
—]1()\1(7%)4-)\]\[(7%) <0) — 3 o4 +1 02 o2
(%memUA + ﬁ) + b,ZnU% m-A
(48)
X VNM; 'Ry n (1,0, ...,0)’) (49)
p ( ! ) (50)
p \/ﬁ
With the intercept:
\/N(ﬁ—m+1 - 71—0) = _UAcm+1,N(17 07 ceey O)/
+ E(e%,m) (E(el,m)4 N 1 (UAcm,NE(el,m)2 + 2E(el,m)4 + 2 E(el,m)2E(e2,m>2
E(eim) - E(61777l)2 E(eim)z E(eim) E(e%,m) E(e%,m) E(eim) + E(eg,m)

204Cm NE(€1 m)4 204Cm, NE(el m)QE(e2 m)2 )) / /
- ; m) : : ’ 1,0, .., 0 E(X'0) Zm
B2 BB, 1 B, V E(X12)Zm.
2 2
(%bmcma/‘ + ﬁ) (%bmcmaA - ﬁ) +b2,0%

2 2 M BE(X12X55)VNZn §
(%memO'A + ﬁ) + b?no-i (%bmchA + ﬁm) + bgndi
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c 1 1 1

= =2 b ( Zbmenm — 2| —=M" > Xi;A;

* lb 1 2 2 2UA <2 ¢ UA+2bnl)+ N\/N m Z I
(5 mCmT A + m> + meA H

. N . . Cm 1 1\?
(L (7) 4 M) 2 0) — 100 () 4w (3) < 0) 1| (Jmenoa+ 5 )
(%bmcmaA + ﬁ) +b2,0% m

X \/N (Z\}Z ZX” — E(X12)>

2 2
<(;bmchA + ﬁ) + bfnai) (%bmcmoA + ﬁ)

> 2
b2,0%

Cm
— 1M\ (7)) + An(7) > 0) 3 oa—1
(%bmchA + ﬁ) + b?,LO'i

x VNM; Ry 1.y (1,0, ...,0)

2 2
<(;bmcmoA + ﬁ) + bfnai) (%bmcmoA + ﬁ)

N ~ Cm
= L(Mi(F) + An(7) <0) | — ) 2 oa+1 0 o2
(ﬁbmchA+m> +b3n0-% mrA
x VNM; Ry 1 v (1,0, ...,0)’)
1
+0, | —
()
write
1 1 V11,i(Tm) V11,5 (Fm) E(e1,m)”
R 1,0,...,0) = — Xii—EXij) | - | = - e T X — = E(X
(1000 = g | 2% =BG | = | 2 2 ons o T Tens Gl ™ By -0

and for any n € R":

1 011,i(Tm) V11, (Tm) ) E(eym)?
o A AN Xon — = E(Xi2,)
2 #j%éi’j [or1 (G [] 11 (o) [P E(e2,,) !

1 . . . . .
= e | D i (Fm)on s (F) Xy = D o1 (Fm) Xy — Y 011 (fm )11, (Fm) Xy
N2|[vr1 (Fm) ] ’

e izk 7k
- ME(X12,W)
- ]\72||1)111(7A7m)||2 (011 (Fm)'t) Vi1 (Fom) Xipt — 27((661%,7;)) E(X12) + Op <J17>
- N2||€11,m||2 (011 (Fm)'t) V11 (Fm) X ?E(f;%j@)) E(Xi2,) + Op <N)

1 / / E(61 m)2
= Xye1m — b (X
Wer e (ont) e (2]



1 A 1 )
+2z«mﬂﬂﬁ—ﬁmﬁﬁﬁwmm+(émQuXﬁmmmﬁ—qm%H%(
N Hel,mH

N2|‘el,m||2
1

E(e1m)?
= ——— (¢ L)L'Xe A gy
N2||61,m||2 ( 1,m n€lm E(e%}m) ( 12,7;)
1

_ Zm, N1X Tm, Mo — M (Fm .
+N2|€1,m||2)\1('ﬁ'm)( Zz: NXiv1 (Fm) + (A1, L(tm) et

1

!/
* lle1ml|? + ||e2.m]||? Z Zm,N,1€2,mXi€1,m 62’m> W Xpe1m
b 5 l

1 N A A
+ N2||e1m2A1 (Fim) (61,mb) v Xy ( - zl: Zm N X011 (Tm) + (Am — A (7)) e1,m

1 1
Zm,Nje2mXi€1m | €2, ) +0 <>
lletm| |2 + |le2.m||? El: m,N,1€2,m m m v\ v

1 ( / ) / E(el m)2
=——|e3,t) v Xve1m — ———FE (X2
N2|le1 ml[? 1m =hm E(e%,m) (X12,)
1

1
T N le A\ T ZZ Nleely - ZZ Nle/ Xlel, e1,mel,
N¥llenmll® < 1 - " lerml? ; AL m mEhmELm

1
llexml? + [lez,m|[?

/
/
g Zm N, 1€2,mX1€1,m 62,m> wXyerm
!

1 1
+7(6/ L) JX (—ZZ NiXjeq —7ZZ Nl€/ Xie1mer
N2H€1’m||4 1m n l m, IV, ,m ||€17m||2 l m,N,l€1 m ;m€lm

! 1
ZZ eamXje e +0
Teroml? + ezl P 2 Zmtvic2mXietm 2n) 400 ()
]‘ ( / ) / E(el m)2
= ——75 le1mt]) t Xne1m — =5 E(X12
Nolfer ]2 () ¢ nerm = Ty B(Xi2,)
1 1
+7 _ZZ ,Nlee]., - ZZ N}le/ Xle]_, 617 6]_7
N2|€1,m||4< 7 . " lenm] 2 l m,NIE1m m€1,mé1lm
1 /
Z X 'xX
oo P+ ezl 2 ZrvicomXictn 1) X
+¥<e/ L)L’X —ZZ NiXe1 —;ZZ Ni€ - Xiermer
N2H€1,m||4 1m n l m,N, ,m ||€1,m||2 l m,N,I€1.m m€lm
b S Znsean i | ean) +0, (1)
€ e e
lexml [+ ez m[? 4 = Eem [ 7m ) TEPAN
1 / , E(e1m)?
= N2l 12 X - ——5~EBX
N2[e1ml 2 (61,mL) L An€lm B(,,) (Xi2,)
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E(el,m) E(el,m)3

+ GCME ( — E(e1m)E(X12) Zm N — WE(XH)ZWN
Eféi?mﬂ;)j_E;Z%mrz) E(X12)Zm,N) n E(X12)
+ EE(((:{:)Z ( — E(e1m)n E(X12X23) Zn,N — g((el%’ m))?’ 'E(X12)E(X12) Zim,N
+ EE(i?mW)L)iEE(((tgm,Z) 1 E(X12)E(X12) Z, ) (;,)
hence:
diag(0,1,1, ..., )M 1Ry ,, n(1,0, ...,0) = %diag((),l,l,..., ZXU Xi;)

1 E(e1m)?
~ diag(0,1,1,.., )My ( (chunt) ¢ X1 — km ) E(Xlz,w)
1

N2|lexm]|? E(es )
E(e1,m)? - 1
+ mdzag(o, ]., ]., ceey ].)MmlE(XlQXés)Zm’N + Op <N)
r .
= mdzag(o, 1,1, ..., ZX” Xij)
‘ 1 1 / /
— dZCLg(O, 1, 1, ceey 1)Mm m (elymb) L Xnel’m
E(el,m>2 . -1 1
+ Wdzag(O,l,l,...,l)Mm E(XIQXég)Zm,N +Op N
r .
= ﬁdzag(o, 1,1,.. ZX” Xij)

1
_dlag(07171,...71)Mm ]\72||€1||2<NE 61m XZ]T]+E(61m b A X7/.777

tj ( ]
+ NE(e1m)bm > AiXijn + b5 > Ai> A XW>
i { ij
E(el,m)Q : -1 / 1
+Wdzag(0,1,l,...,l)Mm E(X12X23)Zm,]v+0p N
I
= mdlag(o,l,l,..., ZXU ’L]
1
fdiag(o,]_,l,..., )MTT_l ]\f2||e||2<NE elm ZX@]W+E(€1m b ZA ZXZJW
1
i 7 i
+ NE(GLm)bm ZAiXijﬂ?>

ij
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E(e 2 .
n L’"Ldiag(o, L1, )My E(X12X55) Zin v + Op <)

E(ef,n) N
1
= mdzag(o, 1,1, ..., ZX” Xij)
m NZE(el ) B - s 5 - )
E(el,m>2 . -1 1
+ Wdzag(O,l,l,...,l)Mm E(XIQXég)Zm,N +Op N

1 . E(elm
= ﬁdlag(o,l,l,...,l) (1— M) ZXZ] Z]

B(
— diag(0,1,1, ..., 1) M} —Lm/om (e1,m)b ZAXZM

" N2E( elm =
E(617m)2 . -1 / 1
-I-deg((],l,l,...,l)]\/fm E(X12X23)Zm,N+Op N
Including the intercept:
M,' Ry n(1,0,...,0) = ZX” Xij)
— Mt __ (e' L) U Xpe1m — L(el’m)QE(X )
N2erm|P 70 2R B (R,)
E(61 m) -1 / 1
— M E(X19X5:) Zm O, | =
E(e%,m) m ( 12 23) N+ Up N
E(e1m ( E(e1 m)3 E(es m)QE(el m) ) -1 '
+ ——%=F €1,m + 2 -2 : : Mm E X12)E X129 Zm,N
E(eim>2 S TP B - Rl ) T
_ 1 E(el )2
1 1 / ! ,T
D <N2||e1,mu2 (o) ¥ Xaerm =g B X
E(e1,m E(e1m)? E(eam)?El(erm
+ (C1.m) <E(e1,m)+2 E( = ) -2+ (22’ ) EE L ) >(1,O,...,O)’E(X12)’Zm7N
E(G%m) (E(e%m) — E(617m)2) (el,m) (el,m) + (62,m)
E(6’1 m)2 -1 / 1
— M E(X19X5%) Zm —
+ E(e%m)z m ( 12 23) N+ Op N

1
-1
- My e HQ(NE e1m) § Xij + E(e1,m)bm EjA § ' X
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E(e1m)?
+ NE(erm)bm Y AXy + 5,3 A 4 XU> E((egé)M;E(Xu)

ij i ij l,m)

E(e m)2 ( E(ey m)2 E(es m)2 > / /
+—’ 1+2 J -2 J (1,0,...,0) E(Xlg)Z N
E(e%,m)b?no-A E(e%,m) E(eim) + E(eg,m) "

E(61 m)2 -1 / 1
————M " FE(X12X53)7Z, O, | =
+ E(e%m)2 ( 12 23) m7N+ p N

_ 1
— M, NllernlP <NE €1,m) ZXUJrE €1,m)bm ZA ZXU
+ NE(el’m)bm Z AZXZJ)
ij
E(ex m)2 ( E(e m)2 Ees m)2 ) /

4o tm) (g o hm) : (1,0,...,0)' E(X12) Zm,Nn
E(ei ,)bh0h E(et,)  E(el,,) + E(e3,,) "
Eleim)? 1

+ B 2m)2M "E(X12X53) Zim,n + Oy

el,m

_1 E(eim) 1
- Mmlm (E(el,m) %: (Xijm — E(Xij)) + b %: AiXij + 5 bm ZZ: A; %: Xij)

E(ef) — llerm|*/N

M, 'E(X
+ E(e2)? m E(X12)

E(elm)2 ( E(elm)2 E(€2m)2 ) / /
_=Gm) (4 m) g : 1,0,...,0)E(X12) Zm
B\ PR, ) - B, ) O B Ay
E(el ) —1 ! 1

m) AL B(X 12 Xhg) Zmn + O [ —
B2 PR I+ Oy

_1 E(€1m
—Nz(l‘m> 2 PO

Ee
-1 1
— M, N2Em E AiXijn

N E(el ) — Hel,mll /N E(erm)bm 3o, A
E(ef,,)? E(e,)? N
_Eleim)?® (1 + 2E(€1,m)2 E(egm)?

—2 1.0,....0YE(X ,Zm
Ewh» E@a»+E@aa>“’ OV E(Xa) Zm

) M, E(X12)

2
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_L 1 E(elm,
_N2 E(elm

E(e
-1 lm
- M, NQE ZA

ZXZJ ij

XZJ n

(E(elm) Helmll /N B(erm)bm 3o; A

E(ef,,)?

M YE(X12)
E(e1,)? N )

E(€1 m)2 E(€2 m)2

1 1 E(elm
- N2 E(e1m

E(e
—1 1m
— M, N2E(e2 ) ;A

1
— | by —
T B, )omod ("A

; 5 / !/
) <1+2 B ) —2 )(1,0,...,0) E(X12) Zm,N

el,m E(e%,m) + E(e%,m)

_ 1
s My E(X12X93) Zin v+ Op (N)

ZXZ_] ij

XU n

2 A,
2 %)—31@(61”)2& *1(,0,...,0)

E €1 m)b'%n 04

(
E( 1m
E(@?m)

E(el m)* E(‘el,m)2 E(e 2m)2 / /
(2R 2 r Py ) OO B

e _ 1

and similarly for Ry, n, write

Rymn(1,0,. Z Xij — E(Xy5)

and for any n € RL:

1 022,i(Tm)  V22,(Fm)
— Z X

it 1022 ()] [vz2 (7

1 022, (Tm) V22,5 (Tm) E(eam)”
72 Z ( ) J( / E(X12,77)

i ki
!
-~ N2lea,ml|?

1
N2lezm| AN ()

_|_

1

lle2mll? + [lerml[?

w22 (Fn) ] 022 (Fon)[| 757 E(€3,,,)

E(es

2
(o) ' Xoea = G P (Xrzy)

62,m)

( =D ZnNaXiv2a(ftm) + Aom — AN (Fm))e2,m
z

/
/
E Zm,N,lel,mXZGZ,m 61,m> 127 X17€2,m
l
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1 , , A )
+ N2||e27m||2)\N(ﬁ'm) (eQ,mb) L X77< - zl: Zm,N,leUZQ(ﬂ'm> + ()\27m — >‘N(7Tm))62,m

1 1
Y ZmniermXieam | e, >+O <>
lle2.m||? + |le1,m] |2 l m,N,1€1,m m m v\ ¥

1 ( / ) / E(GQm)2

= 0. 2 \€ L]t e R it ML AN
Nolfep P \2mt) 02 = s
1

1
CON2lles |14\ Z Z Nle€27 T Z Z, Nle/ Xl€2’ e,
N2||62m||4( ] Tt m ||e2,m||2 l m,N,l52m m€E2m

E(X12,77)

1 /

+ ZZleel mX1€2m | €1 m> w X,eam

2 2 L kl b B n s
e P+ el 2
— 1 / /X o Z X o 1 Z ’ X
N2||eg, |t €aml ) L Xq zz: m,N,IA1€2,m Teaml? zl: m,N1€2 1 X1€2,mE2m
P D Zuen X o, (4
(& e e _
ezl + flegml[? £ “AEEma R 2R IR AN
(i
=—— ey, t)t Xpeo;y — ———FE(X
Nlegml \2mt) £ Xne2m = a5 EXaz)
E(€2 m) E(€2 m)3

— 2 By ) E(X12) Zmy — —2F(X1) 2
E(e%,m)Z (6277”) ( 12) m,N E(G%,m) ( 12) m,N
E(el m)2E(62 m) ,

7 s~ E(X12)Zim N |1 E(X12)
E(e%’m) + E(eim) m
E(€2 m) ( / E(62 )3 ,

— =g |~ Eleam)n E(X12X03) Zm v — T E(X12)E(X12) Zim N
E(e3,,)? " N TR, m
E(e1m)?E(e2m) 1

+ ’ ' E(X12)E(X12)' Z, —

E(e3,,) + E(ef ) N
hence:
7 — 1 . E(€2
dZCLg(O,1,17...,1)Mm1R27m7N(1,0,...,O)/: ﬁdlag(o,l,l,...,l) <1— E(e;:1> Zle

. 1 E(e

— diag(0,1,1, ... )Mm1N2E2m ZA Xijm
E(e )2 -1 1

— 2 diag(0,1,1, ..., 1) My, E(X12Xh5) Z o. (L
E(e%,m Z(Ig( b R ) m ( 12 23) m,N+ D N

b? 0124
Ndeag(O, 1,1,..,1) m : ZXU _

G%%m+ﬁg+%%
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1 1
<*bmchA + 7)
+diag(0,1,1, .., )M 2 2 j{:,4.x;jn
(%bmchA + 2b1 ) + b2

lbca-i—L2
59mCmOA 2bm

1 1 2 2
((QmemO—A + m) + b%LO'A

) _ 1
sdiag(0,1,1, ..., )M,  E(X12X%3) Zm.n + O, <N>

Including the intercept:

M R (1,0, 0) = (1 . EE(H) 5, B
- Mmlﬁgz’zzm %:A iXijm
i EE1((:%2,:))2 <_E(62’m) - 2EE(:;§Z))3 * QEE(iglmﬁ)iEE(Z%mi)> M E(X12) E(X12) Zin,N
(P - e B e
_ ggzgz;szlE(XlzXég)me + O, (Jif)
- bp0% 2 Z X, - B(X:)

N
(%bmcmaA + ﬁ) + b%naA

(%memJA + ﬁ)

+ M ~ Z AiXija
(%memO'A + 21)1 ) + b2 O'A i
E(€2 m)2 E(e2 m)2 E(€1 m)2 / /
pem) [ _o\%2m) : 1,0, ..., 0 E(X12) Zpm.n
(e, 3,00 B, | CE@,)+ B ) J E(X1)

+ =5 | bm <a§, — ZN> — 3E(eam) =y (1,0,...,0)

E(eQ’m)bmaA
1 1 2
(ﬁbmcmCTA + m)
1 1 2 2 -2
(ibmcmO'A + m) + meA

1 b2,0% 1
=N 2 S Mm Z Xij = B(Xi)
(QbmcmaA + % ) + b2,0%

_ 1
S M E(X12X893) Zi N + Op ()
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1 1
(*b CmO A+ 7)
29mCm 2b
M1
(%bmchA + le ) + b2
1 12
2 ( —1-2 2
((%bmcmcrA + ﬁ) + b%ai) b2,0% (%bmcmaA + ﬁ) + b2,0%
2
(%bmcm(m - ﬁ)

1 1 2 1 1 2 2
(EmemO'A + E) + (EmemO'A — E) + Qb%LG-A

1 S A2 1 oA
b A= BT ) +3( Sbmemoa + —— 1,0,...,0)
"B} <UA N >+ (2 ¢ UA+2b ) N | 100

_l’_

ZAXW,

Lbmemoa + 5— ’
59mCmOA b

+ +

+2

> (1,0, ..., 0Y E(X12) Zy.n

Lbomemoa + 50— ’
59mCmOA 2bm

_ : ;
((;bmcmaA + ﬁ) + b%ai)

1 b2 0124
T N2 Z Xij — BE(X3)
(QbmcmaA + 5 ) + b?no'A

_ 1
MmlE(Xngég)Zva + Op <N>

Mfl <%bmchA + %) bm

+ My — , e ZA Xijn
<§bmcma,4 + 5 ) + b2,0% ij
1 2 1 L \2
(2me’"‘”‘ + o) ($bmemoa + 4 )
-2 3 +
((%bmcmaA + % + b2 0A> (%bmcmaA + ﬁ) + b2,0%
9 o9 (1 1
+ 2b5,0% §memUA T 0)E(X12)' Zm N

1 Z 1 > A
———— | by | 73 bmCm — 1,0,...,0)
* B, ( N >+3<2 cwont g5 ) i | (1000
2
(%bmcmaA—i-ﬁ)

1 1 2 2
((2memUA + E) + bgnaA

_ 1
2Mm1E(X12X§3)Zm,N + Op (N)

where the last inequality results from the observation that:

1 1
szncanA—@—i—bQ =0
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remember:

diag(0,1,1,..., 1) M, ' Ry ,, N (1,0, ...,0)’

b2,0%
deag((),l,l,...,l) 5 ZXZJ — B(Xy5)
(3bmemoa+ o) +b3naA

1 1
<*bmchA + 7)
~ diag(0,1,1, ., M 2 2
(%bmchA + 2b1 ) + b2

N

ZAXW,

P T
59mEmOA 2bm

i 1 1 2 2
((QbmcmO—A + m) + b%nO'A

) _ 1
5diag(0,1,1, ..., )M, ' E(X12X%3) Zm.n + O, <N>

Including the intercept:

. ;1 b
My R v (1,0, ..,0)' = o5 ZXzJ Xij)
(QbmcmaA + 3% ) + b?naA
1
(fb CmO A+ 7)
- 29mCm 2b
— Mm1 Z Ai X5, n
(%bmcmaA + 261 > + b2 UA ij
1 1) 1 1)
2bmchA + % 5bmCmoa + GT
(1 +2 - +
<<%bmcma,4 + 2b + b2 O'A> (%memUA + ﬁ) + b?no-,%&
9 o (1 1
— 2bm0'A §memO'A T E(X12) Zm,N
1 A? 1 S A
— b cd =) —3( b - 1,0,...,0)
+ E(e%m)bmgi m (UA > ( mCmOT A + %,, > N ( )

1y emo +L2
59mCm0TA 2bm

1 1 2 2
<<2bmchA + m) + b727’LO—A>

plugging in equation (41):

_ 1
+ S M E(X12X93) Zim N + Oy <>

VNdiag(0,1,...,1)(Fm41 — mo) = diag(0,1, ..., 1) x (
(1b 1\? 1y, 1\? B2,
b mCmT A + T) (2 mCmOT A — Db ) + 0
2 1E(X12X23)\FZm N
(%bmcmaA—i—le ) + b2,0% (1 mchA+21;1 ) +b2,0%



Cm
+

1 1 1
3 gA -2 bm <2memO'A+2b> +2 M_IZXUAJ‘
(%bmchA =+ ﬁ) + b?no'?ﬁl " i

NyN ™

+ (T (7) + An(#) > 0) — T\ (7) + A (#) < 0))

Cm

1 1\?
3 oA — 1 (QbmchA -+ 2[))
(%bmchA + ﬁ) + b%ﬁi m

1
X \/N WZX”—E(Xlg)
vy

— 1O () + An(#) = 0) b

2
(%bmchA + ﬁ) + b?no-i
x VNM; Ry 1.y (1,0, ...,0)

2 2
<(;bmchA + ﬁ) + bfnai) (%bmcmo,q + ﬁ)
ca—1

> 2
b2,0%

— 1\ () + An(7) < 0)

Cm

2 2
((ébmcmaA + Tblm) + biai) (%bmcmcrA + ﬁ)
o4 +1

2 2 2
(Sbmemoa + 5) + ¥ e
x VNM; Ry 1 v (1,0, ...,0)’)
1
+0, | —
(7%)
= diag(0,1,...,1) X (
(1b 1)? 1y, 1)\? b2 o2
2 mCmT A + m) (§ mCmOTA — m) + mI A _
o3 . M E(X12X55)VNZy §
m7A (3bmemoa + 50 ) +02,0%
- 1 1
+ { ‘ 2 oa—2|bn (QmemJA + 2()) + 2+
(%bmchA + i) + b%@Ui m
3
b (Sbmemora + 7 )
c m \ 2YmCEm 2b 1
+ i o4 —1 - MY XA
(3bmemo 4)2 o2 b0 ]N\/N 2 X
2mmA+2bm +mUA ij
1
+0, | —
(7)

Including the intercept

\/N(frm_H — 7T0) = *UACm—&-LN(l,Ov "'7O)l

E(ei,) E(e1,m)* 1
i E(e?,,) — Ele1m)? (

20 4Cm,nE(e1,m)*

oacm nE(€e1m)?

E m 4 E m 2E m 2
1m) 1 ( : LoElenm)” ) Blerm) Ele2.m)
E(el,m) E(el,m) E(el,m)

E(ef,,)  E(e1,,) + E(e3,,)
2UACmNE(elm)2E(62m)2 >> / /
’ ’ ’ 1,0, ..., 0 B(X!3) Zm.N
B, BB+ B, ) ) )
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2 2
1 1 1 1 2 2
(7bmchA + T) (7bmcm0-A - T) + meA
2 20m 2 20m M E(X12X5)VN Zn

2 p)
(%bmcmaA + ﬁ) +b2,0% ( bmCmoa + 2b ) +b2,0%

1 1
+ o 2 oa—2|bn <2memO'A + 21)) +2 \/* ml ZX'LJA
(%bmchA + i) +b2,0% m N

2
1 1
bmCmoa + )

+ (1 (7) + An (7) > 0) — 1A (7) + Aw (7) < 0)) e oa—1
) —|—bfnai ! (2 2bm,

(%anCmUA + ﬁ
1
X VIN ﬁZXij—E(Xlg)
j

2 2
((ébmcmO’A + i) + b%Ui) (%bmchA + i)

(A () + An (%) 2 0) e a1 —
mI A

(3bmemoa + 50 ) + 0205

x VNM Ry ,n n(1,0,...,0)

2 2
((%bmchA + ﬁ) + b72710124) (%bmchA + i)

c
T (7) + An(7) < 0) | — R oa+1 o
(%memO—A + ﬁ) + bfncfi m=A
x VNM 'Ry n n(1,0, ..., 0)’)
1
+0, | —
(%)
= —aAcm+17N(l,0, ...70)/

E(eim) E(el,m)4 I 1 UACm,NE(el,m)Q + QE(el,m)4 +2 E(el,m)2E(62,m)2
E(ef ) — Elerm)* \ E(ef )2 Elei,,) E(ef ) E(ei,,) EB(ef,,)+ Ele3,,)
20 acm NE(e1m)? 204¢m NE(e1,m)*E(e2,m)? )) Vg o

- : m) ’ : ’ 1,0,...,0YE(X! )2
BT BB+ E@,)) ) 10 O i) 2y
2 2
(1bmcmo,4 + i) (lbmcmaA — L) + b2 0124
A = M E(X12X50)VN Zy
m7A (%bmcma,q + 5 + b2,0%
Cm, 1
Jr{ 5 o4 —2 mchA+2b>+2+
(%bmcma,q + ﬁ) + b2,0%
3
mCmUA + )
+ Cm 5 oA — 1 5 2b :| Mrgl ZX”AJ
1 1 2 2 meA —
(§memO'A + m) +b7,0% i
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+ Cm o4 —1 - X

2
(%bmcmaA + ﬁ) + 02,05

2
1 1
(§bmchA + Qbm)

(1 +2 .
(%bmcm(m + ﬁ) + b2,0%

1 1)
—2b2,0% <2bmcm0A - 2b> >(1’0’ s 0V VNE(X12) Zom,

1
(2 bemoa + 2bm )

A;
+3 m oa—1 - \FZ (1,0, ...,0)
(%bmcnzaz‘l_‘_ﬁm) +b,?”0'124 mUA
A? Cm
(I R) + An () 2 0) — 10 (8) + A () < >)<ENZ—U?4> a1 x
(%bmcmcrAJr%m) +b$n0?4

1
(QbmchA + 2b

2
) VN (1,0,0, ...,0)

b2,04

1

+0, | —
p<¢N>

Let’s simplify the coefficient of the term M, ' F(X12)E(X12)' Zm, n:

E(e1m)? 1 oacm NE(e1m)? E(e1m)? E(e1m)?E(eam)®  20acmnE(e1m)?
B <e1m>( o N R M 0 BT By o N
_ 2UACm NE(el,m) ( )2 )
E(el,m)( ( ,m)+E(627m))

4
1 1
(QmemO—A + 72bm)

o4 — 1 5
2bmemoa + 55— ) + b2,0% b2,0% ((;bmcmaA + ﬁ) + b20124>

2
mchA + ) 1 1 2
5bmcmoa + 2b ) + b?nUQ m

2 4
1

_ E(e1m)* 1 (UACm N (2bmchA + 2b ) 5 (2bmcm‘7A + 2bm) 496 o

- - mY A

+
E(e?,,)*  E(ef,,) E(e?,,) E(e?,,)

4
20 4Cm, N (QbmchA + 2b,, ) 204Cm Nb?no-g
E(ef,,)? B B(etm) )

Cm

+ 5 o4 —1
(%bmcm(m + ﬁm) +b2,0% b2,0% <<1bmcma,4 + 2b ) + b2crfl>

2
(1b CmOA + ) 2
27mbtm 2b,,L 9 o (1 1

<1+2( 5 — 2b,,0% (QbmchA_2 ) )

1 1 2 bm
§memUA + m) =+ b?no'A

4
1 1
<§bmcmaA + 2b,m )
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2 4
1 1 1 1
E(er,m)* 1 “wWN(”m%ﬂA+‘m) (*m%ﬂA+7a)
- E(e;) )2 T B(e2 ( ) 2 : +2~2 5 2 + 208 0§
(el’m) (611m) E(el,m) E(el,m)

4
20 4Cm, N (zbmchA + zb, ) 204Cm Nb?no-g
N E(ef,,)? B E(edm) )

4
1 1
(§bmcmaA + Do )

Cm

+ 3 o4 —1 5
(%bmcmaA—%ii;) +b2,0% b2,0% ((%bmcmaA%gin) +zﬂa§>
(30 2
m%m+b> 1 1\?
(1 + 2 2 2om — 2b72"n,0-124 (QbmchA - 21)) )
(%bmcmaA + ﬁ) +b2,0% m
To simplify notation, for every ¢, ¢; v and o4 denote
1 1\2 1 1 \4
A( ) E(e1 m)4 1 (UACmcl,N <§bmchA + %) <§bmchA + m)
OA,CCIN) = ’ — +2
B(el,)?  EB(ef,) E(ei,,) E(ei,,)

4
20 ACm,N (%bmchA + ﬁ) 20 ACm, Nb%a%)
E(ef,,)? B(ef )

oo gas 1)
29mCEmUT A b

oq—1

2
| (tmenea = o ) 02,03 53,03 ((domemoa + 5-)* +1703)
2
m%m+%> 1 1\?
30memoa + 35— ) + b2,0% m
Cm 1 1
O'A, O'A—2 bm §bmcm0'A+ﬁ + 24
F0memoa + 55— ) + b2,0% m
1 1 \?
Cm bm (EmemO'A + m)
4 oa—1

2 b2 0.2
(%bmcma/x + ﬁ) + b2,0% im0 A

lbca—l—ig
29mCEmOTA Zbm

3 54
by, o4

C(oa,c):=3 Cm 5 o4 —1
<%bmcmo§4 + ﬁ) + b?nai

Lbmemoa + 5— ’
29mEmOIA b

2 4
b0 s

Cm,

1 1 2 2
G%%M+mﬂ+%%

D(oa,c,c1nN) i=c1n oa—1
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(remember ¢; v := L(A1(7) + An(7) > 0) — L(Ai(7) + An(7) < 0)) so that:

VN (ftpmy1 — m0) = —aAcm+17N(1, 0,..,0) 4+ A(0.4, em)M(cm) " E(X12) E(X40) Zn N + M  E(X12X55)VN Zpy v
+ B(0 4, Cm)—— \ﬁ Mt ZXUA + C(O’A,Cm)\/ﬁ%(l,o, ey 0) + D(0 4, cm)VN (ZNAQ —~ ai> (1,0,0,...,0)’
o)

= —0acmi1,n(1,0,...,0) + M(cp) ™ (BE(X12X53) + A(oa, cm) E(X12) E(X13)) Zm,N

1 - ZiAi ZA%
+B(JA,cm)mMm1%:XijAj+C(0A,cm)\/ﬁ i (1,0,...,0)’+D(0—A,cm)\/ﬁ< - 0% 1(1,0,0,...,0)

N A
1
+0, | —
(%)
Since
1 i
bm = 2 2 2
409 +c;,0%
Then: ) )
2 2 2 32 2
me Abm T 4b?n - _meA
implying

1 1\* /1 1)? 1)?
(QbmchA + 2[)) X <2memUA - 2b7n> ( b2 OACH’L - 4()72n> = bénoi

2 2
1 1 1 1 2 2
2 42
b2,0%

therefore:

=1
2
(%bmchA + i) + b2,0%

and

VNdiag(0,1,...,1) (41 — o) = diag(0, 1, ..., 1) x (M;IE(XHXQB,)\/NZWN

Cm 1 1
+2 P} 0A — 1 b’m ( bmc’maA + ) +1 m Z
1
+0,| —
(%)
= diag(0,1,...,1) x (MmlE(X12X§3)\/Ndiag(0, 1,y 1) (Fm — m0)
Cm 1 1
2 —11bn, bmcm —_— 1
+ o 2 . 20,4 (2 CO'A+2bm)+ N\/> mz
(§ mCmOT A + m) + meA
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1
“0(75)
A.13 Lemma for the proof of Theorem 3

Lemma 5.
K —p Ky

with

2 2
1 1 1 1
(§b0600'A + %> <§b0600'A + %)

Ko = E(X12X75) —

> B(X12X33)
(%bOCOUA + ﬁ) + b3 (%bocoUA + ﬁ) + b3o%

2
1 1
(560600'A + %)

2
(%boCoO’A + ﬁ) -+ bgdi

X E(X12Xé3) — E(X12)E(X{2)

= % <E(X12X{2) - ;E(X12X§3)> B (E(XlzXég) - ;E(Xlz)E(Xiz))

Proof. Follows the same proof strategy as the proof of proposition 5 in appendix A.9.
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