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Abstract

We propose a two step rate optimal estimator for an undirected dyadic linear
regression model with interactive unit-specific effects. The estimator remains consistent
when the individual effects are additive rather than interactive. We observe that the
unit-specific effects alter the eigenvalue distribution of the data’s matrix representation
in significant and distinctive ways. We offer a correction for the ordinary least squares’
objective function to attenuate the statistical noise that arises due to the individual
effects, and in some cases, completely eliminate it. The new objective function is similar
to the least squares estimator’s objective function from the large N large T literature
(Bai (2009)). In general, the objective function is ill behaved and admits multiple local
minima. Following a novel proof strategy, we show that in the presence of interactive
effects, an iterative process in line with Bai (2009)’s converges to a global minimizer
and is asymptotically normal when initiated properly. The new proof strategy suggests
a computationally more advantageous and asymptotically equivalent estimator. While
the iterative process does not converge when the individual effects are additive, we

show that the alternative estimator remains consistent for all slope parameters.
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Introduction

Linear regression models with individual-specific effects are widely used to fit data with
network structures. Such linear models were used to explain trade flows between countries
(Anderson and van Wincoop (2003), Fally (2015)), to fit matched employer-employee data
(Abowd et al. (1999), Bonhomme et al. (2019)), or to study teacher effects on student
performance (Jackson et al. (2014)), to mention a few examples. In applications, these
linear regression models are most often used with a particular specification of the individual-
specific effect. A popular specification consists of including the individual effects additively.
This is the approach taken for instance in Abowd et al. (1999) and Jackson et al. (2014).
Broadly, three types of estimators are used under this specification. The two way fixed
effects estimator (Abowd et al. (1999)) exploits the additivity of the model to eliminate
the individual effects. After double differencing, the initial model is turned into a regular
linear regression model (free of the individual effects), and estimators are obtained by least
squares on the transformed model. When the data is non bipartite with a number N of
agents (respectively, when it is bipartite, with N and M agents on each side), the two way
fixed estimator of the slope parameters converges at the optimal rate of N (resp. VNM ).
The two way fixed estimator comes with a significant caveat: the slope parameters on any
agent-specific observable covariates disappear in the double differencing process, in the same
way as the individual effects. Those can be recovered in a second stage by ordinary least
squares if we further assume the individual effects to be exogenous with respect to the additive
observable attributes. The second stage OLS estimators for the slope parameters on the
additive covariates converges at a v/N rate.

A second approach appeals to the standard OLS estimator (e.g. Rose (2004), Fafchamps
and Gubert (2007)). In the dyadic linear regression setting, the OLS estimator is in general
V/N consistent for all the parameters. Given that for some covariates the two way fixed effects
estimator can provide N-consistent estimators, the OLS estimator is severely inefficient.

Other approaches consist of estimating a fixed effects model, by regressing the output
variable on the covariates, individual indicators and interactions of individual interactions.
Examples abound in the large N large T panel data literature. Bai (2009), Moon and Weidner
(2015) and Moon and Weidner (2017) study the least squares (LS) estimator, obtained by
treating the individual and time effects as nuisance parameters estimated by minimizing the
squared errors. The least squares estimator is shown to converge at the optimal v/ NT rate.
However, the LS estimator is obtained by minimizing the objective function over K + T + N
parameters (K being the dimension of the slope parameter, N and 7' the dimensions of

the cross-sectional and time effects), which poses computational challenges. Bai (2009)



proposes an iterative minimization routine that is guaranteed to converge to a stationary
point. However, the objective function can be ill-behaved, potentially admitting multiple
stationary points. Moon and Weidner (2023) propose an iterative process that returns an
estimator that is asymptotically equivalent to the LS estimator after just 2 iterations, when
initiated with a consistent but potentially rate inferior estimator. Each of the iterations
requires the resolution of a high dimensional minimization problem.

This paper studies symmetric non-oriented network regression models with interactive
effects. We propose a modification over the ordinary least squares estimator’s objective
function to obtain a new low dimensional objective function. We exploit the matrix structure
of network data and identify the individual effects’ footprint on the spectrum of the output
matrix. We then correct for the unobservables’ effect on the spectrum. We show that the
estimator obtained through the minimization of the new objective function has a similar
asymptotic behavior to the LS estimator from the large N large T' panel data literature.!

We propose an iterative process to solve the new minimization problem. Following Sargan
(1964)’s standard argument, the iterative process is guaranteed to converge to a stationary
point. However, the new objective function can have multiple local minima. We show that if
the iterative process is initiated by a consistent but potentially rate inferior estimator, then
the iterations converge to a global minimizer. We study the asymptotic behavior of that
specific global minimizer.

Interestingly, we show that in theory, no finite number of iterations is enough to jump
from the inferior initial rate of convergence to the optimal N rate. To escape the inferior rate,
the number of iterations ought to be indexed by the sample size, which is computationally
problematic. Building on our results on the distribution of a single iteration estimator, we
propose an equivalent estimator that only requires 1 iteration when the initial estimator is
V/N? consistent, or 2 iterations when the initial estimator is /N consistent, substantially
reducing the computational burden.

Throughout the paper, an initial v/N- consistent estimator is assumed to be available. In
the context of dyadic (network) regression, the individual effects are generally assumed to
be centered and independent from the observable regressors (e.g. Graham (2020), Graham
et al. (2021)). When that is the case, the OLS estimator is v/N-consistent and is a good
candidate for the initiation phase. Generally, for dyadic data, one can always extract an i.i.d.

subsample of a size of order N (for instance by only keeping the observations with indices

IThe language in this statement is kept intentionally loose. The usual assumptions in the large N large T
panel data literature (e.g. Bai (2009), Moon and Weidner (2015), Moon and Weidner (2017), etc) exclude the
network models that this paper studies. However, the proofs in that literature can be marginally modified to
obtain results on the LS estimator in our context. Later in this paper (especially following corollary 3), we
precise in what sense the estimator proposed in this paper compares to the LS estimator.



{1,2}, {3,4}, ..., {N — 1, N}, which are i.i.d. observations since no index appears more than
once), then employ whatever cross-sectional estimation procedure is suitable for the context
at hand (for instance, using an instrumental variable for the unobservable effects on the
i.i.d. subsample). This would typically yield a v/ N-consistent estimator. The results in the
paper are more general in the sense that they allow for an arbitrary correlation between the
regressors and the individual effects, as long as an initial estimator is available.

The next section introduces the setup and lays out the main intuitions leading up to the
definition of the new estimator. Section 3 discusses the estimator’s theoretical properties and
numerical implementation. Section 3 proposes estimators for the covariance matrix. Section
5 examines the asymptotic distribution of the alternative estimator in a specification without
interactive effects. Finally, section 6 shows the results from Monte Carlo simulations and
from an empirical illustration and the last section concludes. All proofs are deffered to the

end of the paper (appendix A).

1 Minimizing the least eigenvalues: definitions and

main results

Consider the model:
Yij = Xi;B0 + v(Ai + A;) + 0(Ai x Aj) +Vyy (1)

for all ¢ # j, where A;’s are i.i.d centered random variables with finite fourth moments. The
V;;'s are 1.i.d centered square integrable random variables with V;; = V};, 5o := (Boa, .-, Bo.z) 18
the parameter of interest and v > 0 and § € {—1,0,+1} are unknown nuisance parameters.
The covariates X are such that for all 4, j,[ such that i # j: X;;; = X, = o(X;, X;, Wij),
for some (possibly unknown) function ¢, i.i.d random variables X; and i.i.d. variables W;;.
By convention, X;;; = 0 for all 4 and [ and the first covariate is the intercept (i.e. X;;; =1
for all i # j). X,; is arbitrarily correlated with A; and A;, but independent from V;;.
When § # 0, the model in equation (1) can also be re-expressed:

L
Yy =) BoaXiju = 09" +8(Ai +7)(4 +7) + Vi (2)

=1

2y is set to be positive because the model (1) can also be re-expressed as Yi; = X;;8 + (—7)((—4;) +

(—A;)) 4+ x (—A;) x (—A;) + Vij. The sign of v is not identified.



which reduces the study of the model (1) to that of:

L
Y = ZMO,lXij,l +oUU; + Vi; (3)

=1

where the errors U; := v + A; are no longer assumed to be centered. All the slope parameters
remain unchanged as you move from model (1) to (2) (or (3)), only the intercept is altered

by the correction term “—3§y2”

in equation (2). Therefore, any “good” estimators for the
parameters of the model (3) also provide good estimators for the parameters in models (1)
and (2), except perhaps for their intercepts. Because the intercept is shifted by —dv? when
we move from the original model (1) to model (3), the OLS estimator of the intercept would
need to be corrected to account for the shift. That is done in Proposition 7 and relegated to
the appendix.

Let N be the sample size (number of nodes or agents 7). Denote Y and V' the N x N
matrices with entries Y;;, V;; and X; the matrix with entries X;;; forevery [ =1...L. Y
and X;’s diagonal entries are equal to zero. V’s ith diagonal term is equal to §(E(U?) — U?).
Finally, stack the individual random effects into a vector denoted U. This allows for the

formulation of model 3 in a compact matrix form :
L
Y = X+ 0UU +V = SE(UD) Iy (4)
=1

Iy being the identity matrix of dimension N. Let M(u) be the matrix of residuals corre-

sponding to u:

L L
M(p) =Y — ZMXl = Z(Mo,z — )X, +SUU +V = SE(UD) Iy (5)
=1

=1
For any N x N matrix M, Tr(M) denotes M’s trace, A\ (M) > Xo(M) > ... An(M) are
M’s eigenvalues ranked from largest to smallest. We study the estimator that minimizes the

objective function
gn(p) = Z Ai (M(M)Q) (6)
that is, the sum of M (u)?’s N — 1 smallest eigenvalues; gy is a modification over the ordinary

least squares’ objective function, observe:

2

gn(p) = DA (M()*) = Tr (M()*) = M (M(0)*) = D | Yy = DX | =M (M(p)%)



and note that the OLS estimator minimizes the sum of squared residuals ZZ ; (Y;j - Zle MIXW) 2.
The OLS estimator is efficient when the interactive term U;U; is absent from equation (3),
and as we discuss further later in this paper, the interactive term mostly impacts M (u)’s
largest eigenvalue, once pu is close enough to the true py. The new objective function gy
mechanically removes the largest eigenvalue, the one baring most of UU’ impact on the sum

of squared errors (c.f. section 2 for a detailed discussion).

Moon and Weidner (2015) show that in the setting of the large N large T panel regression
model (or similarly, in the context of oriented dyadic linear regression models), the objective
function in (7) is obtained from the objective function of the least squares estimator. In
our context, however, the two objective functions are different because of the zeros on the
diagonal of the matrix M (u) in (5).3

The problem of minimizing gy can’t be solved in closed form and the function gy is in
general ill behaved (globally not smooth and potentially admitting multiple local minima).
Following Bai (2009), we propose an iterative process and show that it converges to a global
minimizer when initiated properly. In studying the minimizer of the objective function (7),
we take a different route than the common route in the panel data literature. Bai (2009)
offers the iterative process as a practical method of minimizing gy, but studies the asymptotic
properties of the minimizer independently of how it is obtained in practice. The function gy
can admit multiple stationary points and the iterations are not guaranteed to converge to
the intended argmin. To illustrate this point, figure (1) shows a plot of the function gy for
the model Y;; = o + U;U; + Vij; oy = oy =1, E(U) =1, N =100 and p = 1.

In this paper, we study the global minimizer specifically by analysing the effect of individual
iterations, then combining the effects of successive iterations. In addition to guaranteeing
convergence to the desired minimizer (conditional on proper initialization), this proof strategy
also offers the simple shortcuts at the origin of our equivalent and computationally more

efficient alternative estimator. Let fy be the function

1
Intp— ZXZ(J'XM— Z Vi) (1) X Xin ZXz{j)/ij_ Z Vi) v (1) X Yi

i#] i#5,k#4,] i#] i#g,k#i,]
3The LS objective function:  Sy(u,U) = m Yo (Yig — Do eXije — UiU;)? =
4
m > Yig = >0 i Xije — UiUy)* — %, and Moon and Weidner (2015) show that 1\%\/(5)1) =

arg ming m Zi,j(Yij — > e Xije—U;U;)2. Even assuming U is uniformly bounded: NZ(T[?;) =0, (%)

(uniformly), extending standard results (e.g. Arcones (1998)) , we would need a O, () error to obtain the
asymptotic equivalence of the minimizers of both objective functions.
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Figure 1: The graph of the function gy for the model Yi; = po + U;U; + Vij; oy = oy =1,

E(U)=1, N =100 and po = 1. The values of i are on the X-axis, and the corresponding
fn(w) is on the Y-axis.

Lemma 1. Assume E(X{,X12) is invertible. With probability approaching 1, the problem
min » A (M(p)?) (7)

admits a solution for N large enough. Moreover, u* is a minimizer of (7) if and only if it is

a solution to the fized point problem:

w=fn(p) (8)

where v(p) is the normalized (||v(p)||2 = 1) eigenvector of M () corresponding to M(p)'s

largest eigenvalue.

Proof. See section A 4. m

The condition on E(X{,Xi2) is a standard non-collinearity condition. In addition to
guaranteeing the existence of a solution, Lemma 1 provides a practical tool to study the
behavior of estimators obtained through the optimization problem (7). Intuitively, equation
(8) is a first order condition of a minimization problem that is equivalent to (7). Let



p* € argmin,cger SN (]\4(,u))2 and note

N
) 2
* € arg min N (M
p" € arg min ;2 i (M (1))
. 2
— u* car minE Y — E X, — max VM(u)v
H g o= K Hitijl viv||=1 (IU)
1#£] =1
2

L
= p* € argmin g Yij — g wXijo | — v M(u)?v(p*); where v(u) € arg ﬂl:ﬁXIV’M(M)zy
m vi||v||=
itj =1

2
L

L L
= p €argmin | Vi =Y wXoa | — D vl () | Yie = > mXana | | Yig — D X
. =1 i,j, ki, =1 =1
The last equality allows for the expression of p* as the minimizer of a smooth and convex

function over R” (in fact, strictly convex with probability 1, when N is large enough):

2

L L L
w— Z Yij — Z Xy | — Z Vi(ﬂ*)Vj(M*) Yir — ZﬂlXik,l Yy — Z X
=1 =1 =1

i#] 1,5,k 1]

the first order condition results in the fixed point problem (8). The proof in section A.4
closely follows this sketch.

Lemma 1 does not guarantee the uniqueness of the solution to the minimization problem
(7). The iteration process just described, when it converges, could converge to one of many
potential fixed point of (8) (solutions to (7)). Additionally, the iteration process could be
explosive, leading the iterations to diverge rather than approach one of the fixed points. The
function fy is generally ill-behaved. In general, it is neither convex, nor quasi-convex, nor
differentiable. Figure 2 illustrates fy’s behavior for the simplest model nested in model (3):
Yij = po+ UU; + Vij for oy = oy =1, o = 1 and for N = 100. In this example, fy is
convex between &~ —0.5 and = 2, it has a point of inflexion, smoothly switching convexity at
~ —0.5. fy is not differentiable at ~ 2. However, fy has a unique minimum (on the interval
displayed in figure 2), that is close to the true parameter u = pg = 1. The figure also points
to the direction that the results in the sequel will follow: I show that with high probability,
fn is well behaved in a shrinking neighborhood of pg; @ being unknown, knowledge of a
good enough first stage estimator will be essential throughout the paper. In particular, we
study the estimator defined defined in (7) by studying single successive iterations on the
fixed point problem (8). It turns out that when the iteration process is initiated with a good

first stage estimator, e.g. OLS when the individual effects are assumed to be independent
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Figure 2: The graph of the function fn for the model Yi; = p+ U;U; + Vij; oy = oy =1,
N =100. The values of u are on the X-axis, and the corresponding fn (i) is on the Y-awis.

of the observable covariate, the process converges to a fixed point or a minimizer (formal
statements are presented in Corollary 2 in the following section).

The estimator(s) studied in this paper are obtained by iterating equation (8), that is, by
plugging some “reasonable” initial estimator in the right hand side of (8) to obtain what we
show is a more precise estimator on the left hand side, then iterating this process as needed

until the true fixed point distribution is achieved. We are ready to state our main result:

Theorem 1. Let i be an estimator such that i — py = O, <\/LN> Assume that the vector

of covariates is not perfectly collinear with the individual errors, that is: for any vector
A€ RE, P(N X o = U Uy) < 1. Assume that the U’s have at least 4 finite moments, that
Var(U) = o, # 0 and that the V'’s have at least 2 finite moments.

Define the sequence fi, by: [g = fi and fiyme1 = fn(iim), and let i* := limsup,, fin,.

Then with probability approaching 1 fi* = limy,, oo iy, and fi* is a solution to (7). Moreover:

N(f* = po) =a N (0,20757") (9)
for
1 2
Y= E(X12X] ————FE(U1UyX12) E(U1Us X15) — E(UU3 X1 X,
(Bt + i EUV X B Xoa) = s B X))
Proof. Immediately follows from Corollary 2 and Proposition 4. O]

The covariance matrix ¥ is equal to the asymptotic covariance Dy in Bai (2009) (if we were
to use the LS estimator on an oriented network model of the form Y;; = X;;8 + A;B; +V};
to fit Bai (2009))’s assumptions). The coefficient 2 in i*’s asymptotic variance is a sample
size adjustment due the fact that out model is symmetric and that the actual number of

observations is N(NT_I) rather than N? if the model were oriented.



Theorem 1 shows that if we iterate for long enough, we approach a minimizer of the
objective function gy with high probability. The theorem does however not provide any
guidance regarding the number of iterations that are required to “sufficiently” approach
the optimum. In fact, we show (in proposition 1) that if we initiate with a v/N-consistent
estimator, no finite number of iterations is sufficient to escape the v/N rate of convergence.
For any hope of achieving a superior rate, the number of iterations needs to be indexed
by the sample size N, which is computationally challenging. One exception to this curse
is noteworthy. If the individual effects are centered and independent of the observable
regressors X, then proposition 2 shows that even initiating with a v/N-consistent estimator,
one iteration is enough to obtain an estimator with the same asymptotic properties as fi*.
In that case also, interestingly, the OLS estimator is N-consistent but has a non standard
asymptotic distribution (c.f. for instance Menzel (2021)). Moreover, under these assumptions,
[ is easily shown to be asymptotically efficient (refer to the discussion following proposition
2).

We circumvent the debate around the appropriate number of iterations by proposing an
alternative estimator that is asymptotically equivalent to the “oracle” j*. The alternative
estimator only requires 2 iterations on the function fy, significantly limiting the computational

burden. First, starting with a v/ N-consistent estimator i, define the matrix

-1

ZXi,sz{,j,k_ Z i(fi )X X/ka( )

1#] 1#5k
X Z i(f )X X k’/k( ) — Z Vi(ﬂ)Xi,jVj(ﬂ) Z Vi(ﬂ)Xi,jVj(ﬂ)
i#j i#j i#]
then follow the three steps:
1. Run one iteration to get i1 := fn (i)
2. Compute fiy == (I, — K) Yy + (Ip — (I, — K)™" Y
3. Iterate on fi; to get fis := fn(ji1)
4. Compute fiy := (I, — K)fia + (I, — (I, = K) ™)

we show (proposition 5) that Ky is a consistent estimator for a matrix K that is central to
our analysis of the iteration process. More on the definition of K, its role, and why the 4
steps above deliver an estimator with the desired properties comes in section 3. We conclude

this section by stating the paper’s second main theorem:

10



Theorem 2. Under the assumptions of theorem 1

N(fo — i) = Oy <\/LN)

Proof. Immediately follows from corollaries 3 and 4. O

When 6 = 0 in model (1), however, the iterations become explosive (see proposition 6)
and do not converge. Therefore, u* is not well defined. The alternative estimator remains
consistent for all slope parameters, excluding the interecept, when the individual effects A in

equation (1) are independent of the regressors X:

Theorem 3. Assume A is independent of X, § =0, and i is /N -consistent for yy. Then:

VNdiag(0,1,...,1)(fiz — po) = diag(0,1,...,1) [ T1(e)VN(fi — po) + Pg(c)‘j/v—f ZXUAj

= Op(l)

for some ¢ ~ 1 — 2Bernouilli() and some deterministic matriz valued functions T'y(.) and
La(.).

Proof. Follows from proposition 6 (section 5) and lemma 6 in appendix A.13. O]

The two following sections discuss the intuition behind the least eigenvalue estimator
and break down the intermediary results leading to theorems 1 and 2. Section 2 details
how the interactive term in equation (3) affects the spectrum of the matrix M (u) and why
minimizing the function gy is a sensible choice. Section 3 outlines the theoretical results
starting from the behavior of a single iteration estimator and leading up to the construction

of the alternative estimator fio.

11
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2 Some intuition

Consider the ordinary least squares estimator on model 3, defined by

2

L
flors = arg/flel]g% E Yi; — E i Xij
i =1

2

L
= arg min Trace Y — Z X
=1

neERL
(10)
2
N L
_ ' Ay — X
arg it > lzlm z
N
= i Ai (M (p)?
arg min (M(p)?)

Equation (10) indicates that the OLS estimator can also be defined as a minimizer of the
average squared eigenvalues of the matrix M (u). Let’s examine the distribution of M (u)’s
eigenvalues for values of p that are “close” to the true value pg, assuming § = 1 (the treatment
for 6 = —1 is similar). Begin with the value p = pg, that is, let’s look at the distribution of
the eigenvalues of the matrix UU’ + V. * Figure 3 shows the histogram of the eigenvalues of
the simulated matrix \/LN (UU' 4+ V), where the U’s and Vs are i.i.d standard normal and
the sample size is set to N = 2000.

» EY @

Figure 3: A histogram for \/LNM(,LLD) s eigenvalues; o, = o, =1, N = 2000

The histogram in figure 3 shows two distinct parts: to the left, a block of eigenvalues
concentrated between values ~ —2 and ~ 42, and a single eigenvalue, further to the right, at
around value ~ 46. After proper rescaling (and ignoring the single eigenvalue to the left for
the rescaled histogram to fit on a page) the block of eigenvalues to the left has the shape of a

semi-circle as shown in Figure 4 .

4We ignore the effect of the matrix E(U?)Iy in the discussion that follows. E(UZ)Iy simply shifts all
eigenvalues by the same quantity E(UZ). The shift size will turn out to be of a low order of magnitude
compared to the bulk of UU’ 4+ Vs eigenvalues and its effect will be negligible anyways.

12
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Figure 4: A zoom into the semi circle (the left block in Figure 3)

To rationalize the shape of Figure 3, let’s examine the eigenvalues of each of the terms
composing M (). The matrix UU’ is of rank 1, its unique non null eigenvalue is equal to
U'U = 3", U? which is of the same order as NE(U{) when N is large enough.

Figure 5 shows the histogram of V’s eigenvalues. The two histograms in 4 and 5 are
seemingly identical. Only M (u)’s outlier eigenvalue (the one approximately equal to 46) is
absent from V’s histogram. This should come as no surprise: the matrix M (y) is a rank
1 deformation of V. The impact of rank 1 deformations on the eigenvalues of the original
matrix (V here) is well studied (e.g. Bunch et al. (1978)). Because UU’s unique eigenvalue
is positive, modifying V' through UU’ shifts all of V’s eigenvalues upwards such that Vs
eigenvalues are interlaced with V' 4+ UU"’s, that is, for i = 2, ..., N:

N(V) <X (V4+UU) <A (V)

and
MV) <N (V+UU)

Provided that V’s eigenvalues (rescaled by \/—%) are concentrated roughly between -2 and
2, then the inequalities above predict that V 4+ UU”’s N — 1 smallest eigenvalues will be
only shifted by a small amount, which explains why the figures 4 and 5 are not visually
distinguishible.

The semi-circle in figure 4 is reminiscent of Weigner’s semi-circle law in the random matrix
literature (see for instance Benaych-Georges and Knowles (2016)). Weigner’s law states that
the empirical distribution of the eigenvalues of a random symmetric matrix with centered
square integrable entries “converges” (in a sense that is made precise below) to a distribution
with a semi-circular probability density function. In particular, Fiiredi and Komlés (1981)
show that Vs largest eigenvalue is of order v/N with probability approaching 1 as N grows.

These observations combined suggest the following rough interpretation of the histogram 3:

13
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Figure 5: A histogram for \/LNV’S eigenvalues; o, =1 , N = 2000

M (119)’s N — 1 smallest eigenvalues are of order VN and are "very close” to V’s eigenvalues,
whereas the largest eigenvalue is due to the UU’ deformation and is of order N.

Let’s extend these intuitions to values of p that are different from the true parameter .
If 41 is too far from g, then the term Y7 (110, — )X, in equation (5) can become dominant
and dwarf the contributions of V' and UU’ in M (u)’s eigenvalue distribution. In the other
extreme, when the candidate p is“very close” to pg, then the contribution of the covariates’
term becomes negligible and we obtain a histogram that is similar to the one in figure 3.

The values of p that are abberantly far from pq lead to the eigenvalues of ZZLZIO,LOJ — )X
being of a higher than order v/N. Subsequently, they are easy to eliminate as they produce a
histogram that is grossly different from the one in figure 3. However, this rough discrimination
strategy will be ineffective for values of i that return a term ZZL:1<N0,I — )X, of order VN
or lower. In any case, for model (3), when U is independent of X, the OLS estimator is
known to be at least v/ N consistent in general (See for instance Menzel (2021) or section 4
in Graham (2020)).°> The following lemma shows that any v/N estimator is in fact “close

enough” for our purposes.

Lemma 2. For any N x N matriz Xy with entries X;; that can be represented as: X;; =q
Y(Xi, X, Wi;) for some i.i.d. and finite dimensional X;’s and some i.i.d Wi;s that are i.i.d.

and independent from the X;’s. Assume X;; has at least 4 finite moments. We have that
mas [A(Xy)| = O,(N)

Proof. Refer to subsection A.3. O

The lemma implies that any initial estimator i that is /N consistent - like the OLS
estimator - would yield a covariates’ term such that Zle(po,l — )X, = O,(v/N). Tt would

°In fact, if E(U;) # 0, the OLS estimator of the intercept is biased. In proposition 7 (appendix A.1), we
show how that bias can be corrected to obtain a v/ N-consistent estimator.

14



produce an eigenvalue histogram for M (f1) that is similar to figure 3 with one outlier eigenvalue
of order N, due to the rank 1 modification UU’, and a cloud of eigenvalues that are of a
smaller order v/N but that need not form a semi-circle this time.

Provided that the candidate p is close enough to pg, the largest eigenvalue of M (p) is,
at least up to a first order approximation, closely tied to the error term UU’. Notice that,
absent the UU’ from the model 3 (or the random effects A; and A; from the model (1)), we
would be back to the standard linear regression model with i.i.d. and exogenous noise V;;.
N(AQLI), the rate of
convergence of the OLS estimator would be N, rather than v/N under models (1) or (3).

An appealing idea is then to modify the objective function in the matrix form definition

In that case, we know that OLS is efficient, and since the sample size is

of the OLS in (10) to remove the contribution of the random effects. Following the intuition
laid down so far, this can for instance be done by removing M (u)’s largest eigenvalue from
the sum of squared errors before minimizing. The new estimator would be a solution to the

minimization problem

min » A (M(p)?) = gn(p) (11)

3 Single iteration analysis

The first result examines a single iteration of the fixed point problem (8).

Proposition 1. Consider the model 3:

K
Y = Z pok X + 0UU; + Vig = Xyjpo + 0U Uy + Vi
k=1
where 6 € {—1,+1}. Assume that the vector of covariates is not perfectly colinear with the
individual errors, that is: for any vector X € RE, P(N X1y = U Uy) < 1. Assume that the U’s
have at least 4 finite moments, that Var(U) = o # 0 and that the V'’s have at least 2 finite
moments. Given a first stage estimator fi such that || — pol| = O, <\/Lﬁ>, the single iteration

estimator

1
o= D XXy = Y wy ()X X D XY= > vl ()XY

i#j i, k0] i#] i#g k]
(12)
satisfies
1
VN (it — po) = KVN(ji — pip) + O (—) 13
(f1 — po) (72 = po) P VN (13)
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for

1 1 -1
K = V30 (E(X{2X12) - mE(UlU?,X{QX?,Q)) (E(U1U3X12X23) -

- (1%2) B(U, X 1uUa) E(UU,X,
A detailed proof is presented in section A.5. Proposition 3 shows that (E(X{QXH) - #U%))E(Ul Us X5 X3
is invertible, ensuring that K is well defined.
Equation (13) describes how the distribution of the single iteration estimator relates to the
first stage estimator’s. An immediate corollary of proposition (1) is that the single iteration
estimator [ is consistent and converges to j at least as at a rate of v/N. Also, up to a first
order approximation, the single stage estimator depends linearly on the initial /.
Whether the iteration process improves the quality of estimation depends on the matrix
K. When the individual effects U are independent of the regressors X and when E(U;) =0

in proposition 1, the matrix K is null and equation (13) becomes

. 1
M_NOZOp<N)'

After a single iteration, we are able to achieve the optimal rate of convergence N. Unfortu-
nately, proposition 1 does not provide the asymptotic distribution of ji or the effect iterations
have beyond the first iteration. To answer both these questions, we need to zoom into the
O, (\/LN) term in equation (13) and determine how it depends on the first stage estimator fi
and/or how it behaves asymptotically. The next proposition and its proof in appendix A.5

address this case.

Proposition 2. In addition to the assumptions in proposition 1, assume that the individual
effects are independent of the regressors X;; and that E(U;) =0, then

N(jp = o) —a N (0,207 E(X15X75) ") (14)

A “one step theorem” applies, one iteration is enough to achieve full efficiency. The
argument proving the efficiency of fi in proposition 2 is simple: consider the alternative
model Y;; = Zle to1Xij1 + Vij = Xijpo + Vij is 4.i.d. with i.4.d. errors Vj;. In this model,
the ordinary least squares estimator is known to be efficient and asymptotically normal, with
asymptotic covariance matrix 202F (X5 X/,)"! - the same asymptotic distribution as in (14)
(see for instance Chamberlain (1987) or Newey (1990)). Given that our model of interest (3)

is noisier than the alternative model, the following corollary holds.

Corollary 1. Under the assumptions of proposition 1, when E(U;) = 0, the single iteration

estimator defined in (13) is semi-parametrically efficient.
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When K # 0, the one step theorem no longer applies. After any finite number of
iterations, the new estimator is still v/N-consistent. To understand the role of K when
K # 0, consider the simple case where we have a single regressor (L = 1). K becomes a
scalar and when |K| < 1, 1 is to a first order closer to p than f. If the first stage estimator
is asymptotically normal (the standard ordinary least squares estimator for example) with an
asymptotic variance of 52, then ji is normally distributed with variance K262 < 2. Moreover,
as we iterate, the variance decays exponentially in the number of iterations. Conversely,
if |K| > 1, iterations produce noisier estimators, and the variance explodes exponentially
with the number of iterations. Finally, if || = 1, then the new estimator is asymptotically
equivalent to the first stage estimator, iteration is neither useful nor harmful.

Simplify further, and assume that the single regressor is in fact just a constant X;; =1,
that is, we are interested in estimating the mean of Y;;. The constant K becomes K = %
which is positive and strictly smaller than 1 (since by assumption o7 > 0), the iterations
improve estimation quality.

When L > 1, K is a matrix. Rather than comparing K to 1, the relevant comparison
is now between K and I - the identity matrix of dimension L - in the partial order on
symmetric matrices. When K? > I;, that is, when K’s eigenvalues are all larger than 1 in
absolute value, the successive iterations follow an explosive path of covariance matrices. The
conclusions are similar to the univariate setting in the two cases: K2 < Iy, or K? = I;. In
the multivariate case however, these three cases are not exhaustive, since > here is only a
partial order. Fortunately, the next proposition shows that the only possibile case, given our

assumptions, is in fact 0 < K < I.

Proposition 3. Under the assumptions of proposition 1, the matriz (E(X{QXH) - ﬁE(UlUgX{QXg,Z))
1

is positive definite and all the eigenvalues of the matriz

1 1 ! 1
K = m <E<X{2X12> — ME(UIUZSX{QXZSQ)) (E(U1U3X12X23) — E(U%)E(U1X12U2)E<U1U2X1
are positive and strictly smaller than 1.
Proof. cf. section A.6 O

Together, the propositions 1 and 3 imply that given a v/N-consistent initial estimator
and a fixed € > 0, we iterate the process described in the equation (12) to obtain a new
v/N-consistent estimator with a variance that is smaller than e (or eI, in the multivariate
case). This strongly suggests that an estimator with a faster than VN rate of convergence

exists. In fact, using a simple trick, the propositions 8 and 3 provide a rate N (a rate optimal)
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estimator.%
Another corollary of proposition 1 is that, if fx has a fixed point g* that is v/ N-consistent,
then equation (13) yields:

- 1
(1= KNG = o) = 0, (1)
so fi* is in fact N-consistent. Proposition 1 is silent about the exact asymptotic distribution
of i* and about its existence.

To establish the existence of a fixed point, notice that equation (13) has the flavor of
Taylor expansion, where the matrix K would represent a gradient. Because the matrix K
has a spectral radius that is smaller than 1 (proposition 3), then fy must be contracting in a
local sense. Then (a variation on) the Banach fixed point theorem should prove existence.

This intuition is the main idea for the proof for the next corollary.

Corollary 2. Let i be an estimator such that fi — py = O, <\/Lﬁ) Fiz k € (M(K),1) and
some C > 0. With probability approaching 1:

1. The function fy in equation (8) is differentiable in the closed ball By, \/LN) centered

at po and with radius \/—CN

2. 8P epu, 2 x| <k <1

Moreover, define the sequence fi,, by: fio = i and fiyi1 = fn(fim), and @ = limsup,), fiy,.
Then j1* — po = O, <\/Lﬁ> and with probability approaching 1 ii* = limy, o fby, and i* is a

solution to (7).
Proof. Cf. Section A.7 . O

So i exists with probability approaching 1 and is rate optimal. It is left to determine its
asymptotic distribution. We need to compute a higher order term in the expansion (13) of

proposition 1. That is the purpose of proposition 4.

Proposition 4. Under the assumptions of proposition 1, if the first stage estimator is such
that i — po = O, (%), then

Nm—mﬂZKN@—ud+RN+@(7%> (15)

A similar idea is used for instance to construct a “Generalized Jackknife estimator” (e.g. Powell et al.
(1989), Cattaneo et al. (2013)). In the context of proposition 1, the term v/N(ji — pg) is eliminated by taking
the convex combination, in the same fashion that the bias is removed in the generalized jackknife by taking a
convex combination of estimator with the same bias.
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with

E(U)? B
Ry —va | B(X19X]y) — e BE(X12X5,) | N (0,20%%)
E(U?)
for
/ 1 / 2 /
Y= (E(Xngm) + WE(UlUQXm)E(UlUQXu) - (U%)E(U1U3X12X23)))
Proof. C.f. Section A.8 O

Because of the presence of the residual Ry in equation (15), the new expansion is
fundamentally different from the previous one ((13) in proposition 1). The effect of an
iteration on the estimation quality is now ambiguous and depends on how the first stage
estimator fi relates to the residual Ry. Even if they were independent, it is not clear
whether iteration improves estimation. Unfortunately, even though proposition 2 provides
the asymptotic distribution of Ry, that is not enough to fully characterize the distribution of
the single iteration estimator. For that, we would need the joint distribution of the first stage
it and Ry, which is challenging even for a single iteration. However, we can see that because
K has a smaller than one spectrum (by proposition 3), as we iterate, the contribution of
the initial (first stage or input) estimator fades away. Intuitively, starting with some N—

consistent first stage fi(=: fio), from (15):

m—1
N(fim — p10) = K™ N (j = pio) + Y K'Ry

=0
~ KN (= o) + (I — K™) (I, — K) 'Ry
~ (I, — K)'Ry; when m is lage.

So the limit distribution (when m approaches infinity) should not depend on the initial

estimator fi. Corollary 3 formalizes these thoughts.

Corollary 3. Let i be a /N consistent estimator. Define the sequence fin,: fio := i and
fima1 = fn(fim) for allm >0, and let i* := limsup,, ft,,. Then

NG = o) = (1= KR+ 0, ()

19



and with probability approaching 1 ji* is a solution to (7). Therefore

- 20 _
N = po) —>a TS IE(UfUzXlz) +N (07203/2 1) (16)
EUY)
for
1 2
Y= (E(XHX{Q) + WE(UlUQXu)E(UIUQXu)’ — E(U%)E(UlUgXuXég))>
Proof. Immediately follows from proposition 2 and corollary 2. O]

The covariance matrix ¥ is equal to the asymptotic covariance Dy in Bai (2009) (if we were
to use the LS estimator on an oriented network model of the form Y;; = X;;8 + A;B; +Vj;
to fit Bai (2009))’s assumptions). The coefficient 2 in *’s asymptotic variance and that we
don’t see in Bai (2009) is simply a sample size adjustment due the fact that out model is
symmetric and that the actual number of observations is w rather than N? had the
model been oriented.

The corollary shows that if we initiate a sequence jiy := fi, for some initial v/N-consistent
estimator fi, and then we iterate “infinitely many” fi,11 = fn(fim) as in corollary 2,
then with high probability i, approaches a fixed point f*. As is standard in numerical
optimization methods, “infinitely many” repetitions can in practice be read as “sufficiently
many repetitions”. None of the results so far in this paper provides any guidance regarding
how many repetitions are enough. In fact, one of proposition 1’s corollaries can be concerning:
equation (13) establishes that if we initiate with a /N consistent estimator, then we can
only hope the iteration process to return v/ N-consistent estimators if we stop after a finite
number of iterations. Therefore, from equation (37), we get a sense of what a lower bound
on the number of iterations should be, and it is rather massive. The number of iterations
should be a diverging function of the sample size N for us to have any hope to escape the
VN rate of convergence. How fast the number of iterations grows with N will have an effect
on the rate of convergence of the final estimator, but it is hard to tell what the proper order
of magnitude is. It is even less clear what the rate of convergence would be if the number of
iterations is indexed on some stoppage criterion on the value of the objective function, as is
usually the case in standard numerical optimization algorithms. In simulations, the question
of the number of iterations does not seem to be problematic. The standard optimization
methods deliver distributions that are in line with the predictions of the asymptotic results
presented so far, in particular the asymptotic distribution of i* in corollary 3.

Fortunately, the propositions 1 and 2 can be put to use differently to extract an estimator

that is asymptotically equivalent to the minimizer *. The alternative estimator requires
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exactly 2 iterations over the function fy and is therefore computationally more efficient.
Using the alternative estimator, we can circumvent the concerns we highlighted around the

number of iterations that are sufficient to achieve the desired asymptotic distribution.

The equivalent estimator

First, assume that the matrix K is observed. Let ji be an initial v/ N consistent estimator
and let fi; be the estimator returned in the equation (12) after a single iteration. Write
i = Gy + (I, — G)fi, for some fixed L x L matrix G and where [}, is the identity matrix

of dimension L. We will choose the matrix G so that [i} converges at rate N. Write

VN(i; — po) = VNG(frr — o) + VN(IL — G)(ji — po)
~ (GH 41— GV - ) + 0, ()

= (I = G, = K)) VN(ji = o) + O, (\/LN)

choosing G such that Iy — G(I, — K) =0-ie. G = (I — K)™! - yields a rate N estimator.
Note that by the proposition 3, I, — K is invertible and G is well defined.
In practice, the matrix K is not observed. Instead, it needs to be estimated and plugged

in to generate an estimator for G. Assume we have a consistent estimator K for K. Define
G:=(I,—K)"'and jiy := G+ (I, — G)fi. As for ji*

VN (jir = o) = VNG(ft — o) + VN (I, = G)(fi — o)

= (1 R ) VR0 ()
1

= (I, - K)™! (K—f() VN (ji — p10) + O, (\/_N>

If K is a VN - consistent estimator for K, that is, if K-K= O, (ﬁ), then the new

estimator fi is rate optimal. The following proposition offers an example of a v/ N consistent

estimator for K.

Proposition 5. Let ji be a v/ N-consistent estimator for ug. Define:

-1

Ky:= ZXi,sz{,j,k - Z V(1) X X vk (1)
i i#ik
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X Z vi(1) X j X5 v (i) — Z vi([) X jv4(jt) Z vi() X jv4(ji)

i#] i#] i#]

Then

o)

Proof. c.f. section A.9 O

Proposition 5 allows for the construction of an estimator that is rate optimal. However,
studying the asymptotic distribution of fi; defined in (17) is challenging. It requires that
we determine the joint asymptotic distribution of K,VN (it — pp) and the residual of order
O, (\/LN) in equation (17). However, as for the study of the fixed point i*, as we iterate, the
effect of first stage estimator fades away. Rather than iterating here again, we use the same
linear combination trick that allows us again to achieve the “infinite iterations” distribution
using one iteration only.

Let fiy := fn(ji1) and define iy := Gjip + (I, — G)ji. Following the steps in equation
(17),

N(jis — po) = (I, — K)™* (K— f() N(jix = po) + (I = K) 'Ry + O, (\/LN)
= (I = K) Ry + (1= ) (K = ) NG = o) + (K = K) 'Ry + 0, <¢LN)
1

= (I, — K)™'Ry + O, (\/—N)

(18)

the last equality is a consequence of proposition 5. This proves that [i; is asymptotically
equivalent to i*, the fixed point studied through corollary 3.

To summarize, the alternative estimation procedure follows these steps:

1. Run one iteration to get fi; := fn(ji)

~ ~

2. Compute i == (I, — K) ' + (I, — (I — K)™")ja

3. Iterate on fi; to get fis := fn(ji1)

4. Compute jip := (I — K) g + (I, — (I, = K) ™)y
Corollary 4.

N = ) = (1~ K)o + 0, (19)

)

Proof. See the steps leading to equation (17). O

22



4 Variance estimation

To be able to do inference on the (asymptotically equivalent) estimators presented in the
previous section. We need to provide a consistent estimator for the covariance matrix 202 %~
(proposition 3).

To provide a consistent estimator for the bias term, we can use K defined in proposition 5
as a consistent estimator for K. The matrice E(X12X],) the vector E(Xi2) can be estimated
through their sample analogues. §, E(U}), E(U U3 X12X}%,), E(U3UX15) and E(UUsX5)
are left to be estimated. Assume that § = 1, section 2 explained how the eigenvector
corresponding to the largest eigenvalue of M (ji) is a good approximation to the normalized

vector Moreover, the largest eigenvalue informs about U’U, the norm of the vector U.

IIU ll2"
Combining both, we can recover an estimator for U. When 4 is -1, then we reason in terms
of the largest eigenvalue in absolute value, and its corresponding eigenvalue The difference

when 6 = —1 is that the corresponding eigenvalue in fact estimates — rather than

HUH IIU ll2
and a sign correction is necessary. The sign of § is, with probability approaching 1, the sign

of the largest eigenvalue in absolute value. These ideas are formalized through lemma 3.

Lemma 3. Under the conditions and notation of proposition 1, denote U; = \/max; |Ai ()| vi(fz)
We have

1 Yo, (4),
2. 35 Yisiness UiUnXii Xl =y E(U U X12X%)
3. Y, Uil Xy =y B(ULUaX10)
4 7z D i XigXij —p E(X12X1,)

Proof. Cf section A.10. O

Finally, to obtain an estimator for the covariance matrix, it is left to provide a consistent

estimator for the variance o%. Let’s go back to the model (2)

L
Y = ZMO,lXij,l + 0UU; + Vi

=1
First, observe that
1 2 1 2 . .
w2 2 (Vi = Xygjie)” = 5 D (0UU; + Vi)™ + (iz — o)’ | D X5 X5 | (i — o)
i i i
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—2) (6UU; + Vig) Xij(jiz — po)
i
1 2 1
= ; (6UU; + Vij)" + O, <N>
7]

= E(UD)? + o0y + 0, (\/LN)

Therefore, given the estimator for E(U?) provided in lemma 3, we obtain a consistent
N2
estimator 6% = # Zi# (Y;j — Xijﬁ2)2 — (E‘TUQ> , where U; are defined in lemma 3. To

summarize:

Corollary 5. Define 6% == 5 >
3. We have

N2
it (Y;j — Xijﬂg)Q — (ZITU?) where U; is defined in lemma
6\2/ —p UX2/

Proof. Follows from the earlier observation that ﬁ Z#]‘ (Yij — Xij;lg)Q —, BE(U?)* + o}

and the convergence of UW? to E(U?) (lemma 3). O

5 The no interaction (0 = 0) specification

For this section only, assume that the individual effects are independent of the regressors. In

model (1), when 6 = 0, the model becomes:
Yig =D Xijupu+ A+ A+ Vy (20)
l
or, in matrix form:

Y:ZMIXZ+AL/+LA/+V
l

Assume that at iteration m, we obtain an estimator fi,, with

1
fim — fto = —0aCmn X (1,0,0,...,0) + Z, y + O, (N) (21)

Where ¢, y is a binary variable taking values c; ,, with probability p,, 5 or c_,, with

probability (1 — pm, ). Zmy is a random variable such that for all m, Z,, y = O, (\/Lﬁ) For

instance, if the initial estimator is vV N consistent, then ¢y y = 0, and Zy n = i — 0. The
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reason we allow for a bias in the intercept in equation (21) is that proposition 6 shows that
even when we initiate with a consistent estimator under model (20), iterations introduce bias

in the intercept.

Then
M (i) = Z(Mo,z — f ) X+ AC AV
1
= OaCm N = Z Zmng X1+ AV + 1A+ V —oacmnIy
l
Lemma 4.
oacmnit + Al 4+ 1A = €1 €l — eameh
where:
= 1b + + by N A (22)
el,m = 2 m,NCm,NUA Qbm,N L m,N
= 1b ! +b,NA (23)
€2m = 5 m,NCm,NO A 2bm7N L m,N
1
N/4 '
bm,N = 2 (24)
A2 + N=550% + e noat’ A
moreover:

6/17m€27m =0
(the dependence on N is omitted in the notation for ey ., and ez ,.)

Proof. See section A.11. O

Therefore, the error component of M(fi,,) can be written as the difference of two rank 1
matrices, with eigenvalues that are of a similar order of magnitude (||e1 .|| = ||e1n||) and

opposite signs. We can state a result equivalent to proposition (13) in the § # 0 specification:

Proposition 6. Under the specification(20), assume iterations are initiated with an estimator

fi = pio — co4(1,0,0,....,0) + Zx + O, (%), for Zy = O, (\/—lﬁ), if b= fn(R), then:

\/N(,[L - ,uo) = —0A (h(C) + Op (\/—%>) (1,0, ...,0)/

+ M(e) ™ (B(X19Xhs) + Alc,c1n) E(X12) E(X 1)) VN Zyn v
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+ B(e, CLN)N\l/NM(C)l Z XiA; + O, (\/Lﬁ)

= —04 (h(c) + 0, (\/—%>) (1,0,...,0)" 4+ 0,(1)

where |h| is deterministic with |h(c)| = |h(—c)| > |c|, Ve, and |h(c)| —=|¢j—00 00, A and B are

deterministic scalar functions and ¢y —, 1 — 2 x Bern(0.5),
Proof. Refer to appendix A.12. n

Two observations are in order. First, even when the initial estimator is consistent for all
parameter including the intercept, in which case ¢y = 0, the first iteration estimator has a
biased intercept, with a bias of order of magnitude |o4h(c)| > 0. Subsequently, the following
iterations deliver estimators that are on an explosive path, since |h(h(c))| = |h(|R(c)])| > |h(c)]
for all c. In particular, this implies that the iterative process described in theorem 1 cannot
converge.

On the other side, proposition 6 guarantees that all coefficients other than the intercept
remain v/ N consistent following a single iteration, regardless of the bias in the initiating

estimator.

6 Empirical illustration and simulation study

6.1 Empirical illustration

To illustrate the use of our new estimator in real world settings, we run our estimation
procedure on trade data in line with Rose (2004). Rose (2004) uses a standard gravity
model to examine whether joining the World Trade Organization increases trade. Using
Rose (2004)’s data set, we estimate a gravity model for year 1999 by regressing log(Trade)
between the countries ¢ and 7, on indicators of whether both countries are in the World
Trade Organization (WTO), only 1 is in the WTO, and a dummy variable GSP describing
whether the countries extend each other preferential trade treatment under the Operation
and Effects of the Generalized System of Preferences published by the UN. In addition to
these three main variables of interest, and following Rose (2004), we regress on a number of
other country pair observables (a total of 15 regressors, plus the intercept).

The data set concerns N = 157 countries. Out of the w = 12246 possible country
pairs, 7268 pairs show a non-null trade volume for the year 1999.

We estimate the regression coefficients using the standard OLS estimator (table 2) following

Rose (2004)’s cross-sectional study (table 2 in Rose (2004)) then we use the least eigevalues

26



estimator described in the earlier section of this paper (table 1). Comparing the two tables,
as expected, the standard errors are lower for the least eigenvalues estimator than for the
OLS.

Table 1: The least eigenvalues estimator for the slope parameters on trade data for year 1999.
The explained variable is log real trade. The intercept is not reported.

Variable Coefficient Std. Error
Both in WTO -0.479 0.072
One in WTO -0.322 0.070
GSP 0.305 0.034
Log distance -1.181 0.019
Log product real GDP 0.829 0.010
Log product real GDP p/c  -0.033 0.012
Regional FTA 0.679 0.081
Currency union 0.592 0.141
Common language 0.369 0.041
Land border 0.793 0.083
Number landlocked -0.375 0.029
Number islands 0.017 0.036
Log product land area -0.071 0.008
Common colonizer 0.863 0.055
Ever colony 1.246 0.105

6.2 Simulations

[ run S = 10000 simulations on each of the 4 following designs, with a network of N = 100

nodes in each simulation.

1. An intercept and an additive regressor , with v =0
Yij = Boq + Bo2(Xi + X;) + AA; + Vi
2. An intercept and a multiplicative regressor, with v = 0
Yij = Bog + Bo2Xo X; + AjA; + Vi
3. An intercept and an additive regressor, with v =1
Yii=PFo1+ Bo2Xi +X;) + A+ Aj+ AA; +V,;
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Table 2: The ordinary least squares estimator for the slope parameters on trade data for year
1999. The explained variable is log real trade. The intercept is not reported.

Variable Coefficient Std. Error
Both in WTO -0.269 0.096
One in WTO -0.320 0.097
GSP 0.199 0.045
Log distance -1.073 0.025
Log product real GDP 0.944 0.011
Log product real GDP p/c -0.034 0.014
Regional FTA 0.946 0.108
Currency union 0.757 0.194
Common language 0.415 0.053
Land border 0.965 0.114
Number landlocked -0.540 0.034
Number islands 0.022 0.041
Log product land area -0.076 0.009
Common colonizer 0.966 0.074
Ever colony 1.113 0.141

4. An intercept and a multiplicative regressor, with v = 1
}/ij = 60,1 + /BO,QXin + AZ + Aj + AZAJ + ‘/z'j

for each of the two designs X ~ Unif(0,1), Bo1 = fo2 = E(A]) = E(V3) = 1.7 The
histograms for the estimated slope parameters /3, » are in the figures 6 to 9. In each graph, we
show the histogram for the OLS estimator (in bleu) on the original model (1) as a benchmark,
the estimator jig;g defined in this paper in green. The OLS estimator is semi-parametrically
efficient in the model without individual effects, Y;; := Bo1 + Bo2X;; + Vi; as a “gold standard”
in orange, it is also estimated for each of the simulations and displayed in orange in the
figures 6 to 9 as an oracle estimator. The estimators for the intercepts are not shown since
the slope parameter are our concern in this paper. As discussed in the introduction, our
estimator is N— consistent for 5y; — 0y =1 — 1 = 0 rather than for 5;; = 1. The term dv
can’t be estimated at a higher rate than v/N. Any estimator for Bo,1 based on our estimator
and an estimated correction for 6y would only yield a v/N-consistent estimator, even though
Boa — 0 is estimated at rate V.

The first two histograms (figures 6 and 7) confirm the result in proposition 2. The

histogram for the eigenvalue-corrected estimator (in green) is close to the oracle (orange). On

I also generated simulations with X ~ N(0,1) or X ~ 1+ A(0,1) and the outcomes are similar.
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both histogram, the OLS estimator (blue) seems to have a larger variance. In fact, the OLS
estimator has a non standard asymptotic distribution (cf. Menzel (2021)) and its distribution
is slightly skewed to the left. The skew is not visible in figures 6 and 7, because the variance of
A is not large enough (see figure 10 for a version of figure 7 with a Var(A) = 100 and where
the skew is now obvious on the OLS estimator, whereas the eigenvalue corrected estimator is
unaffected).

Figures 8 and 9 show that the histogram of the OLS estimator (blue) is much less
concentrated than the eigenvalue-corrected estimator (green). This reflects the prediction of
corollary 4. The eigenvector corrected estimator is itself less efficient than the oracle (orange),

but is rate optimal.

600 4
oS

poLs with no U
HEIS

500

300

200+

100 4

T T
0.8 12

Figure 6: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter
5071 i the model Y;j = 6071 + 50,2(Xi + XJ) + AZA] —+ ‘/ij; and the “oracle” OLS estimator
(orange) for the slope parameter By in the model Yi; == Bo1 + Bo2(Xi + X;) + Vij.
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Figure 7: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter By 1
in the model Yi; := Bo1 + Bo2XiX; + A;A; +Vij, and the “oracle” OLS estimator (orange)
for the slope parameter 5y 1 in the model Yi; := Bo1 + Bo2(X; + X;) + Vij.
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HoLs with no U
B RS

300
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Figure 8: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter
Bo.1 in the model Yi; := o1 + Po2(Xi + X;) + Ai + Aj + A A; +Vij, and the “oracle” OLS
estimator (orange) for the slope parameter By in the model Yi; == o1+ Bo2(Xi + X;) + Vi;.
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Figure 9: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter By 1
in the model Y;; = Bo1 + Bo2XiX; + Ai + Aj + A;A; + Vi, and the “oracle” OLS estimator
(orange) for the slope parameter By in the model Yi; == Bo1 + Bo2(Xi + X;) + Vij.
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Figure 10: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter
Boa in the model Yi; := By + Bo2XiX; + 10 x A;A; + Vi, and the “oracle” OLS estimator
(orange) for the slope parameter By in the model Y; := Bo1 + Bo2(X; + X;) + Vi;. Note the
10 factor multiplying the A;A; term to amplify the skew of the OLS estimator.

7 Conclusion

In this paper, we proposed a new two iteration estimator for the dyadic non-oriented linear
regression model with interactive effects. The new estimator is asymptotically equivalent to
the “infinite iterations” estimator on an iterative process similar to Bai (2009)’s. The new

estimator emerges from a new proof for the the iterations’ limit distribution examining one
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iteration at a time. We also show that in the absence of interaction, the iterative process
does not converge, with an estimated intercept that explodes through iterations . Because
the alternative estimator requires only a finite number of iterations, and because iterations
only bias the intecept, the alternative estimator is still well defined and is shown to be
v/N-consistent for all slope parameters, excluding the intercept.

Technically, studying the asymptotic distribution of M (u)’s largest eigenvalue up to a
second order is the main challenge. The results in this papers hint at how similar 2 iteration
estimators could be computed for models with higher order interactions. For higher order
interactions, however, the proof would require the computation of the joint distribution of a
number of largest eigenvalues, which would be technically challenging. I leave this extension

for future work.
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A Proofs and intermediary results

This section details the proofs of all the results in the paper. It begins by showing how the
OLS estimator of the intercept (in model (1)) can be adjusted to obtain a v/ N- consistent
estimator of the modified estimator (in model 2). Then we provide the technical ingredients

(propositions 8 and 9) that our main results heavily rely on.

A.1 Adjustment to the intercept

Proposition 7. Under model (1) and under the assumptions of theorem 1,y >0, 6 € {—1,1},
0% = E(A%) #0. Let By be a v/ N-consistent estimator of the intercept By in equation (1).
Then po 1, the intercept in the modified model (2) is equal to: po1 = Bo1 — 672. Define

€ - =(Ai + Aj) + 04 A; + Vi
a .= E<€12€23) = "}/QE(A?)
b: = E(612€23€31) = 3(5"}/2E(A,L2)2 + 5E(A?)3

Then |B] = 30v*E(A2)? + §E(A?)? and E(A?) is the unique real root of the polynomial
P(x;a, b)) := 2% + 3ax — |b] . Denote

L L
€51 =Yij — Z Xijib = Z Xiji(Bog — Bi) + €i
=1 =1

R 1 ZAA
a.:m €ij€ik

i3k

A 1 o

b:= el Z €ij€ik€jk
i#jFk

6 : = sign(b)

Let 6%, be a real root of the polynomial P(z;a, l;) and define 4% = J% We have
U

)
)
)

w5~ﬂﬁn=@(

\%—ﬂzq(

2l-3-3-

po1 — 1 = Oy <
where iy == By — 042
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Proof. That P has a unique real solution whenever a > 0 results from the observation that
lim, o P(z;a,|b]) = —o0, lim, o P(x;a,|b|]) = +00 and P(.,a,b) is strictly increasing

when a > 0.
Observe that

b-a-0)
n-a(5)

The roots of a polynomial being continuous in its coefficients (e.g. Harris and Martin (1987)),

the continuous mapping theorem proves the consistency of 7.

Moreover, note that 6 = sign(b), that b # 0, and that
In addition, by the mean value theorem, for some (z,a,b) between (E(U?),a,b) and
(6% &, B)
or _ - oP . oP -
0= P(67;a,b) = P(E(A?); a,0) + peCL b) (67 — E(A})) + Sale—a)+ w(“ﬂ — [b])

= (32" + 3)(67; — B(AY)) +3z(a — a) — (b — [8])

because HZA)] —[o]] < b —b| , then |b] — |b] = O, (ﬁ), implying:

53 — B(A?) = ﬁ (32(a — @) = (bl = o)) = O, <¢LN>

Finally
2 o a _a
T T B
_ aB(A2) — a?
of E(AD)
(6 — a)E(A?) + a(E(A}) — o)

o E(AD)
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A.2 On the distribution of the largest eigenvalue

Proposition 8. Let A = (a;;) be a matriz such that:
CLZ']' = UlU] + V;j fOT’ all 1 7éj

and a; = 0 for all i, where the V;;’s for i # j are i.i.d. mean 0 random variables with variance
o, and Vij = Vj;, and the diagonal entries of V' given by Vi; = E(Uy)* — U?.

2

The U’s are also i.i.d but not necessarily centered. Let A\{(A) > Ao(A).... be A’s eigenvalues.

Then:
Uuvu U'VU

oU T (U)
Proof. The proof draws from Fiiredi and Komlés (1981). In all what follows, “with high
probability (w.h.p.)” means“with probability approaching 1 as N grows”. Write

M(A) = U'U + — B(U,)? + 0,(1)

A=UU+V — E(U))Iy

define A := A+ E(U;)?Iy and decompose U into U = v + r such that 7’v = 0 and Av = \.
We first show that, with high probability, r is bounded.

Define:
S =AU = (U'U)U + VU = \v + Ar
define:
L:= E(S|U)=(UU)U
therefore:
L; = (U'U)U;
Notice

HA7‘||2 = A Ar < /\2(121'121) X HTH2 = ma:vi>1])\,-(fl)|2 X ||7’||2

where the inequality results from the Courant-Fisher theorem (equation (11) in Fiiredi and
Komlds (1981) ) and the second equality results from: A’A = A%, Therefore:

1 Ar]| < mazi |\ (A)] x ||r]]
By a standard result on rank 1 modifications (e.g. Bunch et al. (1978)), for all i > 1

M(V) < M(A) < M (V)



So :
mazis1|Ai(A)| < max{| Ay (V)|, \(V)}

By theorem 2 in Fiiredi and Komlds (1981) , almost surely:
max{Ay (V)] \(V)} = 20,VN + 0 (N%)
so with high probability, for N large enough:
[ Ar]] < max{An (V)| A (V)} < 30, VN |1
Thus:
[Ar — (U'U)r|| = @'O)|Irl| = | Ar]] = (U'U = max{[Ax(V)], A (V)})]I7]
implying:

i , 9 _ 9

(U'U = max{|An(V)[, (V) })? 7 (U'U — max{[An(V)], A (V) })?

With high probability:

(U'U = max{[An(V)], \(V)})* > FN*

bo |:qu>

The second inequality is a result of Pythagorean theorem.

(25)

(26)

(27)

(28)

To show that 7 is bounded w.h.p., it is left to show that ||S — L||* also grows as N2. T
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use Chebychev’s inequality on ||S — L||*:

E(|IS = LIP|U) = E Z(Si — L)?

)

=E|> (ijUj)2 ‘U

i

U

U

2
=E ZUEV;?—I—Z(ZV;]-Uj) “‘QZUiViiZVUUj

i\ g ji
R W
i i i

= Z UZ(E(Uh)? = U7)* + oy(N — 1) Z U;

SO 9
E(S = LIF|U)

N2

— 02E(U}) almost surely. (29)

Also:

i

2
Var(||S — L||*|U) = Var Z(ijUj) ‘U
J

U

2
= Var ZUEV;ijZ(ZV;jUj) +23 UVi » ViU

i JFi JF

i 2
=Var [ Y (Z v;jUj) +2UVii Y ViU ’U
i \a# j#i
2 2
= ZCOU Z‘/;jjUj +2Ui‘/§¢ZVz’jUja ZvljUj +2U1VllzvljUj U
il J# J# J#l J#l
2 2
=> Cov | | Y ViU | D WU | U
il J# J#l
+4) U ValiViCou (Z ViU, > ViU |U
il j#i J#
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2
—|—4ZUZV;ZOOU Z‘/”Uj 7ZWJUj U

il i #l

Hence:

Var(II[S = LIPIU) =Y > Y UjUp,Us Us,Cov (Vij, Vi, Vik, Vi)

il j1,J271 k1,ke#l
+4) > > UValiVaU;UrCou(Viy, Vik)
il j#i k#l

+4Y 0 UVLULULUCov (Vig, Vigy, Vi)
il j1,J2#0 k#l

=200 Y DR+ Var(V)Y Y UM +Var(VR) Y Y UU?

i gk k#E] i j# i g

+402 Y Y DUV 4400 ) > UiV ViU Us

N e

HABE(VH) Y D UM +4E(VE) Y S UMVU?

(E i gFi
so there exists a constant ¢; > 0 such that

Var(||S — L|*|U)
N3

— 1 almost surely.

By Chebychev’s inequality:

P ('HS—LHQ E(||S = LIP|U)| = /Var(][S — LI] !U)Nl/?’) NE (30)
By (29) and (30), with high probability:
IS = L||* < 2N*E(U})o, (31)
Combining (27),(28) and (31), with high probability:
I < 2200 )

U
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Now note that:

S5 S NP ANE AP A )
Y SU SU  \|||? +rAr > SiUs
let’s now show that ”Ag‘;% =0 (ﬁ) From (25), w.h.p.:
| Ar[[* < 9o7 N||r||”
then by (32)
~ 4E(U?
|| Ar||? < 902 ;2 Dy 36E(U2)N
then:
2 E(U}
o r] < Jrll < N1 Ar) < 22D 6, v = 1220 vy

To bound A;(A), note that Av = A\yv. So |)\1(A)||vi| = |22z @ijvj—F

(U1)%0i| < max; |vy] (E(U)*+

> jzilaij|. Taking a max over the ¢’s: A1 (A)| max; [v;] < max; |v;| x max; >~ laij|, there-

fore: |\| < E(U1)? + max; > laijl.
max; Zj |aij| = 0p(N1+1)
Finally:

> SUi=SU

= (U’ U +U'VU =
i#]

so, almost surely,
1
2 O SUi= BUE)” + 0,(1)

implying that:

> 57
)\1 = m + Op (1)
(U200 UVU + U'VEU

1

(U2 +0VU op (1)

s UVU L (UOUVRU - (U'VUY
UU (U000 + UV

For any n > 0, Markov’s inequality shows that

Zzﬂ +ZUU1/U+ZU2

(34)

(35)

op (1)

Note that, by the CLT U'VU = O,(N), and note that U'V2U = O,(N?) so

uvu UV

M(A)=U'U + + + 0,(1)

UuU T (UU)?
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or
. _UVU UV
mmpﬂmﬂ—mmy:UU+LWT+WWP—MQV+%m

Proposition 9. Fiz some vector uy € RY. For all p, denote M (p) the matriz:
M(p) = X (po — p) + UU' +V — E(U}) Iy

where U and V' are defined as in Proposition (8), and X is a linear function of the vector
(o — p): X = Zle(uo,l — )X, with L a fized, known number, X; are symmetric matrices
with zeros on the diagonal and such that A;(X) := max;—; 1 \(X;) = O,(N).

Let My (p) > Ao(p)... > An () be the eignevalues of M (), then:

Yoo, — i) U' XU

(i) =U'U + i + Op(1)

Moreover, define v(u) and r(p) the vectors such that:

1. U =v(p) +r(p)

2. v(p)'r(p) =0

3. M(p)v(p) = M(p)v(p)
Let i be an estimator for pg such that || — po|| = (%) Then

1.

U = v(@)l = Op(1)
2.

U117 = 1lo(@I* = 1Ir(@)]I* = 0p(1)

3. forany l,I' = 1.K:
v() Xy Xw(p) =UXp XU + O, (NZ\/N>

Proof. Note that
[IM (@)r (i)l < [A(@)] = [|r ()]
and: for all 1 = 2...N

Ai(M () = UU") < M(M () < Aiea(M () = UUY)
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and by Weyl’s inequalities:
~lro—=Al1x M (X +X(V=E(Uf) In) < M(M (1) =UU") < [[po—al [ [\ (X) [+ X (V= E(U?) L)

SO:

Ao (M ()] < max{ A\ (V), A (V)[} + E(UT) + [lpo — il x [M(X)]

by Theorem 2 in Fiiredi and Komlés (1981), almost surely:
max{[ Ay (V)], \(V)} = 20,VN + 0 (N%)

SO.

Ao(M ()| = O,(VN)

as in the proof of proposition (8), with high probability:

|M (@)r(i) — (U'O)r(@)]] = (U O)[r()]] = 1M (@)r(p)]] = (UT) = [A(M ()l ()]
so with high probability:

||M(~) () = U'U)r(i)|*
Gk |/\2( (1))
|| M ) — (WU

= U — Pa(M(R)])?
(1M (U — M<uo>U||+||M<uo>U 'uyul))*

Ir(@)* <

= U~ Pa(M(@)))?
(1m0 — m)xlUH +[|M (1)U — (U'U)U|)*
(U0 = (M ()] 2
< (1o — ] wxm < ||U|| + VU - B3|’
(0T = Po(M(@))))?

(S lpog — ] > |A1<Xl>| < ||U]| + 118 = LIl + B@W)||U]])*
(0T = Pa(M(@))])?

where S and L are defined in the proof for equation (8). By equation (31), with high

IS — LIl < V2N E(U})o,

probability:
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[Ir(@)]| = Op(1)

which proves the first result:

1U = (@)l = Op(1)
Also, as in equation (35):

UM (p)M(p)U
M =G
= S iy S (pog — i) (o — U Xe XoU + (U'U) S0 (o — f)U'XpU + S0y (pos — i)U' XgVU
Silno — i) U XU + (U'0)? + U'VU — E(URU'U
—~B(U?) 0 (o — fu)U' XU
TS ok — iUXAU + (UU)? + UVU — BUZUT
(U'U) S0 (mog — i)U' XU + (U'U)? + (U'U)U'VU — E(UR)(U'U)?
St — )U' XU + (U'U)2 +U'VU — E(UF)U'U
Y oy — IU'VXU + (U'UYU'VU + U'VU - EUP)U'VU
Sios — iU XU + (U024 U'VU ~ E(U)U'T
—E(U?) Z{il(ﬂo,l — WU XU — E(UX)(U'U)? — E(U2)U'VU + E(U2)2U'U
Silto — i) U XU + (U'U)? + U'VU — E(U)U'T
V) (S0 — )V XU + (U'U)? + U'VU — E(U)U'D)
ko — i)V XU + (U'U)? + U'VU = E(UH)U'U
(ko — )U' X U/U'U) (X (ko — fu)U'XxU + (U'U)* + U'VU — BE(UF)U'U)
Yok(pok — m)U' XU + (U'U)2 +U'VU — E(U)U'U
St S (B0 — i) (po g — U Xe XoU + (U'U)(U'VU)
>k (o x — i) U' XU + (U'U)??2 + U'VU — E(UH)U'U
—BEUH)(U'U)? — (Zk(rok — Hk)U/XkU) JU'U +U'VAU o (L
k(o n — i) U' XU + (U'U)?2 + U'VU — E(UH)U'U P
k(o — i) U' X U
UU
K K ) ,
- Uxp e xu Uvu 9 (Zk(%k _ Mk)U’XkU) UV .
- - — E(U?) - v o (1
+ 2 2 (hoa =)o = ) w0)r T TU (U0) U0 Tooe Vv
(36)

+0p (1)

—+

+

+ +op(1)

+

+

=U'U +

k=11=1

as desired.

For the third part of the proposition, note that:

K
WU = (noy — i) X,U + (U'U)U + VU — E(UD)U
=1
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SO

MU = \(M())U = VU + (U'U = M(M(@)U + > (g — fu) XU — E(UE)U
=1

remember:
MU = M(j)r + M(M(@))v
hence:
L
M(M(@)(U = v()) = M(R)r — VU + (A (M () Z — o) XiU + E(UD)U
L ~ !
= M(f)r — VU + 0,(1 g — o) XyU + E(UDU — 27tk _(;f‘;’]’“)UX’“UU
(37)

fix some [ in 1..L, multiplying both sides by ¢/ X]:

A (M () X[ (v(p) = U) = /XM (@)r(p) + ' XVU + (U'U = \(M (i) XU
L
+ Y (poy — ) X XpU — E(UF)/X{U
I'=1

The the proposition’s second result, remember that (1) and v() are orthogonal and
that U = v(f1) + (1), so by the Pythagorean theorem:

U117 = [lo(@]I* + [l (@)

as desired.

Finally, remember that

M (M (1)) (0(f2)=U) = =M (@)r+VU+(U'T= (M (@))U+ Y (pro1—fiu) XU = E(UR)U =: A

SO
Xﬂ)(ﬂ) = XlU + —~XZA
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and

1 1 1
— ANXy X A+ —— AN Xy XU+ ——U Xy X, A
M (M ()2~ T M () T T ()
Note that [|A]] = O,(N), A (M (1)) = O,(N) and || X;A|| = O,(N?) since by assumption: Ayax(X7), Amin (X7)
O,(N) (by lemma 2), also

’U(ﬂ)/Xl/XlU(/l) = U/XZ/X1U+

XU < Amax(XD U = Op(NVN)

SO
U(ﬂ),Xl/XlU(ﬂ) = U/Xl/XlU + OP<N2\/N)

A.3 Proof of Lemma 2

Assume X satisfies the lemma’s assumptions. Let A be one of X’s eigenvalues and let x be a

corresponding eigenvector. Then

[Alllz]]2 = [[Azll2
= [[ X[
< [ X1/l

where ||.||2 designates the Euclidean norm for vectors and the spectral norm for matrices.

Hence
Al < [IX]]2

but we know that the spectral normal is smaller than the Forbenius norm for any matrix.

A< [2XE
1,

It is left to show that }° - X2 = O,(N?). Decompose

Therefore:

NoXE = B(XEIX, X))+ Y XE - B(XE|X;, X))
ij ij ij

First, by a U-statistic law of large numbers (e.g. theorem 3.1.3. in Korolyuk and Borovskich
(2013)), 3=, E(X71Xi, X;) = Op(N?). For the second term in the decomposition, it is enough
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to note:

Var NQZ

)22, | — 0, almost surely.

A.4 Proof of lemma 1

Proof. First, note that, given the assumption F(X],Xs) is invertible. By a standard law of
large numbers, the matrix % Z]kvzl Xop ki1 Xok2k11 converges almost surely to E(X],X12),
then with probability 1, Jif Z]kvz1 Xop ki1 Xak 2111 1 invertible for N large enough. Under the

condition that + Zk 1 Xog op1 Xok2k41 18 invertible:

Write
arg mﬁ{n Z /\ =arg mmz i Uu — -ma)il V’M(M)M
ne Py vi vl
2
=argmin min 3 (Yij = Xigu) = >, vivy (Ve = Xa) (Yig = Xgh)
i#] i#J,k#1,j

For a fixed v in the unit sphere, the function that associates each p to Z#] (Y pr)z
Zi# ki j ViVj (Vi — Xip) (ij — ij,u) is twice continuously differentiable with a Hessian

equal to:
H:=2|Y X[ Xi;— > v XpXp
] i#g,k#i,]
let’s show that H is definite positive. Fix o # 0 in R¥, denote: z;; := \/§Xija and X the

matrix with entries z;;. Because X is symmetric, represent v in an orthonormal basis of

) N . . .
eigenvector of X: v =" mye;, where e; is a normalized eigenvector of X. Note

oJdHa = E xfj— E ViljTik T jk
ij

i k#,]
= Trace(X?) — (Xv)/(Xv) + Y i,
ik

N

Z Z mZNi(X)? + Z via?,
]:V = i#£k
2.0-

+ZV xzk

i#k

since Zi]\il(l — m?)\;(X)? = 0 implies that X is of rank at most 1 and v is its unique

eigenvector (up to a normalization) corresponding to a non null eigenvalue, if X is rank
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1. Along with v;z;; = 0, this implies that X = 0, so X;ja = 0 for all 4,j. Therefore
o5 N X3y op 1 Xok k10 = 0 and the matrix SV Xop o1 X2k 2111 18 not invertible; a
contradiction.

This proves that, almost surely, when N is large enough, H(v) is definite positive for all

v.8

For any fixed v, the function Zi#j (Y;j — Xij/uL)Q—Z#j,k#’j viv; (Yie — Xigpt) (ij — iju)

is minimized at p*(v) that is continuous in v. So the problem of minimizing

2

L L
Z Yij — ZHlXij,l - Z vi( @) v (") | Yar — ZMle‘k:,l Yi; — ZHlej,l
-1 -1

oy =1 i k]

on the unit circle admits a solution (minimizing a continuous function on a compact).
2
So let (u*,v*) be a minimizer of the function > (Yij - Mle‘j,l> — VM (p)?v,

then:
2

L
pt=argmin | Vi =Y X | —v(e) M(p)*v(p)
=1

and

v* = arg max /M (u*)*v
[lvfl2=1

taking a first order condition for u, we get that p* is a fixed point of fy.
Conversely, let ©* be a fixed point of fy. Then u* satisfies the first order condition for

the minimization of the function:

p= Y (V= Xn)' = 3 vl (Vi = Xapt) (Yig — Xoge)
7] 1), k#4,J

we have shown that this function is strictly convex with probability approaching 1. There-
fore p* is a minimizer, implying that p* minimizes the initial objective function p —

SN (M)
]

A.5 Proof of propositions 1 and 2

Proof. Note that the function fy is symmetric as a function of the data, that is fy (Y, Xn;p) =
In(=Yn, —Xn; 1) = fn (YN, 0 X n; ) for all p and for any sequence of data (Y, Xn). There-

fore, an iteration using fy(Yy, Xn;.) produces the exact same effect as an iteration using

8In fact, we have shown that almost surely, for N large enough, min, Ay (H (v)) > 0.
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the function fy(dYn,dXy;.). In other words, given a first stage estimator /i, the estimator /i

is numerically the same whether it is computed on the model
Yij = Xijpo + 0UU; + Vi

or

(0Y3) = (6Xi5)po + UiU; + 0Vij

To ease notation, I will prove the proposition for the case 6 = 1. The result for any
d € {—1,1} is easily derived through the previous observation.
First, note that:

(1o = po) = (1 +0p(1 Z Z Z vi(f1) Xij Z vi(f1) X

i#£j j=1 =1

K K
Z Xz{j Yij - Z’MO’IXU’Z Z Vz Xj/k Yir — ZNO,lXik,l
=1

1#£] =1 i#£j,k#4,]

/
the (1,1) entry of the matrix E;V:1 (Efvl ul(/l)Xij) (Zfil Vi(/])XiJ) is given by:

e 1 -
Z Vi) vk (1) Xija Xijur = EE Zvi(lﬁ)vk(ﬂ)Xij,lej,y
igok igok
1
HvH?j{:Lka Xiji X + Op(NVN)
4,5,k

where the last inequality results from proposition 9. Using a U-statistic central limit theorem

1 1
N3 Z UiUpXiju Xijo = E(U1UsX12,X3010) + O, (ﬁ)

i7j7k

and, by proposition 9:
U = v(@)|| = Op(1)

implying
‘HUH _ Hv(ﬁ)ll‘ < |0 = w(@)]| = 0,(1)
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hence

w = BE(U}) + 0, (LN>

SO
1 1 1
7,k 1
and
LS )Xoy X = e BV K X)) + O =
~z 2 Vil i1 Xy = , _
N2 oy H) Vi) A 1A kgl EUY) 1Us X121 432 AWis
implying:
1 L[ "N . 1
e Vi) Xij vi(i)Xij | = w7 B(U1UsX12X39) + O (_>
v 2 (2l |\ 2% | = "\VN

and [i — po has the same distribution as

1 -1
(E(X{QXH) - E(U2) E(U1U3X12X32))
1

K
DX Yy =D X | = Y vy ()X, zk:_ZMOlekl

#J =1 ik,

-1
= (E(X12X12) - E(UQ)E(U1U3X12X32)>
1

Z (UiU; + Vij) = Z vi( ) v () X3, (UsUs + Vir)

i#j i k.

Now, define:

1
[ = pot (E(X{2X12) - mE(UlUSXlzXSZ))
1

Uy Uj
we (2 AUU V) = D g e+ Ve
i#j 177, k#1,]
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The proof proceeds in two steps. First, find the asymptotic distribution of N(i* — o).

Second, determine the asymptotic distribution of:

1 -1
M* — Mo— (E(X12X12) E(Uf)E(UlUgXquZ))
1
X 2 S OXLUU; + Vi) = Y vl () X (Uil + Vi)
i#£] i#7,k#1,J

combining the results of both steps allow to conclude.

Step 1: I will begin by assuming that L = 1, then generalize to an arbitrary but known
L.

Let’s determine the asymptotic distribution of fi* — pg, that is, of:

U, U
Y XG(UU; + Vi) = Y =X (UiU + Vir)

First, note:
U, U U, U
2 XaUls = 3 oy il =2 XaUils = 3 HUHHUH J’“UU’”Z
i#] iy i#] i, k] byl
= X;:U;U: — XU U,
; iUl Z ||U||||U|| j
+ awxUr + XZU
Z%;ZIIUIP ZIIUIIZ j
=2 XlU
ZIIUlP j
_ N {22 E(U X15Us) + O !
=N\ 2oy Uil T O
(38)
second:
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U U
2NV 2 o et s 2 | X - T & U

i#] i#j,k#i,J kg
note that
Var (2 (% - i 0k %)
1] k#i,j
:V‘"(Zwﬂ' 2X5 — ||U||2 Z ||2 Z UXin UX)
1<j k1,5
2
-t 2~ e v s
0T : P 2=

= 0“2/]\/'2 (2E(X122) - 3T[]12)E(U1U3X12X23) + WE(UlUQXlg)Q + Op(l)) ) almost sur

by a standard CLT:

U, U,
2 XVo = D ot
i#£] i#£7,k#,5

1
—a N (o,aa <2E(X122) ~ 3y

1
B E(U1UsX12X23) + WE(U1U2X12)2>>

hence:

Ui U
ZXij(Uin—i-Vij)— Z ||U||||U|| (UUk—i-Vzk)
i#j i#g,k#i,]
E(U?)E(Uy)

—>q 2
E(U?)

E(X)+N (070\2/ <2E(X122) - 3m

1 2
E(U U3 X12X03) + WE(UIUQXH) >>

and by the Wold device, for a multivariate X:

U,
HHUH

D Xy(UU; + Vi) = Y Xr(UiUg + Vir)
i kA

i#]

7j ’

53



1
20— FE(UU,X
—d E(UIQ) (U7UX19)

1 1

+N (0, 0"2/ <2E(X12X12) — 3mE(U1U3X12X£3> + W

E(UlegUQ)E<U1X12U2)> )
therefore

-1
ok 1
N(f" = po) —a (E(X{QXM) - WE(U1U3X12X32)> X
1

1 1 1 ,
(2E <U12>E(U13U2X12) +N (o, ot <2E(X12X12) ~ 3 (U%,)E(UlUgXlQXég) + S (U%,)QE(mmUZ)E(meU2

Step 2:

Again, I will use the Wold device. Let n € R* and denote X;;, = nX;; € R and
Xy = (Xij)ij € RV

Let’s determine the asymptotic of

U,

> @) XU+ Vi) = 3

i7#g,kFi,5 i7#),kF#,5

= X (Ui U + Vig)

= VY X M 7)o diag (XM () 7) sV M (o) + Ui (X, M o)V
" - v U
= X M) = U X M) — (vl ding (3,0 u)) () = i diag (X, A0 )

(39)

e Case 1: E(U;) # 0 and U; and U; are arbitrarily correlated with X;

On one side, note:”

/

V(i)' diag (X, M (1)) v(fi) — ||U||dmg(X M) H ~ T H max\ZX,kn UUy + Vir)|
= H”(’” ||U||Hma’<2<|X*" (U0 + Vi | = B (Xiea Ui+ Vi
(i) — WHE | X i (UsU + Vm!)

9Remember that, by definition, Xiim = 0 for all 4.
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I want to show that:

max S (| Xiay (Uil + V)| = B[ Xy (Ul + V)| ) = 0, (NVA)

Fix some z > 0 and by a union bound:

P (N\/_maxz (\XM (U:Uk + Vir) |—E\Xik,n(UZ-Uk+Vik)l) > :c)

1
< Z[P (N—\/N ; (|Xik,n(UiUk + Vir)| = B| Xty (UiUy + Vzk)D 2 95)

k

1
=NxP (N—\/N Z (|Xil,n(UiU1 + V;l)} - E’Xil,ﬁ(UiUl + Vzl)|) > ;E)

) Var <ZZ (lXil,n(UiUl + V;l)‘ — E!Xﬂm(UiUl + VZl)l))
< Nz o
1
< ) (Var <‘X12,77(U2U1 + V12)‘> + Cov <|X12,7;(U2U1 + V12)}, |X13,W(U3U1 + V13)}>)

where the second inequality is Markov’s. This implies:

xS (| Xian (Uil + Vi) | = B[ Xy (U + V)| ) = 0, (NVA)

as desired. Since:

|+~ el = e

then:

o =]+ 1 = ] = ()

!/ !

v(f1)'diag (X, M (po)) v(j1) — HUHdwg(X M(uo))HUH = Op(N)
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and equation (39) becomes:

- - Uy Uj
> vl () Xjen(Uils + Vie)— Y o] HUHX ik (UiUy + Vi)

i)k, i) ki

= v(A) X, UU"v (i) — ||U||2UX JUU'U

v(i) X Vyu(ji) — ||U“2U’X VU + O,(VN)
= o(i) X,U — U'X,U + v(i) X, Vv(ji) — ||UHQU X, VU + O,
(40)
On one side:
X)X 0] < o) = V= 0,
On the other side:
wwxw—W&U=UX<m—U>
U’XZU U'X,U
W Z i — 1) U'X XIU+Z — 100 5 ey + Oo)
=1

L
i UXUUX,U 1
= 5 — — U'X,X N

2= °’l)< o N a@) T ’U)w”( )

where the second equality is a consequence of equation (37) and from noting that
U'VX,U = O,(N?) since, almost surely:

2

Var (U’XWVU‘X, U) = 0%, Z U? Z XijnUi | =O(NY
7.k A

Hence:

i

2

> vl @y () Xy (Uil + Vi) — Z

ik, ki
XL: o UXUUX,U N
2 MU\ NTT NM () M) N

Xikn(UiUr + V;k))

H HHUH

yUi) +0, ()
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E(U1U3X12,nX23,l)) + Oy (

L
1
z:: Moz ( (U2) E(U1X12,1U2)E(U1U2X1z,n)—m

the previous equality holds for any fixed 7, so:

g( > wl@y (XUl + Vi) = Y |U U k(UUkJrVZk:))

175, kF,] i3], k#1,j |U|| ||U||

L
1 1
=VN [ — —— E(U1 X12,Us) E(U1 U X12,) — =75 E(U1U3 X 12, X @)
\/_ZZI(/M f1o1) (E(Uf)Q (U1 X12,Us) E(U1 U2 X12,) E(U?) (U1Us X2, 23,1)) +Up (
L
1 . 1
- E(U?) \/NZ(MZ — Hoy) (mE(UIXIQ,ZUZ)E(U1U2X12,77) - E(U1U3X12,77X23,l)> + Oy (
1 =1 1
since, by step 1: N(f* — po) = Op(1), which allows to conclude:
1 -1
VN (ji = o) = (E(Xisz) - mE(UlUinQX&))
i
1 = 1 \
x E(Uf)ﬁl;(m = t.) (E(Ulngm,nng,l) - 50 PO X V) B(OWU2Xas)
1 -1
- m (E(X{QX:[Q) - mE(UlUgX{Qng))

" <E<U1U3X12X23) _ mE(UleJUQ)E(U1U2X127n)> VN(fi — po) + O, (\/—%>

e Case 2: E(U;) =0 and U is exogenous

Let’s prove the appropriate version of equation (40) for this case. On one side, note

/ /

diag( X, M
oy s XD

v(i) diag (XoM (po)) v(fi) —

= H g HUHHmaX|ZXm Uilk + V)|

< HV(ﬁ) ol H max | Zszn UiUi, + Vir) — E (Xikn (UiUy + Vi) | X, Up) |

max !E (Xiko(UiUk + Vi) | Xi, U ‘

HUHH

ol H max‘ ZX”‘“? (UiUk + Vig) — E (Xigen(UiUx + Vi) | X, Uy) |
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because under E(U;) =0, E (Xikm(UiUk + Vi) | X, Uk) = 0. I want to show that:

maX|Z ( ikn(UiUp + Vi) — E (er,(UUk + Vig) |Xk,Uk)) ‘ =
Fix some z > 0 and by a union bound:
1
P (N max | ;Xik,n(UiUk + Vik) = E (Xt (UiUk + Vig) | X3, Ur) | > 96)
1
< zk:ﬂ” (N ZXik,n(UiUk + Vik) = E (Xt (UsUx + Vig) | X3, Ur) | = l’)

1
=NxP (N‘ > Xk (UilUk + Vir) — E (Xopy(UiUr + Vit) | X, Ur) | = 96)

Var (Zi <Xik,n(UiUk + Vik) = E (Xign(UiUy, + Vi) | X, Uk:)))
$2

Var <X12,n(U2U1 + Vi) — E (X129 (U1 Uz + Vi2) | X1, U1))

<

&w"_'z"_'

where the second inequality is Markov’s and the last equality results from the fact that
for a fixed k, the terms Xy, (U;Ux + Vi) — E (Xik.y(UiUy + V)| Xk, Ux) are uncorrelated

for different i’s, because they are centered and independent conditionally on Xy, Uy.

This implies:

maX|Z( ik,n UUk‘i‘V;k) E(szn(UUlg‘i‘V;k |Xk,Uk)‘—

as desired. Since:

0= | = ()
then:

! !

799 (XM (1)) e = Oyl V)

V(i)' diag (X, M (po)) v(fi) —
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and equation (39) becomes:

- N U, U,
Y v @y () Xy (Uil + Vi)=Y H——JXjkm(UiUk + Vik)

i,k i,k uliivll
= v(j1)' Xy M (no)v(j2) - HUHQU’X M (p10)U + Op(VN)
=v() X,UU0"v(i) — HUIIQU/X uu'v

+ () X V(i) — U'X,VU + O (\F)

HUII2

= o(0)' XU = U'XyU + () Xy V(i) = U Xy VU + Op(VN)

HUH2
(41)

Let’s get back to the notation from earlier in step 2: Let n € R* and denote Xj;, =
nX;; € R and X, == (Xjj,)i; € RV*N. From equation (41):

. . Uy U
Z V() v () Xp (Ui Uy + Vi) — Z = Xk (UiUy, + Vi)

W) o T
.y 1
= (1) Xy M (po)v (1) — HUHQUX WM (110)U + O,(V'N)
N - 1

L ~/ ) - -
# 3G <V(u) X X)X X ) + OV

I next show two useful results: for any random matrix X € RV*¥ such that X’s largest
eigenvalue is at most of order N and X;; := g(X;, X;) for some fixed function g, then:
1) |IXU| = O,(N), and 2) ||Xv(@)|| = [|XU|| + Op(V'N).

Fix such a random matrix X, the proof of the two results goes as follows:

1. Note that | XU||* = U'X?*U =Y,., Ui X;; X;xUy, and that:

ijk

r | D Ui XnUk| X

ijk

= Y BULULUG Uk X) | D Xii Xoe, | | D Xini X,
j i

i1,k1,42,k2

= N*(c+0(1)); alomost surely
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for some real number ¢. Then:
IXU]? = O,(N?)

as desired.

. By the equation (37):

MXU = Xo(@)|| < XM (@)r(@)]] + [[XVU[ + [M(R) = U'U| x || XU|
L
+Z|ﬂl—uo,l| x| X XU + E(UY)|| XU
=1

let’s show that each term in the right hand side is O,(Nv/N).

(a) [[XM()r(@)]] < MX)[|M (@)r(@)|| = Op(NVN)
(b) for the term || XV U]||, note that:

UVXVU = Y UVig X XVimU,

i,9,k,l,m

- Z UiVij X X Vim Uy
i,5,k,L,m:{4,5} A{l,m}

+ Z UiVii Xp Xpi ViU + Z Ui Vi X1 Xk Vi Us
1,5,k 1,5,k

= Y UVyXpXuVimUi + Op(N?)
3,5,k,L,m.{4,5} A{l,m}

almost surely:

Var > UVi; X X VimUi| X, U | = O(N®)
i,0,k,L,m:{i,5} A{l,m}
so [|XVU|]? = UVX?VU = O,(N?), or || XVU|| = O,(NVN)
(¢) From proposition 9

S (pog — f)U' XU

Aqp) =U'
(1) =UU+ i

+ O,(1)
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when E(U;) = 0, then Zf:l(““éjgl)UleU = 0,(1), |A(1) = U'U| = O,(1), hence

A () = U'U| % [|XU|| = Op(NVN)

(d) For every [ = 1..L: | XX,U|| < M(X)||XU]| = O,(N?), since | — poy| =
Oy () - then S50, L — poa| x [ XXU|| = Op(NV/N)
(e) E(U)|IXU| = Op(N)

In conclusion:

XU = [|Xo(@)| < [IXU = Xo(f)]| = Op(VN)

so equation (40) becomes:

- - Uy U;
> vl () Xjen (Uil + Vie)— Y 07 ||U||X kUil + Vi)
JkF,]
= v(f

1#),k#i,j i
X, M) = U X MU + 0V )
LA )
= ol o) = ¥ X
~ RV XM + O, (V)
B T U
=~ g )+ 348 (s = ) U
+Op(VN)
= o) Xy () + O,(V)

when F(U;) = 0, the equation (37) yields:
A (M) () X () = () Xy M (i)r + v(i) X VU + Op(Do) XU
i " Ay (42)
+ > (= pon)o(B) X, XU + E(UT)o(f) X, U
I=1
I want to show that each of the terms in the right hand side is of order O,(N VN):
L Jo() Xy M(@)r| < |lo() Xyl] x [[M(@)r]] = Op(N) x Op(V'N)

2. for ||v(p)' X, VU]|, first write: v(f) X,VU = U'X, VU —r(j1)' X,V U and note that
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(1) X, VU] < |[VU||x][r(3) Xl = Op(N) x Op(VN), since [ VU] < M (V)[|U]]
and ||r(i1)'X,|| = Op(1) by the proof in bulletpoint (e) above. So let’s examine
the term U’ X, VU:

2

Var(U'X,VU|U,X) =03 > | D UiXjUs

Jk.n i

=02 (Ek: U,f) 2]: (Z UZ»XZ-M)

= oy ||U|[*1X, U1

S0
U'x,vu
Va U X VU
( %01 ) v
= Nop(E(U}) + o(1)); almost surely
and UXxX,vu
——— = 0,(VN)
1X,U]] g

since || X,U|| = Oy(N), then
U'X,VU = O,(VN)

implying

l0(2) X, VU = Op(VN)
3. [u(A) X,U] < [lo(@)l] x [|1X,U]] = Op(NVN)
4. |(fu = poa)o(2) Xy XoU| < | = poa] < [Jo() Xyl x [ XU = Op(NVN)

this allows to conclude:
M (M ())o(f1) Xyr(fi) = Op(NVN)

and finally, the equation (40) becomes:

> B Xk U+ V)= 3 g

i, k#i,] K]

|U|| k? W(UZUk‘ + V;k) = OP(\/N)
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so under the condition F(U;) = 0:

VG =i =0, ()

and
N(fi = po) —a B(X1,X12) 7" x N (0,203 E(X12X7,))

A.6 Proof of proposition 3

Proof. The case E(U;) = 0 is straightforward, let’s prove the proposition for F(U;) # 0.
Note that:

1 , 1 / -1 1
K = —E(U%) (E(X12X12) - E<U12)E<U1U3X12X32)) <E(U1U3X12X23) — mE(U1X12JU2)E(U1U2X1
= B™'A

with:

A= B(UY)E(U,Us X15Xbs) — E(U UsX12) E(U U X1)
B = B(U{)*E(X12X1,) — E(UD) E(U1U3 X12X35)

I begin by showing that B — A is semi-definite positive. Note:

E ((E(Uf)X12 — Uy X13Us) (E(U2) Xy — U1X§4U4)>
— B(U2)2E(X12X1y) + E(U1Us X12) E(ULUsX'y) — 2E(U2) E(UyUs X19.X4s)

B-A=E <(E(U12)X12 — Uy X13Us) (E(U2) Xy — U1X§4U4)>

= E (B [(B(U) X1 — U X1Us| X1, X5, Waa, Uy, U] E [E(UR) X1, — U X,Us| X, X, Wiz, U, U] )
E

-x(

Remember our notation X;; := ¢(X;, X;, W;;).

E
(B(U})X12 — Us X13Us| X1, Xo, Wia, Uy, U] E [(E(UD) X1z — UpX13Us| X1, X, Wi, Uy, Un)'
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>0

as desired. Moreover, let A be a deterministic L-dimensional vector such that \'(B — A)A =0

, then, almost surely:
NE [(E(U})X12 — UsX13Us| X1, Xo, Wiz, Uy, Us] = 0

that is:

NE [(E(U})X12 — UsX13U3| X1, Xo, Wiz, Uy, Us] = E(UP)N X120 — U2 E(XN X13U3| X7)

SO:
E(Uf))\/Xlg - UQE()\/X13U3|X1)

conditioning on X5, Us
E(UY)E(N X1 X2, Us) = U2 E(XN X13U3)

hence
E()\,XlgUg)

E(UHN X, = UL U,
which contradicts our assumption that for any vector A € REY, P(N X, = U,U,) < 1. Therefore
K has all its eigenvalues < 1.

Note that

A=F ((U1U4X12 - U1U2X14)(U3U4X23 - U2U3X34)/)

E(E [U1UsX13 — U1Us X14| Xa, U, X4, U] E [UsUs X3 — UsUs Xa| X, Us, X, U4]/>

= B (B [0hUiX12 = UiUaXual X, Us, X, Us) B [UiU3Xaz = UiUa Xua| X, Us, X, U] )

v

0
Since we have already shown that B — A > 0, then B > 0, so B is invertible. m

A.7 Proof of corollary 2

Proof. 1. The function u — |A1(M(u)?) — Xo(M(12)?)| is continuous on the compact
Bl o, \/Lﬁ) Let puy be a minimizer on B(uo, \/LN) We show in the proof of propo-
sition 9 that A\ (M (un)?) = O,(N?) and Ao(M(n)?) = Op(N). So [\ (M(un)?) —
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Ao(M(n)?)| = O,(N?). So with probability approaching 1, the largest eigenvalue

of M(uy) in absolute value is simple on all of B(uo, \/—CN) The compactness of

B o, \/%)along with theorem 1 in Magnus (1985) allows to conclude that p — v(u) is

infinitely continuously differentiable on B(uo, \/LN)
2. Following 1), assume fy is continuously differentiable on B(uo, 3—%) Let fimax be

a maximizer of ||fy ()|l on B(uo, \/%) By equation (13): VN (fx(tmax) — fo) =

K\/N(Nmax - /JJO) + Op <\/Lﬁ)
also

1 1 1
\/N(fN(,umax + \/_N) — o) = K\/N(/lmax + \/_N — Ho) + Oy (\/_N)

taking the difference of the two last equations:

VN (fN <umax + \/Lﬁ) - fN(umaX)) e <\/LN>

on the other side, by a Taylor expansion:*!

VN (fN (Nmax + \/LN) - fN(/Lmax)> = f]/V(,umaX) + 0p (1)

hence
I (fmax) — K = 0p(1)
with a probability approaching 1:

1 (pmax)|| = sup || F/(w)]] < &

EB (ko =)
for any k € (A (K),1).
3. Fix some k € (A (K),1) and € > 0. There exists M > 0 such that for N large enough,
with probability at least 1 — €, fi1, fio € B(uo, #N) so that || — fio]] < \/MN (let this
be event Ey) . Assume fy is continuously differentiable on B (Mg, \/ﬁﬁ (1 + ﬁ)

(denote this event Fy) and that SupueB(uo,%( ) |/ (w)]] < & (let this be event

1
vt

"Building on the results in Magnus (1985), and after some tedious computations, we can show that

2] 8?2 . .
SuPpeB(po,\/%) | 5,67) || = Op(1) and SUPMGB(MO,%) ||3MZV55Z1 || = Op(1), implying SUPMGB(MO,%) I[fx ()]l =

Op(1).
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Gy). Then for any p, 1/ € B(po, %(1 + 1)), we have:

K

[ () = I ()] < sl — ]

By induction on m, assume fq, ..., fl,, € B (,uo, i (1 + —))

Hlam+1 - ﬂmH = HfN(ﬂm) - fN</1mfl)H < K“H/)m - /lmle
and

ftmt1 = pol| < [tmr1 = fml| + || fom — frm—a[| + - + |11 = fo|| + || /0 — po]

<> Kl = fiol| + [120 — psol|
=0

S0 flni1 € B (uo,% (1 + %))

So even though fy is not necessarily contracting on B (,uo, i <1 + —)), because it

may not preserve B ([1,0, N <1 + 1 )), we can follow the proof of the Banach fixed

point theorem for the specific sequence /i (or in fact any sequence initiated in a way that

the first two first elements are in B (,uo, 2\/ﬁ> and not just B <,u0, TN (1 + —)))

First we show that the sequence fi,, is a Cauchy sequence, let p,q € N, without loss of

generality take p > ¢

Hﬂp :UqH Hﬂl fol| = 0, as ¢ = +00

so the sequence is a Cauchy sequence. Therefore, it has a limit in B (ug, IN (1 + —))

that can only be a fixed point of fy. By lemma 1, the sequence converges to a minimizer.

We have shown the following:

En, Fy and G = The sequence converges to a minimizer
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Which proves that with probability approching 1, the the sequence converges to a
minimizer as desired.
Finally, the last result along with lemma 1 ensure that ji* is a solution to the minimization
problem 7 and is v/ N-consistent. Equation (13) yields

(1~ K)V G = ) = 0, =)

and finally

A.8 Proof of proposition 4

Proof. As for the proof of propositions 1 (section A.5), assume that 6 = 1. The result for an
unknown ¢ € {—1, 1} immediately follows as described in the the proof section A.5 .
Again, I use the Wold device. Let n € R* and denote X;;, = nX;; € Rand X, :=
(Xijn)is € RV,
Following equation (40):

> XiaUU; + Vi) = > vil ) () X juy (Uil + Vi)

i#] i),k
U, U
:ZXij:ﬂ(Uin+‘/ij)_ Z || ||HUHX]k,nUzUk
i#j 175,k 7,3
+ ) HUHHUH XjenUilUe = Y vy () Xy (UiUs + Vi)
1#£j,k#1,j i#j,k#i,j
U, U
=D Xy(U; +Vig) = >, g XUl + Vi)
i i ki
! ~ ~\/ ~ 1 /
+ U X, (U = v(i) — v(2) X, V(i) + HUH2UX VU 4 O,(VN)
2 U, U
- N EUX ,U))+ Xy Vij — L X Vi
(BP0 ) + Xt~ 3 s

athU—v@ﬂavmm»+wK@VUWMM|_”mp+cm¢ﬁ)

+ U Xyr(i) + (@) IPIUI?

-
v ()l

where the second equality results from equation (40) and the third from equation (38).
Note that
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1
U/XWVU - U(/l)/XnVU(/l) = —WU/XnV2U + Op(N\/ N)
1

to see that, observe that from equation (37):

L
1
Vo) =VU — NG <VM(ﬁ)r(g) VU +O0,(WVU + > (ju — po)) VXU + E(UD)VU
1 =1
= 2kl = o) U XU
i VU
1 L
X(i) = X,U — W) <X M(p)r(p) — X,VU 4+ 0,(1)X,,U + Z(m — 1o)X, XU + E(UD) X, U
=1

> (P — pos)U' XU
i XU

combining both identities:

~\/ ~\ 77! _L ! (o) — 2
v(p) X,Vo(p) =U'X,VU /\1([L)UXn (VM(,u) () = VU + O,(1)VU

L

(g, — U'X,U
0 — X E(U? _ > k(i — por) k
+ ) (= po)VX,U + E(UP)VU U VU

=1
1
SRl (X,,M(ﬂ)r(ﬂ) — X,VU + 0,()X,U
1
L ~
i — o) U XU
£ o) X XU + B(UR) X, — 2 U’““()]” ¢ XnU>
=1
1
5o (@) - VU + 0,0)X,0
At (i)
L ~ /
— o) U' XU
+ 3 (G — p00) X, XU + E(UR)X,U — 2/l UffOU’“> k XnU)
=1
L
x (VM ~ VAU +O0,(WVU + 3 (fu — o)) VXU + E(UR)VU
=1
>k (s — po)U' XU
i VU
1
= U'X,VU + mU’XnWU + O,(NVN)
1

2. Remark that Var(U'X,VU|X,U) = 0% 3, (32, UiXy;Ui)® = O(N*) almost surely,
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hence

U'X,VU = 0,(N?)

SO:

> XianUU; + Vi) = > vil i) () X juoy (Uil + Vi)

i#j i#):kF4.J
2 U, U
=N (—2 E(Uf’Xlz,nUz)> + XV — Y Xk Vik
E(U7) o Lo oo
1
+ U Xy (i) — U'X,V?U + O,(VN)

() [PAa ()
Let’s determine the asymptotic distribution of U’X,r(f1). From the equation (37)

L
MM (@)U Xy (i) = U'XyM(2)r — U'X,VU + (A (M (7)) = UTU' XU + 3 (i — poa)U' Xy XoU + E(UDU'3
=1

Also
MM (E)U" Xy M () () = U' X M) — U/ X, MV + (O (M) — U0 X, M(3)U

+Z it = po ) U' Xy M () XU + E(UT)U' X, M (i)U
=1

L
= -U'X,UU'VU = U'XV2U = (nog — m)U' X, XiVU + (\(M (7)) — U'U)U' X, UU’

=1
L
+ (M (M () - UDU'X, VU + (M (M U)> (po— iU’ X, XU
=1
L L
+ > (i — o) U XgUU' XU+ (i — p0.)U' X, VXU
=1 =1
L L
+ ) (nok — ix) Y (i — po)U' Xy X XU + E(UD)U'X,UU'U + E(UP)U'X, VU
k=1 =1

L
+E(U Z (1o — u)U' X, XU + O,(N?V'N)

=-U XnUU’VU —U'X,V2U + (M(M () — U'U)U'X,,UU'U
L
+ ) (fu — po)U'X,UU' XU + E(UDU' X, UU'U + O(N*VN)
=1
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By equation (36), when fi — po = O, (%) as we are assuming here, we get:

— ) U X, U UVU U’VQU

1
(U U)? VN )
therefore:

- - U'vViuu'x, U
M (M (@)U Xy M ()r(f) = —U' X, VU + Tn + Op(N*VN)

plugging back in the expansion of U'X,r(f):

UVUU'X,U
M (M()U' X, (i Ut 1 X, VU
L
+ (M(M(R) = UDU' XU+ (= pon)U' X, XU + E(UDU'X,U + Op(NVN)
=1
1 UVUU'X,U
UX,UUVU — ——UX, VU + ————1 _U'X,VU
- 7w N T TN mUT !
UV2UU'X, U S, (e — pon) U X UU' XU ,
+ Ty e Lk O’U,U 3~ 10U Xy XiU + Op(NVA
=1

SO

1 1 LUVAUUX,U
U'X ——U'X,UUVU — ——=U'X,V?U + T U'X, VU
() = e U0 U0 TR
Sl = po)U' X, UU' XU 1 i r
— ’/ ,U()ZUXXIU—FO( )
(U'U)? U'U
plugging;:

> XUl + Vi) —

Z vi([)v; (1) X (UiUg + Vi)
1#£]

17, k#4,J

2 U U
=N =7 B(UPX XijnVij — — X Vi

1#] 1#£j,k#1,j
1 UvViUU'X,U 1

—— _U'X,UU'VU — ———U'X,V2U +2 WL vy
ooy (U’U) (U'U)? * U'U)3 U
Sl — g )UXUUXU

L
o 1 o
)2 + 5o lzl(m U X XU = s U Xy VU + 0y (V)
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Notice that
U'VU =) UV + O,(NVN)

i,J
and
U'XV?U =Y U X;;ViU; + Oy(N*VN)
1,5,k

so that

;UX V32U — L U'X, VU =0 <L)

[[o(@)][?A: (/) oo "\VN
subsequently

> XiaUiUj+Vig) = > vl i)vi (i) X, (UiUx + Vi)

1#] 1#),k#,j
N( 2 BUX U))JrZX V; > U Ui x. v
= 2 1212,7U2 igmVij — Gk Vik
E(U2) #j ez IUIHIUT
1
+ E<U12)2E(U1U2X12,n>UIVU_ U,UUX VU
S (i — o) UXUU XU 1
- k (U’U)Q 1 Uy IZI(LLZ — M071>U/X77X1U + Op<\/N)
B EL: U'X, XU UXUUX,U
R U= m) \ g UU U0
2N
+ E(U2)E(U1X12nU2)
1
+ZXZJ77VU 2 Z U Jknvzk+ E(U2 2E(U1U2X12777)U,VU+OP(\/N)
oy Wty | || (U?)
L
1
= N> (fy — poy) (—E(U UsXi99X031) — =55 E(U1Us X 12 E(U Uy X1, ))
lzl 0 E(U%) 1Y 34120223 E(U12>2 1Y 2412 1Y2A12/n
2N
+ E(UQ)E(UlegmUQ)

1
+Y X, Vi —2 XinnVik + == E(U U3 X1, ) U'VU + O,(VN)
; e ;k; ||U||||U|| T B ’
L 1
= N? Z(ﬂl — Hoz) (WE(UIU?)XIQWXQ&I) -

=1

mE([ﬁU2X12,1)E(U1U2X12,n)) + Ry + O,(V'N)
i

where the residual Ry, is of order O,(N) and is given by:

2N

o T Ew)

E(U$X15,Us)
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1
+ Y XijnVig — Z U X Vi + g B2 X2 U'VU + Oy(VN)
i 175] ki,j 1

_ EZ(JUV,l )E(U 5X 100 Us)
+Z%~j Xijm — 2U U2 k; UpX i + (UQ) s B(UUs X12,)UiU; | + O,(VN)
i
we get:
Var(Ry,| X, U):J‘Q/;(Xim U2 I;Uk ik + (UQ) E(U,Uy X2, UU;
1<J (%

1 1 2
+ Xijn = QUjW Z UpXiky + WE(UIUQXHW)UZUJ)

R 2

1<j 1 k#i,j

1 1 2
+‘7‘2/Z (Xij,n JNE<U2 Z U X ikt (UQ) E(U1U2X12,n)Uin)

i<j ) gt
B2 ) ( o ZNEl(Uf > UiX (52) E(UIUQXH,”)UZ.U].)
i< k#i,j
X <Xz'j,n JNEl(Ulz Z U Xiky + (52) E(U1U2X12’W)Ui[]j)
=0y <Xij,n ZNE1(U2 Z Up X + (52) E(U1U2X12’77)Uin>2
7 D ffwry
+ 207 <Xz'j,n ’NE1(U12 Z UrXjky + (52) E(UIUQXU’W)UZU],)

k#i,j5

1 1
X (Xijm - 2UJW k;” U Xiky + WE(Ul%Xu,n)UiUJ’)

2
=0t Y Xiy + AU s | D UnXika
i#] k#1,j
4
b Y X Uik X + 25
i#£7,k#1,5
1
— 402 —3E(U1U2X127n) Z U7,‘2UjUkak,77
i kA1,

1 2172772
+ pra B U U Xz, UL,

SE(UUsX12,) Z Xi;nUsU;

1
2
E(U ) 7]
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1 1
+ oy (Xizj,n 2Uj~rray NE(U2 > Uk Xk Xy + PIGZIE E(U1U2X12,n)UinXij,n)
i#j k#i,j
+‘7\2/ ( U2 ZUk XZJ77+4UUJN2E U2 Z UrUlX ik,n Jln
1#£j k;éz j k,l#1,5
1 1
_ QUiW k; U X i, GEE E(Ulngw,n)Uin)
+ 0"2/ ( + %E(UlUQme)UinXijm — 2;23E(U1U2X12’,7) Z U'LszUlek,n
1
+ WE(UlUQXm)ZUEUf>
1 1
= N20"2/ (E(X%Zﬁ) + 4ME(U1U3X12’WX23777) + WE<U1U2X12:77)2
4 2
- WE<U1U3X12,17X23,77) + WE(U1U2X12,77>2 - WE(Ulexw,n)z
1 1
+ E(X122777) - 2WE<U1U3X12’77X23’”> -+ WE(U1U2X12777>2
2 4
— E(Uf)E<U1U3X12’nX23’n) + WE(U1U2X127U>2
2
WE((AUQXW)?
1 1
+ WE(UlUQXum)Q — QWE(UlUZXm)2
1
+ WE(U1U2X127H)2 + 0(1)) almost surely.
2 4
= N2 (QE(XIQQ,,]) + WE(UlUQXH,n)Q — TU?)E(UlUSXlQ,nXQ&n) + 0(1)) almost

clearly, the Lyapunov condition is met and by the Lyapunov CLT

1
B = N (0, 07n3n)
for
1 2
Finally:
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-1
E(U1U3X{2X32))

1
E(X[,X
,u ,uo ( 12 12 (U12>
1

S OXLUU + Vi) = Y vy () X (UiUs + Vie)
i1#£] i#£j,k#1,j

1 ) 1 -
- m (E(X12X12) - mE(U1U3X12X32)>

N

X (E(U1U3X12Xé3) — E(UlUQXlg)E(UlUQXb)) N(ﬂ — IU())

EU?)
1
+Ry+0, [ —
o (5)
1
= KN(ji — pio) + Ry + O, | —=
(:u UO) N P(\/N)
with
Kim—t (E(X X1,) — — B(U1Us X12X] )>_1 (E(UUX Xby) = = B(UhUsX10) E(U U X
E(U%) 124319 E(Ulz) 1Y 341293 1Y 341293 E(UIQ) 1Y2A12 1Y2
2 / 1 !/ -
Ry —4 m (E(X12X12) — ME(UlUngX?Q)) E(U13U2X12)
-1
/ E U 2 !/
+ (E(XleQ) - %E(XHXSQ)) N (0,0%%)
O
A.9 Proof of proposition 5
Proof. Write:
K=t (E(X’X ) — ! E(UUs X!, X ))1 (E(UUX Xog) — E(U1X15Us) E(U U, X
E(U2) 12<312 E(UIQ) 1Y 3A 1932 1Y 3412423 E(U12) 1A12V2 1Y 2412
=: F (E(U1), E(X12X1,), E(U1U3 X12X3), E(U1Us X15))

for a function F that is continuously differentiable at x := (E(U,), E(X12X1,), E(U1Us X12X3,), E(U1U>X12).

For any estimator zy of z:

|F(zn) = F(2)| < |lon — =[] ¥

%(f)

oF H
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where ||.|| is the Euclidean norm and where Z is a convex combination of zy and z. So
llzen —z|| = O, (ﬁ) implies |F(zx) — F(z)| = (\ﬁ) Therefore, it is enough to propose
VN consistent estimators for each of the elements E(U,), E(X12X!,), E(U1UsX15X},) and
E(UleXlg). )

Clearly, by the standard CLT: Zi:lf\,](vj/\fji)’jxi’j is v/N- consistent for E(X12X1,).

For the parameter E(U}) , lemma 3 shows that the estimators 2.2 % (Cf. lemma 3 for the
definitions) is enough for our purposes.

For any l,q € 1...L:

v(B) X X0(R) = U' X, XU + O,(N>VN)

= N? (E(UlUgXu,,X?g,q) + 0, (%))
v(i) Xw(i) = U'X, X,U 4+ O,(NVN)

= N? (E(UlUng) + O, (ﬁ))

Plugging the five estimators in the function F' yields the desired estimator:

-1

XiiXi; )X X)),

KN = z# N2 .
) XZXV D], EXw@)]) X))
N N
= | XXy, = [y xixp )], | (@ XX p(@)],, - pEXw@)], v Xom)]))
i#£]

Where [y(ﬂ’Xlu(ﬂ))}; and [v(7) XX, V(N))]lq are the matrices of dimensions L x 1 and
L x L, with entries v(i' X;v(1)) and v(f)' X, X,v (1)) respectively. O

A.10 Proof of lemma 3

Proof. When § = 1, by proposition 9, with probability approaching 1 5=
When ¢ =

A(p)
e and Ay = 1.

5. —AN(=M (@) H{=An(=M () > M (=M(2)))} = M (=M () 1{=An(=M (1)) < M (=M (p))}
max; |A;(f1)]

5



so with probability approaching 1:

_ AN(EM(R) L{ AN (=M ()] > M(=M (@)} + M (=M (@) L{{An (=M ()] < \i(=M (7))}
max; |A;(f1)]

S
|

AN(_M(ﬂ))l{‘AN(_M(ﬂ))|>>\1(—M(ﬁ)))}"‘)’\')E{()TM(ﬁ))ﬂ{lAN(_M(ﬂ))|<)\1(—M(ﬁ)
max; |A; (1

by the same reasonning as for the case 6 = 1,

1 with probability approaching 1. so 6 = —1 with probability approaching 1.

I begin by proving the third approximation. Note that when ¢ = 1:

U = Va(@v(@lle < IU = v(@llz + llv(@) — v (@vi(i)]]2

= [[U = v(@ll2 + [V A (i) = [[o(@)]]2]
N A () = [l(@)]13
=1|U —wv 2
I ()ll2 + )+ @l
_ M) = U5 + U113 — [l(@)]13
=||U —wv 2
I ()]l2 + )+ oDl

By proposition 9, ||U —v(i)|lz = Op(1), M(i) — |U[3 = Op(V'N) and HUH§ —[fo(@)If; =
(U2 = [o(@I2)(1U1]2 + [[o(@)]l2) = Op(V'N), therefore [|[U — /M(@ui)lls = Op(1).

Likewise, when § = —1, the same reasonning applies to the matrix —M (fi ) and we get that

U+ VIAv(@)vi)llz = Op(1)

Combining both cases, we establish that ||U — dy/max; |\;(1)|v(fi)|]2 = Op(1). Hence:

U = D < 10— 8. fmax @I () |2 + (18, famc () (72) — 6, frmacs X ) ()]
= [~ 8. fmax @I ()| + 15— 8] x e[ () (7)1

= Op<1)

Fix n € RF and X;;, = n'X;; € R:

1 Ao 1 . . .
Hm Z UilljXijn — N2 Z UiU;j Xijn HN2 Z<Uz — U)U; Xy + Z Ui(Uj = Uj) Xij H < <3 (
i+, i#j i#j i#j
1
—0. [ —
(%)
The two remaining results are proved similarly. O]
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A.11 Proof of lemma 4:

Proof. First:

= cpnoart + 1A + A

as desired. Second:

1 1
Ehmeam = (zbfnwca,wi - 4b—> N+ B2 IR + B, yennoal A
m,N

= — (bme <4HA||2 + Nz, yoi + 4Cm’NO'AL,A> - N)

A.12 Proof of proposition 6

In line with the proofs leading up to theorems 1 and 2, we beging by studying the behavior
of the M (fi,,)’s largest eigenvalue (fi,,, defined in equation 21). First, decompose:

e1m = V11 (fm) + v12(fim) + 71 (flm)

and likewise
€2.m = V21 (flm) + Vo2 () + T2(flm)
where v11(ft,) and via(fi,) are orthogonal projections of e, on M(fi,)'s eigen-spaces

corresponding to Ay (fi,,) and Ay (fiy,) respectively. vy (fi,,) and veo(fi,,) are defined similarly.
We have:

Lemma 5. L] )\1 (/lm) — )\1,m = _;W Zl Zm,N,le,l,leel,m + Op(l)

H31,m
© AN (itm) = Aen = — 71512 21 Zim V1€ m Xi€2.m + Op(1)

o [[v11(fim) — erml| = Op(1), vi2(fim) = Op(1) and 71 (ftm) = Op(1)

7



o [|va1(fm)ll = Op(1), |[v22(fim) — e2|| = Op(1) and ra(fim) = Op(1)

o )\ (ﬂm)(vll(ﬂm)_el,m) = - Zl Zm,N,levll(ﬂm)"’(/\l,m_)‘l(ﬂm)"i'Op(l))el’m_'—(m Zl Zm,N,l€2m
Vo (f) — UACm,N'Ull(/lm)

* AN (i) (Va2 (fim) —€2,m) = — 32 Zm,N,leU22(ﬂm)+(>\2,m—)\N(ﬂm)+Op(1))62,m+(m 21 Zm,N1€2
Vg (ft) — 0 aCm, Nv22(fom)

Proof. o ||v11(fim) — €1,m|| = Op(1), v1i2(ftm) = Op(1) and r1(ftr,) = Op(1) On

one side:

M(Mm)el,m = E Zm,N,leel,m + Vel,m + )\l,mel,m — OACM,N€1m
l

on another side:

M(/lm)el,m = M(ﬂm)rl(ﬂm) + A (Iam>vll(/lm) + )‘N(/}m)vm(/}m)

SO

M (i )71 (o) A1 (011 (flan ) A AN (Bl Y012 (i) = = Zom 51 X1€1,m+V €14 A1 in€1,m =0 ACm N €1m
l

multiplying by via(fim) on both sides:
(An (fin) = Avam)|[012(f1m) || = Op(N)

similarly
(A(ftm) = Am)l[or1 (i )| = Op(N)

First, by the interlacement theorem (e.g. Bunch et al. (1978)), for all i = 2..N:

i (M(/lm) — 617m6/17m> <X (M (fm)) < N (M(ﬂm) - el,mell,m)

and for all 1 =1..N — 1:

)\i+l (M(ﬂm) - (el,mea’m - 62,m6127m)> S )\i (M<ﬂm) - 6l,mell)m) S )\i (M(/:Lm) - (el,me/l,m - 62,me/2,m)>

therefore, for all : = 2. N — 1

Ait1 (M(ﬂm) — (61,m€/1,m - 62,m€'2,m>) <N (M (o)) < Xia (M(ﬂm) - <€1,m€/1,m - e2,m€/2,m))
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SO

max |\, (M(@n)) | = 0,(VN)

1=2.N—-1

also

AN (M(ﬂm)) < Anv-1 <M(ﬂm) - el,me/l,m>

< An_1 (M (ftm) — (el,me'l,m — e2,me’2,m>)

which implies that
o1z (i) 1* = Op(1)

to see that ||r1(im)||* = O,(1), as for the proof of 8,

M G Go) =2 o) |2 A G 11 G|~ )2 i) | 2 Ot s N (o))

(2

and by the Pythagorean theorem:

1M (o ) (i) =M1 ()| < (1M (o) er—=Armen | = 1= Zin viXier+Ver—0 acm,vea||* = Op(N?)
l

in conclusion:

HM(,&m)el,m - )\l,mel.m‘ ‘2
(At — maxi—g -1 [Xi(M(fi))]))

71 () 17 < 7 = 0p(1)

At(fim) = Arym = — (o 21 ZmNa€)  Xierm + Op(1)
We established:

M (f11)71 (i) M1 () 011 (fn) AN (L) v12 (o) = — Z Zm NiX1€1m+V e1m+ N me1m—0ACm N€1m
I

multiply by v11(fi,,) on both sides:
(>\1 (ﬂm) - )\l,m)Hvll(ﬂm>H2 = - Z Zm,N,lvn(ﬂm)Xlel,m + U11(ﬂm)/V€1,m - O-Acm,NHvll(ﬂm)||2
!
= - Z Zm,N,lvll(ﬂm>Xl€1,m + 6/17mvel,m + Op(N)
1

= - Z Zm,N,lvll(ﬂm)Xlel,m + Op(N)
l

SO /\1 (/:Lm> — )\Lm = —W Zl Zm7N,le’1’leel,m + Op(l)

79



A1 () (V11 (fAm) —e€1,m) = — D) Zm,Na X011 (Bm) +(A1,m—A1(f4m) +O0p (1)) e1,m+
<||e1,m||2i||e2,m||2 21 Zm,Nj€2,mXi€1,m + 0,,(1)) e2,m+V 11 (1) —0 ACm,NV11 (fim)

Write:

At (ﬂm)vll(ﬂm) = M(ﬂm)ull(/:‘m) = - Z Zm,N,leUll(ﬂﬂ@) + VUII(ﬂWL) - UACm,NUll(ﬂTﬂ)
l
+ (o G Pern = (¢ on (iim)ea.m)
SO
A (i) (011 () = €1m) = = D ZenvaXeon1 (i) + V0r1 (fim) = 0 x 011 (fin)
l

+ ([Jorr () |1? = M (i) €1,m — (€511 (flm))€2,m
= — Z Zn N1 X011 (o) + Vi1 (fom) — 0 aCm nV11(fom)
!

t (A = M) + Op(1)) €1 = (€5, 011 (i) Je2,m

Let’s find an asymptotic approximation for e’gﬁmvn(/}). We have shown:
M ()11 (i) = = Zn i Xiv11 (fim) + Vi1 (fim) = 0a¢m,n 011 (fim)
l
+ (o G Pern = (e on (iim)ea.m)
SO
M (i )€ V11 (fim) = =Y Zon v a€2 X011 (fim) + €2V 011 (i) + Az (€)1, 011 (fim))

l

— 0aCm N (€ V11 (i)
implying
(M (i) = A2im)€5 011 (i) = = Y Zon N 1€2m X101 (fim) + €20V 011 (fim) — T aCm N (€011 (i)

l
= - Z Zm,N,leQ,leel,m + Op(N>
l

or

(M = Ao + Op(VN) ) ehon (1) = = D ZunwaeaXier + Op(N)
l
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with

)\1,m = Hel,mH2
2
Ly e 1t N + b2 y||A]? + 2b Ly 1t ‘A
- S9m m,NO m m “Om NCm,NO
9 NCm NO A Qme N N 5 NCm,NO A Qbm,N 2
and
)\Z,m = _H€2,mH2
1 1 ? 1 1
= — | =b. NnCm — N — b? All? = 2b,, —by NCm — A
(2 NCm,NO A Qbm,N) mN|| H N <2 NCm,NO A 2bm,N> 2
therefore:

1

Mlerml P + ezl 2

€ m 11 (flm) =

Z Zm.Nie2mXie1,m + Op(N)
I

® A2(fim) (V22 (fim) —€2,m) = — 32) Zim, N1 X122 (£m) +(Azm —A2(fm) +0p(1) ) €2,m+
Ilel,m||2i||e2,m||2 Zl Zm,N,le2,leel,m + Op(]-)> el,m+vv22(ﬂ')_O'Acm,Nv22(ﬂm)

Write:

A2 (fim ) V22 (fim) = M (fim ) V22 (fim) = — Z Z, Ny X122 (i) + V022 (firn) — 04Cm NV22(flm)
l
+ (€ vmapm)erm = o) [Pesn)

SO

A2 (flm) (Va2 (fim) — €2.m) = — Z Zn N1 X122 (fom) + VUaa(fim) — 0 4Cm nV22(fom)
!

+ (—lvaz(fim) I = A2(fim)) €2.m + (€501 (fin) )€1,
= — Z Zn N1 X122 (o) + V2o (fim) — 0 4Cm nV22(fom)
!

+ (>\2,m - )\Q(ﬂm) + Op<]-)) €am — (6/27m011(ﬂm))61,m

Let’s find an asymptotic approximation for e’LvaQ(ﬁ). We have shown:

A2 (fum )22 () = — Z Z, Ny X122 (fln) + Va2 (firm) — 0.4Cm NV22(flm)
1
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(= ez i) [Peam + (€ vzaiim)erm )

SO

)\Q(ﬂm)e/lmvzz(ﬂm) = - Z Zm.N1€1,m X122 (fim) + €1,mV V22 (fim) + )\1,m<€/2,mvll(,&m>>
l

— 0ACm N (€] V22 (fim))

implying

()\2(/lm) - )\1,m)€/17mv22(,&m) = - Z Zm,N,l€1,leU22(ﬂm) + 61,mV022(ﬂm) - UACm,N(G/LmUm(ﬂm))
l

= - Z Zm,N,lel,le€2,m + Op(N)
l
or
/ ~
) - ;1M p = - M, IV, ,m ,m
()\2 m )\1 +0 (\/N)) elvgg(u) Z Z. N.IE1 Xl€2 + Op(N>
l

therefore:

€5 mU11(fim) = ! ZZleez mXie1,m + Op(N)

’ levm|[* + [lezml[* =77 ’
O
Note that:

1
fimsr = | D XX — Y i) Vi (fm) X Xan DXy = Y vilin) (i) XY
i ey i#] i)

where v(fi,,) is the normalized eigenvector corresponding to the largest eigenvalue of M (i, )?.

So

—1
P41 — po = (Z Xz(inj - Z Vl(ﬂm)l/](/lm)X],lek)

i#] i#g,kF,j

x (Z XA+ Aj+ Vi) = > vilfin)vi (fim) X (As + Ag + Vék))
i ikt
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First, note:

. V11,3 (fim) v [in
ZXz{inj - Z Vi(fm )V (firn) X 3 Xite = T( A1 (fim) + AN (fim) > 0) ZX - Z 11.i{flm) 011, {fbn) X0 X
< N Z o2 Tora G o G
v22,i(flm) v (bm,
(0 )+ (i) <0) [ XX = 30 2 (W >)|| = J((” )Txgkxi,
Py it ki V22 m 22 Um

We treat each of the two terms separately:

V11i(fim) V11,5 (fim) 2 Elerm)”
XZ,XZ— ) X/ sz =N E(Xng/ ) — —7E(X12X23) + o (1)
; Y #Jzk;é” o1 (o) ] Torn ) || 2 lewml /N !

2
1 1
(-bvaCm,NUA + —)

E(X12X23) + Op(1>

1 1 2
<§bm,NCm,NUA + 2bm7N> +0b NUA

likewise
DI DI e 8 o
i3 igtig |22 Hm) 11022

2
1 1
<§bm,Ncm,NUA Qbm N)

- N2 E(XngiQ) -

E<X12X23> + Op<1)

For the term (32,4, X0 (A + Aj + Vig) = s % liim)V5 (o) Xy (Ai + A+ Vi) ) s
for the proof of proposition 1, let n be some vector n € R”, and define the matrix X, with
entries Xij,n = T],XU

SOXLA A Vi) =S i)y (i) X (A + Ay + Vig)
17#] i#5,k#1,5

N N V11 z(/lm) V11,5 (/lm)
S = (ZX”’" (At V) = 2 sG] TG 24 (4 A V)
i#j i ki, m m

v22,i(flm) V22, ﬂm
Py Iy 22 (fim 22(flm

We have

S X (At 45+ V) = Y i) 2114 (fm) Xjkn (Ai + Ar + Vir)
= s ort(Am) | o1 (i)
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V11,3 (flm) v [im, . .
=3 i (it Ay 4 Vi) = Y P O | A 3 s — ) K
Py s ort(Am) | o1 (i) ,

1 y ~ ~
- ZXU’" (Ai + Aj + Vij) = oz 011 (fimn) M (fim) X011 (fim)
oy o1 (fim )|
! 7 =y - v%l,i(/lm)
o (i) [ 20 = oo () X Xora o) 3 Tons ([P~ Skn (A & Ak + Vie) + Op(N)
m ] "
Note that:

Z V31 i Xk (Ai + A + Vi) — Z eiiXik:,n (A; + Ag + Vig)

ik ik

< m]?XZ | Xiky (Ai + Ap + Vig) | x Z vi — et

i

< Z |Uf1,¢ - eiz‘HXik:,n (Ai + Ag + Vig) |

ik

< mkaxz (lX'ik,n (Ai + Ak + Vi) | — E(| Xk (A + A + Vig) |)) X |Jvir — ez x |Jvin + eil]2
+ NE(|Xik:,n (Ai + A+ Vig) |) X ||U11 - €1||2 X ||U11 + €1||2
Let’s show that

Fix some z > 0 and by a union bound:

P N\/_maxz <‘XZ;”7 (A + Ap + Vi) |—E‘Xik,n(Ai+Ak+V;k)|> >
1
< gp N—\/N ; (|sz,n(Az + Ay + ‘/zk>‘ - E|Xikﬂi(Ai + Ay + Wk)‘) >

1
=NxP m; <|X¢1,n(Ai + A+ Vz‘1)| — E‘Xilﬂ]<Ai + A+ V;l)|) >

| Var (zi (X (As + Ay + V)| = B[ Xigg(A; + A1 + w1)|))

—_— N2 ,TQ
1
b (Var (}Xm7 (A2 + Ay + vu)\) + Cov (|X12,W(A2 + A1+ Vo),

| /\

a(As+ A +V13)}))
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where the second inequality is Markov’s. This implies:
max Y <|Xik,,7(Ai + A+ Vi) = B[ Xy (A + A+ vik)\) — 0,(NVN)

we can infer

Vi1 (fim)
ZH - ity (Ai + A + Vi) = Op(N)

V11 ,Um ||2

hence

v 2 Am v Am
ZXij,n (Ai + A5 + V) - Z 1ilfm) v15(A )Xjk,n(Ai+Ak+‘/ik)

i% it o () [ o1 ()
= —an(ﬂm)/M(ﬂm)Xnvn(ﬂm) + m zl:(,uo,l — fim 1) V11 (fom) X1 X011 (fum) + Op(N\/N)
= _mvu(ﬂm)/Xnvn(ﬂm) + W ;(,U«O,l — fim )11 (i) Xy Xv11 (fim) + Op(N\/N)

) ||:ﬂ|26/1’mX”€1*’" oo oav i) 1 X (im) + Op(NVN)

Cm,N

= —CLmXnerm + 1o
m

=0 4€) it Xperm + Oy (NVN)

Note that

1 1
ell,mL = <§bm,Ncm,NUA + Qbm’]\[> N + bm,NA/L;

2
1 1 1
6,1,771‘)(7761,771 = <§bm,NCm,NUA + 2 N) ZXij,n + 2bm,N <§bm,NCm,NUA + 2% N) Z zgn

]

> AAX,
2
, (1 1
= N7\ ghmnemnoa+ o - E(Xijy) + Op(NVN);

1
L/Xfiel,m = <§bm,NCm,NUA + 2me> ZXZJU + me Z 1377

1 1
= N2 <§bm,NCm,NUA —|— 2b N) E(Xij,n) —|— Op(N\/N)

SO

v N Am v Am
2 Xun(Ar b+ V)= D <(,7 >)|| o J<(: >)| sl (s A Vo)
i i | IO
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9 2
1 1 Ne,, NO 1 1
—N?2| = (bm7NCm,NO'A + ) + NTA (bm NCm,NOA + > E(Xijvn)
1
( b

2 2b,, 2 ’ 2by,
N 3bm NCn NOA + g ) N +07, NlIA]? N
O,(NVN)
1 1 ?
=N?| -1+ Cm.NTA_ <2bm7Ncm,NUA+ 5 ) E(Xijn) + Op(NVN)
(%bm,NCm,NUA + Qbi‘N) +07, NI[AlIP/N N
2
1 1 2 2 2
(3bmnemnoa = 55 )+ 82 wllAIR/N i
— _N2\2 2om. : §bm,NCm,NUA + % E(Xij) + Op(NVN)
(%bm,NCnL,NUA + 2b,,,1L,N) rrL N |A||2/N N

2
2
2 2 2 (1 1
( b NCrn N4 — 4b?nw) + 0, N0 (§bm,NCm,NUA+ 2bm,N)

=—-N? E(Xijm) "’Op(N\/N)

2
1 1 2 2
(ébm,NCm,NUA + m) + b, N0

2
2b4 NUA—I—banJA( meCmNUA+2b N) B(

Xijm) + Op(NVN)

1 2
(ﬁbm,NCm,NUA‘Fm)mYN) + b2, N0G

Similarly

v22,i(ftm) V22,5 (fim)
Xijn (Ai + Aj +Vij) — — : Xk (Ai + Ax +V;
2 X (it A+ Vi) = 3 e e (A + Ak + Vi)

7 oy
1 R A ) A . |
— —7A'022(:U’ ) M(:u )X 022(/1‘ )+ T~ N9 (NO,I — WY ,l)UQZ(M ) XZX UQQ(/L )+ 19 (N\/N)
[[vaz (fim)| |50 7 g () |2 z,: mot)V22(tim) A1 Xqva2{fim) + Op
)‘2(:& ) N ~ 1
= _mvﬂ(ﬂm)/anz(Mm) |[v22 (fim )| |2 Z Mo, — Mml)wz(um) X1 X v (fim) + O (N\ﬁ)
)\Qm / CmN . . )
= ——"—=ey , Xpeam + 504V Xow COANVE
Tea 2 Xncam + [t S oavaz(fim) i Xyvz2(fim) + Op(NVN)
Cm,N
- eIQ,anelm + WUA@ mtl' Xpea m + O (N\F)
2,m
1 1 2 , 1 ,
Cm,NO A
= <2bm NCm NOA — 2b) + m, 2 <2bm,Ncm’N0'A — % > E(Xl],n) +
m,N <%bm7NCm,NUA ~ 2% > + b$n7N0-124 m,N
2
C o 1 1
=11+ m,NO A —bm . NCm.NO A E(XZJU)JFOP(N\/N)
) 1 B2 PR T :
(5 m,NCm,NOA — Qme) + NUA
2
1 1 ) ) ;
(’b NCm,NOA + ) + b2 NO
2 % NOA (1 1
- N §bm,NCm,N A~ 5 E(X”m)JrOp(N\/N)
@bmvNcm»N"A - Zb;,N> + b5, NTA m,N

86



2
b4 NO'A+b2 NO'A( meCmNO'A wallN) E(

Xijn) + Op(NVN)

1 1 2
<2bm7Ncm,NUA 2bm,N> +b;, NUA

Therefore

2

. R . 1 1

Hm+1 — Ho = [— ﬂ()w(um) + >\N(,um) > 0) 52 NUA + <§bm,NCm,NUA + 2 )
m,N

2
1 1 1
+ ]l(/\l(ﬂm) + AN(ﬂM) < 0) bfn,NUi + <§bm,Ncm,NUA - 2% ) :| (17 0,0,..., 0)/ + OP <_
m,N

2
. . 1
m,N

\

2
1 1
+ L (i) + An(fim) < 0) | b7, n05 + Zbﬁq,N (Cm,NUA - 62_) ](1 0,0,..,0)" +
m, N

= | = 10u) + At

1
\/_
(cmNJA—i-JA,/Zl—I—CmN
,/4—|—cmN 4JA,/4+cmN
+ 1A (fom) + An(ftm) < 0) (CmNUA UA\/4+CmN) (1,0
1/4—1—(:mN 4‘7A1/4+CmN

o)
- \/ﬁ { — LM (fm) + An (fim) = 0) <1 + i <cm,N + m>2>
HO )+ Anlin) < 0) (1 " }1 (%N - M) 2) ] (1,0,0,...,0) + O, (\/%)

Note that for any m, by lemma 5:

M) + AN (L Mom + Aom
1(,“) N(N)_ 1, 2, +Op(

e o ()
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Given that:

9
1 1 1 1
Mm = | =bmNCm N+ VAP + 26w | =bimnCm A
1, (2 NCm.NOA + Qbm,N) + b JA[] + N (2 NCm.NOA + 2bm,1\/> L

and

2
1 1 1 1
)\2m:_ _mecmNUA_— N_b12nN||A||2_2me _meCmNUA_ L/A
5 2 ) 5 2bm’N 5 ’ 2 ’ ’

then, whenever m > 1:

/\Lm + )\Q,m . Cm7NO'AN + 20 A
N N + 0,

1
= Cm,NOA + Op (ﬁ)

so, for all m > 1:
~ A 1 5 2
funer = o = ——=—==| = Lemn 2 0) | 1+ 7 | oy + /4 +cp y
,/4—}—0727%]\,
1 )’ , 1
+ 1(cmy < 0) 1+Z Cm,N — /4 + ¢ N (1,0,0,...,0) + O, Wi

1

N . 1 2
Cint1,N = TCQN |:1<)‘1(,um> + An (fim) = 0) <1 +3 (cm,N +4/4+ c;7N>
N . 1 2
= T(A1(ftm) + AN (i) < 0) (1 +3 <cm7N — 4+ 0517N) ) }

Proposition 10. For all mg € N:

N——

1 1 2
ImP | Vm <mg: vy = —F———= (1—1—1 <cm,N+ \/4—1-072,17]\,) ) ‘CLN =11 =1
N VAN
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and

1 1 2
HmP | Vm < mg: cppiny = ————x= (1 + 1 (cm’N —\/4+ an,N) > |017N = -1
N ,/4+c§mN

Proof. Immediately follows from the computations above.

Corollary 6. Define the deterministic sequence c,, by:

I
—_

C1

1

2
1
Cmtl = e (1 T (Cm + 4+C?2"> )

Then for all mg € N:
li]{rnIP’ (‘v’m <mpy:cmN = cm}clyN = 1) =1

and

li]{[nIP (Vm <my:cmN = —cm}cLN = —1) =1
Proof. Direct consequence of proposition 10.

Let’s compute the second order (order O, (ﬁ)) term:

ZXUW (Ai + Aj + sz) — Z |r1}117i((A m))H |1|);17j((flns)|xjkm (A; + Ak + Vzk)

oy it bty | O )11V (B
1 o ~ R 1

= ——————= V11 (i) M (fon) X011 (Am) + 7—5—5

Tors G2 12 (o) M Gt Koo (i) - (S

Z(MO,I — fim,1)v11 () X1 X 11 (fim)
!

+ ) Xij (Ai + Aj + Vi) + Op(N)
i#]

= %’Ull(ﬂm),X”vll(ﬂm) - W

“Tona I Z(Mo,z — fim,1) V11 (o) X0 X011 (fim,)
m m l
+ D Xijin (Ai + Aj + Vig) + Op(N)
i#j
)\1,m

’
= — X
||€1,m||2€1’m netm ¥

C N ~
Tors (A (o) 10/ X i)
m

) 1
) Xij (Ai + Ay + Vi) + 2(erm — v11(fim)) Xp€1.m — ———15
poy [[o11 (fim) ||

AL = A1(fim)

[lex,ml[?

/
E Zm,N,leLleXnel,m
l

+ e/l,mXﬁel,m + Op(N)

Cm,N

e T LR
,

/ li
TAEY Ll X,e1,m
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1

+ QZXij»nAi + 2(617m - ,Ull(:[lm))/Xnelwm - H e, |

i#]
)\1 m )\1 (ﬂm) /
— e, X,e —
lermle et

E Z Zm N 1€y X1 Xne1m

+ N0 (€1 = 011 (m) 0 Xern €5 it/ Xoerm = 011(im))) + Op(N)

[lexm|

Ne N 1 1
= 76/17an61,7,1 + 7m2 A *bm,NCm,NUA + L/Xnelym
llex,mll 2 2bm N

+22X2377A +2(€e1,m — v11(fim)) Xpe1,m — 2ZZleelleX e1.m + b NA'W X pe1 1,
i#j H 1m||
)‘me)‘l(:“m)
llermll?

Cm,N
et mlP”

Nc N 1 1
= —€| p Xperm + 504 (bm NCm,NOA + ) V' Xne1m

o Xerm - o ((erm = 011 (o)) 1t/ X1 + €4 it/ X(€1,m = v11(iim)) ) + Op(N)

llewml> =\ 27 2bm, N

1 1

+2) XijgAi +

er H4ZZleelle€1melmX e1,m —
i#] "

|QZZle€1leX elermeALLX €1.m

llexml

1

llex,ml1? + [lez,m|

1 1
— W ( - Z Zm,N,leel,m + W Z Zm,N,lell,leel,mel,m + |2 Z Zm,N,le2,le€1,m €2,m
1,m 1 Lm . -

Cm
X <2Xn€1,m - ﬁ (“,Xnelﬂn + XnLLlelml)> + Op(NV)

2
1 1 1 1
=_ <2bm,NCm,NO'A + Qbm,N> ZZ]»XUW = 20, N <2bm,N0m,NUA + Qbm,N> %:Xij,nAj

NCmN 1 Ncm meN 1 1
Ter 12 50m,NCm E Xij —byn NCrm E X;inA;
+ et 0A <2 NCm,NOA + 2me> . im T e [ o4 | 5bm.NCm NOA + S ) 2 Kisn s

+ 2 Z Xij,nAi + — |4 Z Zm N l€1 leel mel mX'r]el m |2 Z Z’m N lel leX €1,m + bm NA 22 X 61 ,m

||€1 || lml

i#]

1 ( Zz X + L Z X + L A X
— T | — JN LA €1, 72 N, 1€ €1,me€1, Z ,N,1€2, €1, €2,
lle1,m|[? —~ " T lenml AT Lt mehm llex,ml? + lle2,ml® <=~ " " !

lTerml?”
2
NCm’N 1 1
il ( TewmlP*4 ™ 1) (z*’m’N%N"A ", N) 2 Ko
Nc'rnN 1 1
_— 2] by, by, NCm, 2 i
<|| 1mH2 oA — ) N (2 NCm,NOA + 2me> + Z 3

ij

X <2X,,61,m _ _GmN A (W Xperm + Xnu,'el,m)> + Op(N)

1

[lex,ml[*

1
Z Zm,N,lell.mxlelvmell’aneLm B W
l 1,m

E Zm,N,leleXanel,m + an,NA,U/,Xnel,m
l

1

llex,ml1 + llez,m|

1 1
_ <ZZm,N,lee1,m+ I E ZZleel mXne1,mei,m +
1

Z X
llermll? - |2; A L | €2

llerml2”

X <2Xn€1,m S (“/Xnel,m + Xn“/el,M)> + Op(IN)
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2
Nc 1 1
= N? <||e mﬂ; A — 1) <2bm,NCm7NO'A—|— % N) U’E(X12)+77’T1,m7N
1,m m,

1
7 Y Zon N 1€ X1€1m €] Xn€1,m —
Terml 2 ’

1

[lexml[?

E Z Zom N1€) i X1 Xp€1m

1

llex.mll* + [le2,m

1 1
" lewml? ( B Z Zm,NiXie1,m + Tlevml2 Z Zm N1€1 X n€1merm + B Z Zm.ni€2mXie1m | €2n
1,m 1 Lm . l

« <2Xn€1,m _ HclniNHQ (LL/XneLm + XnLLleLm)) + Op(N)

Cm

Tl ,m, N -
mchA +

1 1\ ([ 1
O'A—l ( b CmUA‘Fﬁ) mZXU—E(Xu)
) + b2,0% ij

m 1 1
C. O'A—2 bm <2memO'A+W> +2 ZXUAJ
mcmaA + 5 ) +b2,0% i

2
Ncy, 1 1 1
< Cm,N 1 _meCmNUA+ WZX’U —E(Xlz)

A b b
|e1,ml[? 2 2b,, N
NCmN 1
216, —by NCm 2
+ <H€1m|’2 oA — N5 NC ,NUA+2me + Z

SO:

2- et Toas o) T G

1 V11,i(fbm) V11,5 (fm
el (ZXW? (Ai+ A+ V)= > ). 11 )Xjk,n (Az‘JrAkﬂLVik))

m K m 2
E(el,m) E( ,m) E(el,m) E(el,m) E(el,m) + E(GQ,m)
- 20Acm,NE(el,m)4 2UACm NE(el m)2E<€2 m.)2

B2 BB+ E(e%,m»>)"/E(X”>E(X12)Zm”

E(e1m)? 1 5 cmNOaE(e1m)? , , 1
*( B(&,) Bl \ el T gy ) | et It O Ty

2
Cm,N 1 1 / 1 ’
=| 5 —0a—1| | zbmnCm E(X —'Tim
<E<eim>‘”‘ )(2 e vN“ﬁzbm,N) TEX2) g T
1
&

+ (E(€17m)4 E(el,m)4 E(el,m)2E(62,m)2
2
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2
1 / 1 !
= (E( ) ( m,NCm,NOA + 2bm,N> 7' E(X12) + w2l Tim,N
1

T E(e1m)” oacm,NE(e1,m)? n 2E(€17m)4 Lo E(e1.m)2E(e2.m)?
E(e3,)?  E(2,) E(e?,,) E(3,,) B3, + B,
_ 20 acm, NE(e1,m)* _ 20 acm NnE(e1.m)?E(eqm)? / /
E(e%,m)2 E(C%m)(E(eim) -+ E(e%,m)) n E(X12)E(X12)Z7n,N
E(el,m>2 Cm,NO A , , L
TE@,) LT B, | XX e 0 | T
Note that
1 1 2
( 1, ) <2 NCm,N A+2bm,N>
1 2
E(el,,) = | 50mNCmNTA + + b2, NOA
’ 2 ’ 20, N ;
Hence:

V11, (fm) V11,5 (fim)
Xijm (Ai + A5+ Vij) — - : ik (Ai + A +Vi
2 X (A At Vo) = 2 T G T G 240 (5 454 Vi)

i#] i#7,k#,J
Cm.N 1 1 /
- ; 1) [ 2ty nem B(X T
(E(e%m)aA ) (2 ,NCm,NOA + Qme> 12) N277 1,m,N
E(el m)4 1 OACm NE(el m 61 m E(el,m)2E(62,m)2
e,  Ba )\ B@,. TTEEL) = “E(3,,) + B,
1,m 1,m 1,m 1,m 1,m 2,m
20 ¢ NE(e1m) 20 aCm NE(e1,m)?E(e2.m)? >> , ,
_ ) s _ s s s nE X12 E(X Zm,N
B, 7 BB, +E@,)) )" )
2
1 1 2 2
E(el m)2 <§bm,NCm,N0'A - 72me) + bz, NOA , , 1
i ‘ N E(X12X53)Zm —_—
+ E(e%,m ( 12 23) N+ OP \/N

) (1 1 2
(ibm,NCm,NUA-i-zme) + bz, NO'A

Define

XX Y V11,i(Am) V11, (B )X/sz‘k

o o Tora o) T G |

2
1 1
(ibmvNCmvNa-A + 2b,, N>

1
= N? | B(X12X],) — E(X12X23) + Rimn + O, (N)

1 1 2
(§bm,N0m,NUA + 2bm’N> +0b NUA
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likewise

ZXZ{inj_ Z V22,i(fim) V22,5 (fim )X],szk

- 2 TonCn) Tz (o)

2
1 1
(_bm,Ncm,NUA - _)

1
E(X12X53) + Romn + O, (N)

1 1 2
<§bm,Ncm,NUA ~ %, N) + b NJA
Therefore:

L(A1(f1) + An(ft) > O)\/_dzag( 0,1,...; 1) (funt1 — o)

elm

(s
I

2
1 2 2
m,NCm, NOA — 2b,, ) + bm,NUA 1
*N My NE(X19 X5V N Zy v + —\/_M;,;,NTI,WN
2 N

1 2
m,NCm,NOA + 2bm,N> + 002

2
Cm.N 1 1 -1 1 1
_ : 1) [ 26, v VNME Rim vML CE(X19) + 0, [ ——
<E<€%,m)UA > (2 NCm,NOA + 2bm,N) 1,m,Nt1m, NV m N ( 12) +0Up \/N

with

2
1 1
<§bm,NCm,NUA + 2bm N>

MmN = E(X12X{2> - E(X12X3)

1 1 2
(ibm,Ncm,NUA"‘zbm, ) + by, NUA

SO
L(A(R) + An (i) > 0)V Ndiag(0,1, ..., 1) (ftm+1 — o)
1 2 2
m ( mchA - m) + meA 1
elm < mcmO-A"f’ﬁ) ‘f‘b?ng% N
1 1 ’ 1
C
=1 ) [ Zbe, VNM 'Ry v M E(X Op | —=
(E(eim)g"‘ ) (2 emoA T 2bm,N> m Fam Mo 5 %00) + Oy (m)
with

2
(lb Cm0OA + —)

2YmCm 2bm
5 E(X12X23)

Mm = E(X12X12) —
(%bmcmaA + ﬁ) + b2,0%
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so that

L(A1(f2) + An(ft )>O)\/_dzag( 0,1, ..., D) (ftm+1 — o)

2 2
(%bmcmaA + L) <%bmcma,4 — L) + b2 o2

2bm

1
. M E(X12 X5V N Zyy v + \/—_Mnngl,m,N
(%bmcmaA + 2b1 > + 2,02 ( bmCmoa + 3 ) + 2,02 N

Cm

P
(%memUA + ﬁ) + 02,04

bm,N

2
1
VNM Ry nM 1E(X15) 4+ O (—
) m A,m, NV, ( 12) D m

Generally, including the intercept:

LA (72) + Ax(72) > OV (i1 — o)

E(elm OACm, NE 61 m) E<€1 m)4 E(el m)zE(eQ m)2
= —0aCm+1n(1,0,...,0) + ( ( +2 : +2 : :
! E(€% m 61 m e1 m E(e%,m) E(e%,m> + E(eg,m)
20acmNE(e1m)*  20acm NE(e1m)?E(e2m)? )
— ; : S 0) E(X ) Zm,
B2 BB 1 BE,))) ) eV EX)
2 2
(lbmcmaA + L) (1bmcm0,4 — L) + 02,04 1
b\ ? 2/ M E(X 12XV N Zn + ——= M T
(%bmcmaA + 5= ) + b2,0% < binCm0 A + 1m) +b2,0% VN

Cm

2
(%memUA + ﬁ) —+ b%LO'i

2
1 1 1
oa—1 <§bmcmaA + 2bm,N) VNM, 'Ry nM, E(X12) + O, (ﬁ

We treat the term Z#] ijm (A + A+ Vw) Zi¢j7k¢i7j ‘rjjz}(;:l))H ‘Tijj(g;frs)“)(jkm (A; + Ak + Vig)
in the same way:

ZXij,n (Ai + A + Vi) — Z v22,i(flm) 0225 (m)

- - ke (Ai + Ap + Vig)
= i o2 (A [[v22(fim )
1 R ~ . 1
—mvzz(ﬂm)'M(um)Xnvm(um) +
m

o ~ / ~
s (0 — fim ) V22 (i) X0 X 22 (fim)
[[v22(fim)|1* 4
+ 3 Xijn (Ai + 45+ Vig) + Op(N)
i#j
AN (fin) -y ) 1 ) o )

= ———————v99(fbyn ) Xpv22(flyn) + ———————= 10,1 — Hm 1) V22 (fim X1 X022 (fim

ToaaCm I 22 ) Kooz + T 5 2 Jeza(fin ) Xi2Xy 22 o)

+ ) Xijm (Ai + Aj + Vi) + Op(N)
iZ)
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A Cm,N
= —7277” el 7mX77627m +

s 0 4V22 (fim) 10 X020 (fim)
lleml[? w22 (fim) || 1 .
| i)’ - Zm,N1€5 m X1 Xne2,m
+ D Xy (Ai+ A5+ Vig) = 2(e2,m — va2(fin)) Xy2,m NS Z m
i#£]
Ao ANgMM) eé,anEQ,m + Op(N)
[le2ml]
N
= eé’aneZm + HmTHzaAeQ mbl 'X. n€2,m
1 /
i)’ — 5 Znnieh o XiXyeom
+ 2 Z Xij,nAi — 2(627m — V22 (,um)) Xne2,m H€2,m||2 ; m m
. b mtt — 02a(jim))) + Op(N)
A2.m — AN (fim) e X, eqn — CmiN2 oA <<62’m — w99 (i)' 10! X ye2m + €9 mll Xy (e2,m — va2(fim)
leamll> 2775 Jlegml|

1
Nc N 1 bV Y ixe,
62mX 62m+ i ( me mNUA ) n s

[Jezml 274\ 2 2bm
1 b NA L X n€2,m
i)’ - Zm,N1€9 m X1 Xne2.m + bm N
—i-QZ ijinA 62,m — v22(fim)) Xpe2m e 2m|’2 Z
i#] / / ) A ) o (N)
Ao = Anlfm) = N (e = v22(in) V1 Xy + € it Xy (2, — v22(i))) + Oy
: €9 mXn€2 m 50 ,
+ 2 2,m<Int2, || 2m||
[le2,ml]
1
Nem.n L — VX pes,
= €y mXnea,m + e mH2 (25m,Ncm,NUA 2bm,N> n€2,m
’ m
1 Xpeam +0b NA WX nez,
1 / L X,e — ZZlee2le 2,m m,
i+ — €9 mX1€2,m€2 mXn2m T
22 KAt (1o 2 Zmthm Xicam o Tezuml
| _ rX €2.m + ! 5 ZZleel,le€2
e b b
1 _ < _ ZZm,N,le-eQ,m + leaml2 ZZm,N,zez,m n€2,m€2,m llez.ml 2 + [|e1m]] l
H€2,mH 1 ’ !
_GmN_ ! Xu'e + O,(N)
) <_2X"62’m ool (s + o 2”">> ’
1 AN b S )ZXMAJ-
= (2bm7NCm,NO-A - 2me ZX'L]J] + 2 m,N 2 m,NCm, 2bm,N =
: 7
1
NCmmeN 1b _ )ZX’ Aj
———0 50m,NCm NO A Jsn
+m <;b NCmNO'A—%JV> ZXUn ||2 A<2 m m Qbm,N ~
€2.m m T
_ ! X + b NA' W X eo
1 ! L X,e — ZZm,N,leQ,le n€2,m m, )
T 7 e Xl(ig, €, n€2,m 3
+22Xij,77141+ HeQ,mHZL El: m,N,1€2m mt2m HeQ,mH l
i#]
- ! X
1 : Zm,N,j€1,mX1e2
e (2 ZmaXiesn + s 3 ik Xaeamerm + earlP+ TerlP 2
TezmlP\ T2 leamlP 4

N (! X,ul'e + 0,(N)
X (—2X77€27m - He;anQ A (e Xpeam + Xpu gm)> "
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2
NCmJV 1 1
) (|e2m||2”+ 1) <2bm’NCm’NUA ) 2me> 2

Nen N 1 1
(HezmaA—i_Q)bm’N(Qb NCmNUA_Qme>+2 ZXUﬁA

ij

1 1
T Z Zm,N,l€é7lee2,mel27ane2,m R TETTY Z ZmyNJe'Q,leXneg,m + bm,NA/LL/XneZm
Teamllt 2 ezl 2
1 1 1
T3 —ZZ NiXies, +7ZZ N1€% 1 Xn€2.me2.m + ZZ Ni€1,mXi€
”‘me( R leg [P £ TR TS T Jlex I[P+ [leaml 2 S T
N
X (—QXnGQ,m - e ;n HQ (LL/XnGQ»m+XﬂLL,627m)> +OP(N)
m
2
Nep. N 1 1
=N — 504 +1 by NCm,NOA — ' E(X12) + 0'Tom N
||e2,m]| 2 20, N
1 1
t > ZiNaeh  Xi€2meh  Xn€zm — > T N1€s m XiXn€2m
Tezmll® 2 Tezmll? 2
1 1 1
— —ZZ NuXies +7ZZ N,1€ X y€2.me2m + ZZ N,1€1,mX1€2
et P lealp 2 TR R A Tlewml P Tlezml [P 4T

N
X <_2Xn€2,m - He;an2 a (W' Xneam + Xn“/@,m)) +Op(N)

where

2
mcmaA—i-Qb ) + b2 0%

o4 —2 bm( b cm0A+—)+2 Z

mcmaA + 5= + b2,0%

Cm 1 1\ 1
Tom,N - ( oa+1 <2bmchA+W> mZXij_E(Xu)
ij

2
CmN 1 1 1
1) | Sbpncmyoa — — > Xy — B(X

1 1
+ <||62m||2 OA +2> b <§bm,NCm,N0-A — 2me> +2 ZXZ]AJ +OP(N)

ij
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SO:

S X (At Ay 4 vy) - 3 allm) malle) )y
2 2 e i) oz )]

2
Cm,N 1 1 ) 1,
(E(e% ) oA+ ) (2 ZNCm,NOA 2bm,N> n' E(Xi12) + 2!l T2m N
E(ea,m) + 1 oaCm NnE(€e2,m)? B 2E(€27m)4 Ly E(e2,m)?E(e1,m)?
E(eg m)2 E(6%7m) E(e%7m> E(eg)m) E(e%’m) +E(eim)
204Cm NE(62 m)4 20 4Cm NE(@Q m)QE(el m)2 >> ’ ’
- ’ — - : : : E(X12)E(X1y) Zum
E(eg,m)Q E(eg,m)(E(eim) 4 E(eg,m)) n E(X12) E(X13) Zm,n
E(egm)® 1 »  emnOaE(eam)? / / )
- 2E(e2,m : ’ E(X10X5) Zmn + O, [ ——=
B, T EE PP T T G, B2 Xos)Znw + 05 | 75

2
Cm, 1 , 1,
(E(% oAt )( N EmNTA Qbm,N> WEX2) + 150 Ty
(e2 1

+ < + <JAcm,NE(e2,m)2 2E(62,m)4 2 E(62,m)2E(61,m)2
E(e3, m)2 E(e3 ) E(e3 ) E(e3,,)  E(e3,,) + E(ef )
20 4ACm NE(eQ m)4 204Cm NE(eQ m)2E(61 m)2 >> / /
- ’ — - ’ : : 1 E(X12)E(X19)Zm N
E(e3,,)? E(e3 ) (E(ef,,) + E(e3 ) " .

E(ea,m)? <1+ Cm,NOA

1
T 'E(X 1o Xa) Z w4 O ()
E(e2,,) E(eg’m)>77 (X12X53) Zm.n + Op VN

Note that
1 1 ?
E m = _bm m -
(62,) 5 NCm NO A Qbm,N
2
Bl )= lb Cm.NOA — ! + b2, v
2,m 2 m,Ntm,N 2bm7N m,NY A
Hence:

1 V22, (fim) v [lm
2<2Xij,n(Ai+Aj+‘/ij) Z 22 (m) V22 (m) jk,n(Ai+Ak+Vik))

2 o Tl Tezz(in)|

2
Cm N 1 1 ) 1,
= 1) | =bm.NCm - E(X 57 12,m
(E(e% y7a Tt ><2 AN Em,NOA 2bm,N> M B(X12) + 50 Tom,n
(e2 1

4 E 2 E 4 E 2E 2
m) n oacmNE(eam)” Blezm)” , Eleam) Elerm)

_|_
(E(ez,m)2 E(e3 ) ( E(e3 ) E(e3,,) E(e3,,) + Eef )
B 2O—ACTrL,NE1(62,777,)4 2O—AC1n NE(eQ m)QE(el m)2

E(e3,,)? ; E(e§7m5(E(e§,,;l) + E(e%m)) > > 1 E(X12) E(X13) Zm,n
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2
1 1 2 2
E(eam)? (2bm7NCm,N‘7A + 2bm,N> + b, N0 A

E(e2,)
2, 1 __1 2
m <2bm,NCm7NO'A Qbm,N) +b NGA

1
E(X12Xé3)Zm,N + Op (\/N)

Define

V22,0 (flm) V22,5 (fim)

i#j i ki Va2 (fm)|| [|v22(fim

2
1 1
(§bm,NCm,NUA - Qbm’N)

= N? [ B(X15X],) — X
(%bm,Ncm,NUA - walz,N> + b%’L,NO—i

E(X12X23) + Rom.n

where:

1 v22,i(flm) 22,5 (fim) E(eam)?
RopN = XijXi; — E(XyXi) | — | = J XXk — 55 E(X12X
e (Z ! ”) (N? 7&% ool o)l ™ B, 1252
Therefore:
]1<)\1( )+)\N( )<0)\/_dzag( 7 7)1)(ﬂm+l_,u0)

= 1(Mi (1) + An () < 0)diag(0,1, ..., 1)<

2
E(eam)? (%bm,Ncm,N‘jA + Qbiw> + bfn,Nai
E 62m 1
CRym

1
My )k vE(X12X) )WZmNJerMQmNTZmN

1 2 2
m,NCm,NO-A - 26, N> + bm,NO-A

2
Cm,N 1 1 » B |
B 1 50m,NCm - vV N M. Ry N M. E(X O, | —
(E(e )UA+ ) (2 NCm,NO A 2bm,N) omnFemNMy, vE(X12) + O, i

2m

with
2
(%mecmNo'A - 2b1 >
/ ’ ’ m,N
My n = E(X12X7,) — 5 E(X12X53)
<%bm,Ncm,N0'A - Qbi,N) + b7271,N01241

then

L () + An () < 0)VNdiag(0,1, ..., 1) (fimi1 — o)
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2 2
1 1 1 1 2 2
(“Stmenoa—5)" (“dbmenoa+ i) + 0
2 m=m 2bm, 27m=m 2bn mY A _
= 5 5 MmlE(XuXéS)\/NZm,N +
(_%bmchA - ﬁ) + bgn(fi (—%bmcmaA - ﬁ) + b%lai

m 1 1 1
- (— oAt 1) <—§bmcmaA - W) VNM; Ry xn M E(X12) + O, (—)

1
MT,,
N\/N m +2,

E(62,m) m \/N
with
(lb CmOA + L)2
, 2YmtmU A 2bm
(%bmcmaA + ﬁ) + 2,02
and
%
1
by = 2 )
do% + c2,0%
SO

LA (2) + A (@) < 0)VNdiag(0, 1, ..., 1) (i1 — fto)
2 2
(lbmchA + L) <lbmcmaA - L) + 02,03 1
_ 2 il ’ 2/ M E(X12X5)VN Zyy + ——— M Ty,
(%bmcmaA + ﬁ) + b2,0% (%bmcmaA + ﬁ) + 02,02 NVN

2 2

2 2
b2,05

B i oa+1

2
<%bmcma,4 + ﬁ) + b2,0%

o ()

Again, including the intercept:

VNM;'E

IL()W(:&) + )‘N(ﬂ) < O)ﬁ(ﬂerl - ,UO) = _Cm+1,NUA(17 07 07 s O)I

E(@im) B E(@Lm)z E(eg,m)Z E(eg,m) E(e%,m) E(eg,m) E(eg,m) + E(e%,m)
QJACm NE(€2 m)4 2UACm NE<62m)2E<€1m)2 , ,
—_ ’ ) _ ) ) ) 1 N E X Zm
E(€%7m)2 E(eg,m)(E(eim) + E(e%,m)) ( ’ 07 07 O) ( 12) N
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2 2
<lb c GA—i-L) (lb c UA—L> + b2 o2
2Ymbtm 2bm 2¥mbtm 207, m® A 1
g . M E(X19 X5V N Zny n + —\/_1\4”;17’27m
(%bmcmaA + i) +b2,0% <%bmcma,4 + ﬁ) +b2,0% N+ N

2 2
((%bmchA + ﬁ) + bf,pi) (%bmcmom + ﬁ)

+

C /- _
—_ _ m 5 O'A —|— 1 b2 0_2 NMmlﬁ
<%bmcmaA + ﬁ) +b2,0% mT A
1
Lo, (_)
VN
In conclusion:
VNdiag(0,1, ..., 1) (tms1 — po) = diag(0,1,....1) x ( (43)
(lb 1 )2 1y, 1\? b2 o2
20mCmoa + m) (5 mCmOA — m) + 65,0
3 3 M B(X12 X)) VN Zy n (44)
(30memoa+ 5 ) +02,0% (Sbmemoa + 50 ) + 8203
c 1 1 1
m 2| by [ Zbmcim — 2 —=M-PD XA 45
- 1 1 2 2 2UA <2 ¢ UA+2bvrz>+ N\/N m Z I ( )
(§bmchA + W) +b5,0% "
c 1 1\? 1
+ (LA () + An () > 0) = LA () + An () < 0)) s oa—1|(zbmemoa+——] VN ~5
1y 1 5 9 2 2b,, N
(§ mCmTA + m) + me'A
(46)
1 1 2 1 1 2
e <(2bmchA + m) + b727l0124> (ibmcmo'A + m)
— 1O (i) + An () > 0) ; a1 e VNM
(%bmcmaA + ﬁ) + b%ﬂ% m=A
(47)
1 1 2 2 2 1 1 2
. (tomenors 5" + 1:03) (Bmenra + )
= T(A\i (1) + An () <0) | - 5 oa+1 2
(%bmcmO—A + ﬁ) + bgnai mYA
(48)
+0 (1 ) (49)
p \/N

With the intercept:

VN (ftm+1 — o) = =0 ACm+1,8(1,0,...,0)’

+ E(e%,m) E(el,m)4 . 1 O'ACm,NEW(el,m)2 +2E(€1,m)4 +2E(el,m)2E(e2,m)2
B(ef,,) — E(e1m)? \E(e1 ) E(ef,,) E(ef ) E(ef,,)  E(ef,,) +E(e,,)
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20 acm N E(e1 m)4 20 acm N E(e1 m)QE(GQ m)2 , ,
_ : m)” : , : 1,0, ..., 0 E(X!3) Zm
B2 BB, B ) JE(X12)Zm

2 2
1 1 1 1 2 2
(7b c JAJr—) <7b CrOA — ) + b 0
2YmCm b 2 YmCm 2b,, m=Y A o
l‘ﬁmlE(‘<12;(é3) \ j'Zm,N

(%bmcmaA + 2b1 ) + b2,0% (1bmcma,4 + 2b ) +b2,0%

s 1 1 1
+ 2 oa—2|bn <2bmchA + 2b> +2 mMml ZXz'jAj
(%bmcmaA + ﬁ) +b2,0% m -

+ (L () + An (1) > 0) = L(\ () + An (@) < 0)) ( o
%memO'A—‘rfm

1 12 1
5 oa—1 QbmchA—&—W VN | —
) + b2,0%

2 2
1 1 2 2\ (1 1
<(2bmcmcm + 2bm) + bmaA) (ibmcmcm + 2bm)

~1(n(A) + A (@) 2 0) [ P ———oa | 3 VNM
(§bmchA + m) + me'A m=A
2 2
. ((;bmcmm +a) + biﬁ) (3bmemoa + 2
— 1A () + An (@) <0) | = 5 oa+1 b2 o2
(%bmcmcm + ﬁm) +b2,0% m=A
1
o. [ —
I (JN)
write
1 V11 Z(ﬂm) Ull](lam) / E(61 m>2
Rl,’m,N<]-7 07 .. XZ ’L” - ATO : - —7E(X12)
N\ 2N P | 53 2 oG TG~ B )
and for any n € RL:
1 V1Li(fm) V11,5 (flm) ) Elerm)’
L X! - 2m) g
;2 [oaa () || [vra () [|757 E(e3,,) !
i#7,k#i,j
N2||U ||2 Z Ullz /JJm Ull,] XJ/kﬂ? ZUH] ]k,n Zvll,] Nm)vll k(ﬂm)X]k,n
1 (fm ik ik ok
E(@l m)2
B(e,,) )
1 ACNPN A E(€1 m)2 ( 1 )
= - V11 (fbm ) ) V1 (b ) Xt — ——— E(X +0,|(—=
N2H1111(Mm)“2 ( 11(1u ) ) 11(#’ ) n E(eim) ( 127"7) p N
1 “ / TN E(@l )2 1
= — m )X — — 2 B(X O,
N2||€1,m||2 (Ull(lu’ )L) Ull(ﬂ ) nt E(eim> ( 12,7I)+ N
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1 , . E(e1.m)?
- X m —FE(X
R (Chmt) (%0 = S (X
+ e (Onlin) = €10)') X+ e (o) X o0 ) = 1) + Oy (5
N2||€1,m||2 11\Mm 1,m n€1,m N2||617m||2 1,m n\V11{m 1,m r\ ¥
1 , ) E(elm)2
= e Xyerm — k) p(x
N2||ey ]2 (61,mL>L n€1, E(e%,m) (Xi2,)
1

_ Zm . N1X o, Mon — M (i -
+N2||el,m|m1(,zm)( Xl: MK (fm) + (A, (i) e,

!/
1
/
+ E:Zm,N,leszz@l,m eam | L Xpeim
!

llerm|> + [lezm[?

1
+ - (e'mL>L’X(— Zom N1 X011 (fm) + AN — M Qo)) e1m
N2[|e1mPA1 (fim) 1, n zz: NaXv1n (fn) + (A1, 1(fim))e1,

1 1
+ Terml P+ llezmlP Xl: N,1€2mA1€1, €2, ) +Up (N)

1 / / E(elm)2
= B e Xpeim — e B(X
N2||61,m”2 <el,mb)b n€1,m E(eim) ( 12,77)
(=3 ZawX L S Zwidh X
- €lm — T T3 e €1.mE1.mEe
N2[leq [t \ ~ &= NI T o[ £ SN m A ELm L mELm

1

llexml[* + [lezm |2

/
/
Z L, N1€2,mX1€1.m eg,m) wXyeim
!

N2|ley m||* llerml 2

1 1
/ / ,
+ (61,mb> vX, | — Z Zm N1 Xi€1m — § Zon 1€ X1€1 me1m
! 1

1 1
N Hel,muuuez,mWZ AAERm AL, )* (N)

1 ! / E(elm)2
e — X m— 5
Feleral e (Chmt) 1 X1 = S

1,m

E(X12777)

1 1
(=Y ZuwiXierm — 5 > LN i€t X
i ( 2 A icin e 2 A N

1

llevml[* + [le2ml |2

/
!/
E Zm,Ni€2,mXi€1,m 627m) w' Xpeim
1

e,

1 1
+ W (ell,m[’> L/X’I]( - Z Zm,N,leel,m 1. 2 Z Zm7N7[€£7le€17m€17m
ewl l T2
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1 1
HqMP+HQmW§; AR, ®’>+ p(w)

1 E(e1m)?
= T (Gont) Xt = T E (i)
E(e1m) E(e1m)?
+ —E(G% )2 ( — E(elym)E(X12)Zm,N - W‘E(XH)Z”%N
E(egm)*Elerm) '
: : E(X19)2,, E(X
BT+ Bleh,) e o )

E(e1m) E(61 m)?
* E(e?, )2 ( E(e1m)n E(X12X23) Zm v E(,.) — 5N E(X12) E(X12) Zim v
Elegm)’Elerm) ) ( )
+ : : E(Xp)E(X
B(,) 1 B, P2
hence:
1
diag(0, 1,1, .. DM, R (1,0, .., 0)' = 5 diag(0,1, 1, .. ZX” Xij)
. _ 1 E(Cl m)2
— diag(0,1,1, ..., 1) M- —( / ) X ep, — —lm) g
Zag( ) m (NzHeLmHQ el,m[/ L Ap€q, E(e%,m) ( 12,77)
E(e1m)? _ 1
+ mdmg(o, 1, 1, ceny 1)Mm1E(X12X£3)Zm’N + Op (N)
dewg((),l,l,..., ZXW — E(Xy))
. -1 1 / /
— dl&g((), 1, 1, ey 1)Mm W (617mL> L XneLm
E(eym)? _ 1
+ mdzag(O, 1, 1, ey 1)MmlE(X12X53)Zm,N + Op <N)
L
= mdzag((),l,l,..., ZXW Xij)
1
— diag(0,1,1,...,1)M " e (NE €1.m) ZXW,+E (€1.m)bim ZA ZX
VB ZAwaQZAZAXw)
1) )
E(e1m)? _ 1
+ mdzag(o, L1, ., )M E(X19X03) Zin + O, (ﬁ)
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Ndeag(O,l,l,..., ZX” Xij)

1
— diag(0,1,1,..., )M * NE(eym X; E(e1,m)bm A; X
Z@g< y Ly Ly eeny ) m N2H€1 H ( 61 Z J77+ @l Z Z

+ NE(e1m)bm ZAZ-XU,W)
ij
+ %dmg(& L1, WM E(X19X03) Zm oy + O, (%)
Ndeag(O,l,l,..., ZX” Xij)
~ diag(0, 1,1, ..., 1)M;LIM <E(61,m) Y (X = E(Xig)) + b Y AKXy,
N2E(ef ) y i
+ %dzag(o, L, DM E(X15X0) Zn + O, <%>
- %dz‘ag(o, 1,1,..,1) (1 . %) ZX” Xij)
— diag(0,1,1,...,1)M, NQ(;TZlm %:A Xij
+ %dmg(o, L1, DM E(X15X53) Zmn + O, (%)

Including the intercept:

1 _ 1 E(@lm)Q
My Ry (1,0,..,0) = — M | Y X5 — E(Xy) | — M,! —( )LXem——’E<
m 1, ,N( ) N2TTm - J ( J) N2H€1 H2 1Lm 1 E( 2 )

1,m

E(€1 m)2 1 ’ 1
———=M, " E(X19X53) 2 O, | =
+ B, (X12X53) Zmn + O) N
E(elm) E(61 m)3 E(egm)2E<€1m) 1 ’
——= | E(e1m) +2 : -2 : ’ M, "E(Xi2)E(X12) Zm
" E(e%,m)Q( om) ¥ 25 T T R, + B, ) B B ) Zny
1 -1 § : -1 1 / / E(‘el,m)Q
= mMm . Xl] - E(XZ]) - Mm (W <61,m[’> L Xnel,m - ME(XIZW)

E(e1m) E(eim)® . Elezm)*Elerm) ; '
+ (E(el,m) FIEET i E(e%m)>(1’0’ b 0)E(X1s)
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E(el,m)2

1
—1
R B XX -0, ()

N

1
— M Vel ]P (NE €1.m) ZXU+Eelmb ZA ZXU

E(eqm 2
+ NE(e1m)bm Y AiX; + 12, ZA ZAXU) %M;E(xm)

]

E(e1m)? E(e1m)? E(eam)? / /
1+2 —2 ’ 1,0, ...,0Y E(X15) Znn
+ E(e%m)bszA + E<61 m) E(eim) + E(eg’m) ( ) 07 ) 0) ( 12) N
E(eLm)Q _ 1
+ —E(e%m)zMmlg(xnxgg)zmw + 0, v

1
_Mm N2||61 || (NEelm ZXZ]+E elmb ZA ZXZ]
+ NE(el,m)bm Z AzXz])
]
Elerm)? E(e1m) E(esm)? /
| 1+2 -2 1 E(X1) 7o

* E(e%’m)b?nJA + E<61 m) E(eim) + E(e% m) ( 707 70) ( 12) N

E(61 m)2 1
- E(e%’m)2M 'E(X19X5) Znn + 0, |

Eleinm 1
- Mrgl% (E(el,m) Z (Xijm — E(Xij)) + by Z AiXij + —bm Z Ai Z Xij)
N2E(eq,) ij ij N i ij
E(e?) = lleym||*/N
E(e?)2
E E 2 E 2
E(el m)bm OA E(el m) E(el,m) + Eﬂ(€27

ggz m) M, E(X12X35) Zn.n + Op (_)

1
1-— ) M! E X — E(X5))
i

+ M 1E(X19)

=

»—Aw»—-
3
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B ) = llernl /N Elermlbn 354 1
" ( E(ef,,)? E(e3,)> N ) M, E(X12)
m)’

E(el m)2 ( E(el m)2 (62 ) / /
e e e (L2 (1,0,...,0) E(X12) Zpm,
E(e3,)h2,0% E(3,,) "B > E(e3,,) e
E(61m>2 -1 /
MR (X 19X D) Zm,
+E(6%’m)2 m ( 12 23) N+O N
1 E(elm
e (1——E<6Lm ) ZXZJ B(X)
_ E(€1m)bm
_ M mTm N A
R S A
E(et,n) = llewml?/N E(erm)bm 3o, Ai )
+ M 'E(X
( B(e,.)? B, N ) M E)
E(eym)? ( E(e1m)? E(eam)? ) . )
e e e (L2 ,0,...,0)E(X12) Zy,
(e )0, E(,) E@ >+E<62m> (1,0, 0) E(X12)' Zyn v
E(el,m>2 _
+ B B X 2o + 0,
1 E(elm
e (1——E<elﬁm ) ZXZJ B(X)
e“” AXy,
M,, NzE Z
1 2 ZA? ZZAZ /
FEE b " (‘T) e S | (1.0.4.0)
E(e1m)° E(e1m)? E(e2m)’ p ,
(142 ) 2 1,0,....0YE(X1) Z,,
TE@ A\ B, R+ By Y P
E(elm) 1
L N E(X 19X ) Zom L
T E@, ) P Xn)2 ’“OP(N)

and similarly for Ry ,, v, write

1 U222(ﬂm) U22J(lam) / E(e2m)2
R27m7N<]-,O,---; XZ ’L” - ANTO Xip — 7 E(X12)
e (T | - 2 R E
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and for any n € RL:

1 V22, (flm) V22,5 (fim) s E(egm)’
~3 — T ke — T E(Xi2,)
2 Z a2 ()| [[oa2 ()| 75" E(€3,,) !

1#,k#i,]
1 FE (62,m)2

- / /X - —E X
N2||627m||2 <€2,mb> L Ap€g E(G%m) ( 12’?7)

1
_ Zm X Am )\ m— )\ /‘m "
+N2Heg,m|\2AN(,@m)< Z N X2 (fm) + (Xe, (i) €2,
1 /
+ Zm (& mXe m e m LL,X e m
||€27m||2+ ||61,m||2 zl: ANAELmAIE2, 1, > n€2,

1
+ - <e’mL>L’X<— Zom N1 X122 (i) + Mo — AN (fim))€2.m
N2|leaml[PAn (fim) \ " Xl: N X1v2a(fim) + (A2, N (fim))e2

1 1
+ ezl + llerml P ; NIE1mA €2, €1, > +Up (N>

1 < / ) / E(€2m)2
=—— |5 ) U X9y — ————FE(X
N2H€2,m‘|2 2,m nt2,m E(e%m) ( 12,17)
—; —ZZleXlegm—;ZZleelg Xi€2,meam
N2Jegul[F\ & SN T g 2 S NI Cem A2

1

[le2,ml? + [lexml]?

’
2 : /
Zm,N,lel,le€2,m el,m) 27 Xr]e2,m
l

1 1
/ !/ /
- (eZmL) UX( = ZowiXierm — > Zuni€hym XiComeam
||€2,m|| l l

[le2,ml|”

1 1
+ Zm Ni€1mXi€am | € m) +0 (—)
[lea,m|[? + Tlexml Z A PAN

_ m (chunt) X2~ %E(){w)
- % ( — E(eam)E(X12) Zmn — %E(Xu)zm
S e B () 2 (Yo
- —ﬁfg:} ( — E(ea,m)n B(X12X23) Zn, v — —EE<(6€ 232))3 0 E(X12) E(X12) Zm v
E(e1m)*E(eam) 1

B(e3n) + E(eim>”'E(X”)E(X“)/Zm’fv) “0,(x)
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hence:

1 E(esm)?
diag(0,1,1,..., 1) M, Ry n(1,0, ..., 0)' = mdz‘ag(o, 1,1,..,1) (1 — M) MDY X - BE(Xy)

E(e3n) )"\ %
— diag(0,1,1,...,1) M. Nzgzm %:A Xiin
%dzag(& L1, ., )M E(X19X03) Zn + O, (%)
]\1[2dmg(0, 1,1,...,1) b7 5 ZX” Xij)

(%bmcmoA + ﬁ) + b%,LUA

1 1
(ﬁmemUA + T) bm

+ diag(0,1,1, ..., 1) M D ZA Xijm
(%bmcmaA + 2b1 ) + b2,0% ij

2
1 1
<§bmcm0,4 + _2bm>

2
<<%bmcma,4 + ﬁ) +b2,0%

1
Qdiag(O, ]_, ]_, ceny ].)Mn_llE(Xngég)ZmJ\[ + Op (N

Including the intercept:

_ 1 E(es
M Ry v (1,0, 0) = — (1 = m) ZXw Xy)

1 €2m
— M, N2E ZAX””

—\82m) | E(e _ E(eam)® E(erm)*E(ezm)
E(e%,m>2< Bleam) =253,y 2B, + )

+(E(em) leaml /N Eeam)bm 323 A

) M, E(X12)E(X12) Zm,n

) M TE(X),)

E(e3,,)? E(e3,,)? N
E<62 m)2 -1 / 1
— — =M "E(X13X0:) 2 O, | —
E<€%7m)2 m ( 12 23) Nt Up N
1 b2, o2
= - Z Xiy = B(X)

N2 <Qbmcma,4+ ) +bfnaA
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- (Sbmemoa + %) b

+ m ZA Xl]ﬁ
<lb C CTA+ 1) +b2O'2N i
27m=m 2b A
E(eym)” E(egm)’ E(e1m)’ / ,
+—2— | -1-2 . +2 ! (1,0,...,0) E(Xlg) ijN
E(e3,,)0%,0% E(e3,,)  E(e,,) + Eled,,)

1 3 A? A
b [ A = =) = 3E(en) =] (1,0, 0)
"B, )b’ (UA N > (C2m) = | )

2
(%bmcmaA + ﬁ) 1
- QMQIE(XHX%)ZWN + Op <_>

2
((%bmcm(jA + ﬁ) + b3n0-124

1 b2 0%
e nE 2 X~ B
(ﬁbmchA + m) + b%no-A

1 (2 me=m 2bim,
+ M, X 5 E A Xijn
<§bmcm0-A + 2b ) -+ b2 O-A i

2 2
(%bmchA + ﬁ) (%bmchA + ﬁ)

2 —1=2 2

((%bmcma,q + i) + bfnai) b2,0% <%bmchA + ﬁ) +b2,0%

2
1 1
<§bmchA — _me>

2 2
(%bmcmm + ﬁ) + (%bmcmm - ﬁ) +202,0%

1 o LA 1 A :
— — =t — 1,0, ...
i E(€3 ) bmo’ on (UA N ) T3\ ghmemoat 2b N | (10:0)

2
(%bmcmaA + ﬁ) ) 1
_ 2Mr; E(X12X£3)Zm71\] + Op <N>

2
(@%%m+ig+%ﬁ>

1 bgﬂ,%x —1
=2 z M Z&J Xig)
@%%@+ﬁ>+@ﬁ

+

+

+2 )(1,0,...,0)’E(X12)’Zm7N

1 <2 me=m 2bim,
+ M, 5 ) E A Xijn
<§bmcmaA+ T ) + b2 UA ij
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2 2
<%memO-A + ) ( (%memUA + ﬁ)
-2 +

2
<<%bmcma,4 + o i aA) (%bmcmaA + ﬁ) + 07,05

1 1
+ 202, 0% <2bmchA T) ) 0)E(X12)' Zm N
1 ST Az 1 > Ai
S A P b Co — 1,0,...,0)
T B b, ("A N > 3 (2 mIA T oy ) N )

2
(%bmcmaA + ﬁ) 1 1
_ ZMTI_? E(X12X53)Zm71\7 + Op <—>

. L\ 2 N
(<§bmcm0A + m) + b?,p%)

where the last inequality results from the observation that:

Lo o 1 2
meCmUA_m—'—b _0
remember:
; -1 / L bznai -1
diag(0,1,1, ... )My Ry i v (1,0, .., 0) = <5 diag(0,1,1, ..,1) M ZXU -

2
(%bmcmcm + ﬁ) +b2,0%

1 1
<§bmcma,4 + m) bm

— diag(0,1,1,...,1)M*

m

1
) \? ., o NP Z A Xijn
(ébmchA + m) + meA ij

2
1 1
(§bmcma,4 + _2bm>

* 2
<(%bmcmaA + ﬁ) + b2,0%

1
2diag(0, ]_, 1, ceey ].)MYZIE(XlQXég)Zm’N + Op (N

Including the intercept:

o ,_ 1 b
My Rign (1,0, 0) = =5 3 ZX” Xij)
(%bmchA + ﬁ) + b?nJA
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s 5
2 m=m 2b
— M1 < E A; X
" (lb CmOA + 52— ) + 02,02 .
7mCmU A 2 A 4]

2 2
1 1 1 1
<§bmcm0A + 2bm> <§memUA + 2bm)

5 (1 +2 5 +
((%bmchA + ﬁ) + b%ai) b2,0% <%bmcm0-A + ﬁ) + b2,0%

1 1\?
— 2b%.0% (QbmcmaA - ﬁ) )(1, 0,...,0) E(X12) Zpnn

| S A2 1 S A,
53 | bm G- - = bimCm YN Lo, ..., '
T B )b’ (UA N ) 3(2 ¢ 0A+2z) ) N | (10:0)
2
(%bmchA + ﬁ)

2
((%bmcmaA + ﬁ) + 02,04

1
-+ ZM,,ZIE(XHX;?})Z”L?N + Op (N)

plugging in equation (43):

VNdiag(0,1, ..., 1) (fimi1 — po) = diag(0,1,...,1) x (

2 2
1 1 1 1 2 2
(§bmcm0'A + m) (§bmcmaA — m) + me'A

: ~ M E(X19X55)V N Zm n
(%bmchA + ﬁ) + b%no'% (%memO'A + ﬁm) + bgnai

1 1
+ Cm 5 gA — 2 bm <2b7ncmO-A + 2b> + 2 f ml ZXUA
(%bmchA + i) + b%10,24 m N

+ (T () + An () > 0) = T(A (/) + An () < 0)) Cm
(%bmchA‘Fﬁm

1 12 1
5 oa—1 ( bmcmaA+) VN | =
)+, : 2
1y _1 2 b2 52 1y _1 2
30mCm0 A + b, + 05,04 20mCmIA + 2b.m,

2 ;2
b2,0%

VNM

N C
LA (1) + An(f2) > 0) — oa—1
(%bmchA + ﬁ) + b2,0%

2 2
((ébmcmm + ﬁ) + bfnai) (%bmcmcm + ﬁ)

N.
o2 VN

N N Cm
— 1M\ (p) + An(f) <0) | — 3 oa+1
(%bmchA + i) + b2,0%

111



= diag(0,1,...,1) X (

2
1 1 1 1
(ibmchA + 2bm) (§bmchA — 2

2 2 2
m) + meA

s : 5 . M E(X19X53)VN Zy N
m=A (§bmchA + m) + bgnUA

m 1 1
+|: C 5 o’A72 bm (QmemUA+2b>+2+

3
b (30memoa + 5 )
N Cm__ oa—1 B i) ] M Y XA,
(%bmcmaA-i-Wlm) +b2,0% m7A NVN ij
1
+0, (=
()

Including the intercept

\/N(ﬂm+1 — ,UJ()) = _O'Acm,-i-l,N(la 0, -"70)/

E(eim) E(el7m)4 1
i E(e? ) — E(e1m)? (

QUACmJVE(eLm)4

GAC7YL,NE(61,m)2

E 4 E(e1.m)%E(egm)?
bml 5 ( = 12 (el,m) +9 (61, n) (62, L)
E(el,m) E(el,m) E(el,m)

E(ef,,)  E(el,,) + E(e3,,)
2UACm NE(el m)2E(62 m)2 >) / /
: , , 1,0, ..., 0 B(X!3) Zm.N
B, 7 B@ B+ EE,) )0

2
(Sbmemoa+2) (36

1
2

2
2 2
mCmOA — m) + bmJA

> 5 M E(X19X53)V N Z N
(30memoa+ 5 ) +02,0% (Sbmemoa + 5 ) + 8203

+ fm

1 1 1
5 oa—2|bm <bmcmo,4 + ) +2 | —=M," Y XA,
(%bmchA + ﬁ) +b2,0% 2 2bm NVN ij

+ (L () + A (i) > 0) = LA (i) + An (1) < 0))

c 1 1\? 1

m > o4 —1 <2memO'A+2b> \/N m

(%bmchA + ﬁ) + b2,0% m
1 )V 22 (L 1)?
. Sbmemoa + wo) T b5, 0% ) | 50memoa + T
— 1M (1) + An (1) > 0) n oa—1 o VNM
(Sbmemoa+ 5 + 0205 ma
2 2
) ((;bmcmm THE bzngg,> (bnemoa + 5=
= T(A\i (1) + An() <0) | = s oa+1
(%bmcmO—A + ﬁ) + b?n,ai

b2,0%
1
O (w)

= —0acm+1.n(1,0,...,0)
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E(elym)QE(elm)?

E(eim) E(el,m)4 1 O—ACTn,NE‘(el,WL)2 E(el,m)4
' ( i(

+2 + 2
E(ef,,) — E(em)* \E(e],,)?  E(ef E(ef ) E(ef,,) " E(,,)+ E(e,,)
2O'ACWL N‘E(elAm)4 2UACm NE(el m)2E(62 m)2 )) / /
_ , ’ _ 2 J d (1,0,...,0) E(X{3) Zm N
E(ef ) E(ef,,)(E(ef ) + E(e3,,)) -
2 2
(1b c UA—&—i) (lb c O'A—L) + b2 o2
2VmCm b 29mCm 20, m0I A
+ 2 o2 3 M E(X12X55)VNZy n
m7A (%bmchA + ﬁ) +b2,0%
m 1 1
+|: C. 5 O'A—2 bm<2memO'A+2b>+2+
(%bmcmaA + ﬁ) + b2,0% m
b (lb 1 3
Cm m | 20mEmoA + m) 1
+ 3 oa—1 5 2 - ] M"Y XA,
(%bmcmm + ﬁ) +0%,0% bm4 NVN i
1 1 \*
Cm (gmemO'A + m)
+ ; 2 oa—1 ol X
(§bmchA + m) + b%na'i m-A

2
(3bmemoa + o)
1+2

1 1\?
- —z - 202 0% <2bmcmaA ST > >(1,0, oy 0YVNE(X12) Zm
sbmCmoa + —) +b2 0 m
2 m=m 2b,m m” A

3
Ly cmoa + = A,
+3 - 041 ( s ) VEZAi 0oy
o
(%bmchA‘i’%m) +b%IUi m-A
X X X X 1A, Cm
+(]l()\1(u)+)\N(u)20)—]1()\1(u)+>\N(u)<0)) T—UA 5 oa—11]x
(%bmcmaA—i—i) +b2,0%

1 1
(ibmcma,q + 5

2
) V/N(1,0,0,...,0)

b2,04
1
+0, | —
(%)
Let’s simplify the coefficient of the term M, ' E(X12)E(X12)' Zm -
E(el,m)4 - 1 UACm,NE(el,m)2 E(el,7rz)4 +92 El(el,m)QE/‘(SQ,m)2 - 2UACm,NE(€1,m,)4 o QO'ACm,NE(el,m)ZE(eZa
E(ef,,)?  Elei,n) E(ef ) E(ef,,) E(ef,,) + E(e,,) E(e ,,)? E(ef ) (E(ef ) + E(e3
4
o (3bmemoa + 5-)
+ 5 oa—1 5
(Sbmenos+ o) +20% 3,53 ((Homenoa + ) +170%)

2
1 1
(Qbmcmo—A + 26, )

<1+2(1

2
1 2

1 1\?
(QbmanUA - Qbm) )
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2 4
E(el m)4 1 OACm,N (%bmchA + ﬁ) (%bmchA + ﬁ)
= 5\ (o? 2 +2 p + 200,07
E(el m) E(el,m) E(el,m) E(el,m)
4
204Cm,N (2bmchA + 2b ) QUAcm’Nbfnog>
E(ef ,)? E(ef )
1 1 4
(§memO'A + m)
" 1y 2 52 oA 1 1 2 2
(5 mCmT A + 2b ) +b2,05 bfn <§bmcmaA + Tm) + b2aA
2
mcmaA + 217m> 1 1 2
(1 + 2 - Zb%wuo'x%\ (2bmcm0'A - 21)) )
sbmemoa + 2b ) +b2,0% m
1 2 1 1 4
E(61 m)4 1 OACm,N ( bmchA + 2b ) (§bmchA + m)
SEACE.Y S +2 5 + 205,05
E(el,m) E(el,m) E(el,m) E<el7m)
4
2O'Acm N (lmeanA + 2o ) 20 ACm Nb?ﬂg—%)
E(ei,,)? E(ei )
1 1 4
Cm (EbmchA + m)
+ 2 oa—1 2
(%bmchA + i) +b2,0% b2,0% ((%bmchA + ﬁ) + b20124>

2
1 1
<7memO'A + T) 1 1 2
(1 r2o— S W (zbm%“ - %) )
1memO'A—|- i) —|—b,2na?4 m

2

To simplify notation, for every ¢, ¢; v and o4 denote

2 4
1 1
E(eym)! 1 (aAcmC1,N <§bmcmoA + m) ( by Con 0 4 - 2bm>
(04,¢,c1,n) B(e,.)? E(,,) E(e3,,) B, o
4
204Cm N <%bmcmaA + ﬁ) 20 w16 0%
- E(eim)Q B E(e%’m) >

4
1 1
Com (2bmcm‘7A + 2bm>

+ 5 oaq—1 5
(%bmcmm + ﬁ) +b3,0% b2,0% ((%bmcmm + ﬁ) - b%i)
(3 2
2 mchA+2bm) 1 1\?
(1+2 ) ) 3 , —Qb%lai (2memOA—W) >
§memO'A + m) + b%no-A m
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m 1 1
B(UA,C) = € 5 O‘A—2 bm (§memO'A+ﬁ> + 2+
(%bmcmaA + ﬁ) + b2,0% m
3
c b (%bmcmaA + ﬁ)
+ m oA — 1

1 1\’ e 2 bro%
<§memO'A+m> +meA m

3
1 1
(ibmcmaA + 5 >

3 ~4
bm OA

Cm
C(oa,c) =3 5 oa—1
(%bmcmaA + ﬁ) + b2,0%

Cm

2
<%bmcma,4 + ﬁ) +b2,0%

2
1 1
<§bmcma,4 + 5 )

2 ~4
bm 04

D(UA,C,CLN) ‘= CN CTA—l

(remember ¢y y 1= L(A1 (1) + An (i) > 0) — L(A1 (@) + An (1) < 0)) so that:

VN (fumt1 — o) = =0 4¢m41,8(1,0,...,0) + A(0a, ¢m) M (cin) " E(X12) E(X{3) Zm,n + My E(X12X53)VN Z §

1 A, A2
+ B(oa, cm)mMrgl > XijAj+Cloa, cm)\/ﬁzj\[ 1(1,0,...,0)" + D(ca, cm)VN (ZN — 031) (1,0,0,..,0)" + O,
ij
= —0aCmi1,N(1,0,...,0) + M(cy) ! (BE(X12X}3) + A0, em) E(X12) E(X13)) Zim,N
1 A A2
+ B(oa, cm)mM;l > XijAj+Cloa, cm)\/NZZT(L 0,..,0) + D(04,cm)VN (ZN i _ 0124> (1,0,0,...,0) + O,
ij
Since
%
1
bm = ( 2 2 2)
409 + c2,0%
Then: ) .
2 2 2 _ 2 2
me ACm = g T —b024
implying

2 2 2
1 1 1 1 1 1
(2bmcm0'A + 2[)”1) X <2bmchA — 2bm‘> = (4()1277/0'1248%1 — 4b2> = bi,LO'j

m

therefore:
1 1 2 1 1 2 2 2
(ibmcmo—A + Tbm) (ﬁbmcm(jA - Qbm) + meA

b2,0% 1 1)\ g0 2

=1

115



and

VNdiag(0,1, ..., 1) (tms1 — po) = diag(0,1,...,1) x <M,;1E(X12X§3)\/NZWN

. 1 1 .
+ 2 ¢ 5 oA — 1 bm <2bmchA + 2b ) + 1 7Mm1 ZXZJAJ
(%bmchA + ﬁm) + b?nai m Nv N ij
1
+0, (—
(%)

= diag(0,1,...,1) x (Mn_llE(Xngg)\/ﬁdiag(O, 1y ooy 1) (i — o)

c 1 1 1
42 m 5 oa—11bn (bmcmaA+) +1 7M7212Xij14j
(Stmenoa+ 5= ) + 62 : B
1
+0, (—=
()

A.13 Lemma for the proof of theorem 3

Lemma 6.
K —p Ky

with

2 2
1 1 1 1
(§boCOOA + 2b0) (550600,4 + 2bo)

Ko: = E(X12X1,) —

; B(X12X33)
(%bocoaA + ﬁ) + b2o? (%bocoaA + ﬁ) + b3o?

2
1 1
(5[)0000',4 + 72170)

2
(%boCoO’A + ﬁ) + b2o?

X E(Xngé?)) — E<X12)E(X{2>

1

=3 <E(X12X{2) - ;E(XuXég)) B <E(X12X§3) - ;E<X12)E(Xiz))

Proof. Follows the same proof strategy as the proof of proposition 5 in appendix A.9.
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