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Abstract

We propose a two step rate optimal estimator for an undirected dyadic linear

regression model with interactive unit-specific effects. The estimator remains consistent

when the individual effects are additive rather than interactive. We observe that the

unit-specific effects alter the eigenvalue distribution of the data’s matrix representation

in significant and distinctive ways. We offer a correction for the ordinary least squares’

objective function to attenuate the statistical noise that arises due to the individual

effects, and in some cases, completely eliminate it. The new objective function is similar

to the least squares estimator’s objective function from the large N large T panel data

literature (Bai (2009)). In general, the objective function is ill behaved and admits

multiple local minima. Following a novel proof strategy, we show that in the presence

of interactive effects, an iterative process in line with Bai (2009)’s converges to a global

minimizer and is asymptotically normal when initiated properly. The new proof strategy

suggests a computationally more advantageous and asymptotically equivalent estimator.

While the iterative process does not converge when the individual effects are additive,

we show that the alternative estimator remains consistent for all slope parameters.
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Introduction

Linear regression models with individual-specific effects are widely used to fit data with network

structures. Such linear models were used to explain trade flows between countries (Anderson and

van Wincoop (2003), Fally (2015)), to fit matched employer-employee data (Abowd et al. (1999),

Bonhomme et al. (2019)), or to study teacher effects on student performance (Jackson et al. (2014)),

to mention a few examples. In applications, these linear regression models are most often used

with a particular specification of the individual-specific effect. A popular specification consists

of including the individual effects additively. This is the approach taken for instance in Abowd

et al. (1999) and Jackson et al. (2014). Broadly, three types of estimators are used under this

specification. The two way fixed effects estimator (Abowd et al. (1999)) exploits the additivity of

the model to eliminate the individual effects. After double differencing, the initial model is turned

into a regular linear regression model (free of the individual effects), and estimators are obtained

by least squares on the transformed model. When the data is non bipartite with a number N of

agents (respectively, when it is bipartite, with N and M agents on each side), the two way fixed

estimator of the slope parameters converges at the optimal rate of N (resp.
√
NM). The two

way fixed estimator comes with a significant caveat: the slope parameters on any agent-specific

observable covariates disappear in the double differencing process, in the same way as the individual

effects. Those can be recovered in a second stage by ordinary least squares if we further assume the

individual effects to be exogenous with respect to the additive observable attributes. The second

stage OLS estimators for the slope parameters on the additive covariates converges at a
√
N rate.

A second approach appeals to the standard OLS estimator (e.g. Rose (2004), Fafchamps and

Gubert (2007)). In the dyadic linear regression setting, the OLS estimator is in general
√
N

consistent for all the parameters. Given that for some covariates the two way fixed effects estimator

can provide N -consistent estimators, the OLS estimator is severely inefficient.

Other approaches consist of estimating a fixed effects model, by regressing the output variable

on the covariates, individual indicators and interactions of individual interactions. Examples abound

in the large N large T panel data literature. Bai (2009), Moon and Weidner (2015) and Moon

and Weidner (2017) study the least squares (LS) estimator, obtained by treating the individual

and time effects as nuisance parameters estimated by minimizing the squared errors. The least

squares estimator is shown to converge at the optimal
√
NT rate. However, the LS estimator is

obtained by minimizing the objective function over K + T +N parameters (K being the dimension

of the slope parameter, N and T the dimensions of the cross-sectional and time effects), which poses

computational challenges. Bai (2009) proposes an iterative minimization routine that is guaranteed

to converge to a stationary point. However, the objective function can be ill-behaved, potentially

admitting multiple stationary points. Moon and Weidner (2023) propose an iterative process that

returns an estimator that is asymptotically equivalent to the LS estimator after just 2 iterations,

when initiated with a consistent but potentially rate inferior estimator. Each of the iterations

requires the resolution of a high dimensional minimization problem.
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This paper studies symmetric non-oriented network regression models with interactive effects.

We propose a modification over the ordinary least squares estimator’s objective function to obtain

a new low dimensional objective function. We exploit the matrix structure of network data and

identify the individual effects’ footprint on the spectrum of the output matrix. We then correct

for the unobservables’ effect on the spectrum. We show that the estimator obtained through the

minimization of the new objective function has a similar asymptotic behavior to the LS estimator

from the large N large T panel data literature.1

We propose an iterative process to solve the new minimization problem. Following Sargan

(1964)’s standard argument, the iterative process is guaranteed to converge to a stationary point.

However, the new objective function can have multiple local minima. We show that if the iterative

process is initiated by a consistent but potentially rate inferior estimator, then the iterations converge

to a global minimizer. We study the asymptotic behavior of that specific global minimizer.

Interestingly, we show that in theory, no finite number of iterations is enough to jump from the

inferior initial rate of convergence to the optimal N rate. To escape the inferior rate, the number of

iterations ought to be indexed by the sample size, which is computationally problematic. Building

on our results on the distribution of a single iteration estimator, we propose an equivalent estimator

that only requires 1 iteration when the initial estimator is
√
N2 consistent, or 2 iterations when the

initial estimator is
√
N consistent, substantially reducing the computational burden.

Throughout the paper, an initial
√
N - consistent estimator is assumed to be available. In the

context of dyadic (network) regression, the individual effects are generally assumed to be centered

and independent from the observable regressors (e.g. Graham (2020), Graham et al. (2021)). When

that is the case, the OLS estimator is
√
N -consistent and is a good candidate for the initiation

phase. Generally, for dyadic data, one can always extract an i.i.d. subsample of a size of order N

(for instance by only keeping the observations with indices {1, 2}, {3, 4}, ..., {N − 1, N}, which are

i.i.d. observations since no index appears more than once), then employ whatever cross-sectional

estimation procedure is suitable for the context at hand (for instance, using an instrumental variable

for the unobservable effects on the i.i.d. subsample). This would typically yield a
√
N -consistent

estimator. The results in the paper are more general in the sense that they allow for an arbitrary

correlation between the regressors and the individual effects, as long as an initial estimator is

available.

The next section introduces the setup and lays out the main intuitions leading up to the

definition of the new estimator. Section 3 discusses the estimator’s theoretical properties and

numerical implementation. Section 3 proposes estimators for the covariance matrix. Section

5 examines the asymptotic distribution of the alternative estimator in a specification without

1The language in this statement is kept intentionally loose. The usual assumptions in the large N large T
panel data literature (e.g. Bai (2009), Moon and Weidner (2015), Moon and Weidner (2017), etc) exclude the
network models that this paper studies. However, the proofs in that literature can be marginally modified to
obtain results on the LS estimator in our context. Later in this paper (especially following corollary 3), we
precise in what sense the estimator proposed in this paper compares to the LS estimator.
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interactive effects. Finally, section 6 shows the results from Monte Carlo simulations and from an

empirical illustration and the last section concludes. All proofs are deferred to the end of the paper

(appendix A).

1 Minimizing the least eigenvalues: definitions and

main results

Consider the model:

Yij = X ′
ijβ0 + γ(Ai +Aj) + δ(Ai ×Aj) + Vij (1)

for all i ≠ j, where Ai’s are i.i.d centered random variables with finite fourth moments. The Vij ’s are

i.i.d centered square integrable random variables with Vij = Vji, β0 := (β0,1, .., β0,L) is the parameter

of interest and γ ≥ 0 and δ ∈ {−1, 0,+1} are unknown nuisance parameters.2 The covariates X are

such that for all i, j, l such that i ̸= j: Xij,l = Xji,l = ϕ(Xi, Xj ,Wij), for some (possibly unknown)

function ϕ, i.i.d random variables Xi and i.i.d. variables Wij . By convention, Xii,l = 0 for all i and

l and the first covariate is the intercept (i.e. Xij,1 = 1 for all i ̸= j).

When δ ̸= 0, the model in equation (1) can also be re-expressed:

Yij =
L∑
l=1

β0,lXij,l − δγ2 + δ(Ai + γ)(Aj + γ) + Vij (2)

which reduces the study of the model (1) to that of:

Yij =
L∑
l=1

π0,lXij,l + δUiUj + Vij (3)

where the errors Ui := γ + Ai are no longer assumed to be centered. All the slope parameters

remain unchanged as you move from model (1) to (2) (or (3)), only the intercept is altered by the

correction term“−δγ2” in equation (2). Therefore, any “good” estimators for the parameters of the

model (3) also provide good estimators for the parameters in models (1) and (2), except perhaps for

their intercepts. Because the intercept is shifted by −δγ2 when we move from the original model (1)

to model (3), the OLS estimator of the intercept would need to be corrected to account for the shift.

That is done in Proposition 7 and relegated to the appendix.

Let N be the sample size (number of nodes or agents i). Denote Y and V the N ×N matrices

with entries Yij , Vij and Xl the matrix with entries Xij,l for every l = 1 . . . L. Y and Xl’s diagonal

entries are equal to zero. V ’s ith diagonal term is equal to δ(E(U2
1 ) − U2

i ). Finally, stack the

individual random effects into a vector denoted U . This allows for the formulation of model 3 in a

2γ is set to be positive because the model (1) can also be re-expressed as Yij = Xijβ + (−γ)((−Ai) +
(−Aj)) + δ × (−Ai)× (−Aj) + Vij . The sign of γ is not identified.
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compact matrix form :

Y =
L∑
l=1

π0,lXl + δUU ′ + V − δE(U2
1 )IN (4)

IN being the identity matrix of dimension N . Let M(π) be the matrix of residuals corresponding to

π:

M(π) := Y −
L∑
l=1

πlXl =
L∑
l=1

(π0,l − πl)Xl + δUU ′ + V − δE(U2
1 )IN (5)

For any N ×N matrix M , Tr(M) denotes M ’s trace, λ1(M) ≥ λ2(M) ≥ . . . λN (M) are M ’s

eigenvalues ranked from largest to smallest. We study the estimator that minimizes the objective

function

gN (π) :=

N∑
i=2

λi

(
M(π)2

)
(6)

that is, the sum of M(π)2’s N − 1 smallest eigenvalues; gN is a modification over the ordinary least

squares’ objective function, observe:

gN (π) =

N∑
i=2

λi

(
M(π)2

)
= Tr

(
M(π)2

)
− λ1

(
M(π)2

)
=
∑
i,j

Yij −
L∑
l=1

πlXij,l

2

− λ1

(
M(π)2

)

and note that the OLS estimator minimizes the sum of squared residuals
∑

i,j

(
Yij −

∑L
l=1 πlXij,l

)2
.

The OLS estimator is efficient when the interactive term UiUj is absent from equation (3), and as

we discuss further later in this paper, the interactive term mostly impacts M(π)’s largest eigenvalue,

once π is close enough to the true π0. The new objective function gN mechanically removes the

largest eigenvalue, the one baring most of UU ′ impact on the sum of squared errors (c.f. section 2

for a detailed discussion).

The problem of minimizing gN can’t be solved in closed form and the function gN is in general

ill behaved (globally not smooth and potentially admitting multiple local minima). Following Bai

(2009), we propose an iterative process and show that it converges to a global minimizer when

initiated properly. In studying the minimizer of the objective function (6), we take a different

route than the common route in the panel data literature. Bai (2009) offers the iterative process

as a practical method of minimizing gN , but studies the asymptotic properties of the minimizer

independently of how it is obtained in practice. The function gN can admit multiple stationary

points and the iterations are not guaranteed to converge to the intended argmin. To illustrate this

point, figure (1) shows a plot of the function gN for the model Yij = π0 + UiUj + Vij ; σU = σV = 1,

E(U) = 1 , N = 100 and π0 = 1.

In this paper, we study the global minimizer specifically by analysing the effect of individual

iterations, then combining the effects of successive iterations. In addition to guaranteeing convergence

to the desired minimizer (conditional on proper initialization), this proof strategy also offers the
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Figure 1: The graph of the function gN for the model Yij = π0 + UiUj + Vij; σU = σV = 1,
E(U) = 1 , N = 100 and π0 = 1. The values of π are on the X-axis, and the corresponding
fN(π) is on the Y-axis.

simple shortcuts at the origin of our equivalent and computationally more efficient alternative

estimator. Let fN be the function

fN : π →

∑
i ̸=j

X ′
ijXij −

∑
i ̸=j,k ̸=i,j

νi(π)νj(π)X
′
jkXik

−1∑
i ̸=j

X ′
ijYij −

∑
i ̸=j,k ̸=i,j

νi(π)νj(π)X
′
jkYik


Lemma 1. Assume E(X ′

12X12) is invertible. With probability approaching 1, the problem

min
π∈RL

N∑
i=2

λi

(
M(π)2

)
(7)

admits a solution for N large enough. Moreover, π∗ is a minimizer of (6) if and only if it is a

solution to the fixed point problem:

π = fN (π) (8)

where ν(π) is the normalized
(
||ν(π)||2 = 1

)
eigenvector of M(π) corresponding to M(π)′s largest

eigenvalue.

Proof. See section A.4.

The condition on E(X ′
12X12) is a standard non-collinearity condition. In addition to guaranteeing

the existence of a solution, Lemma 1 provides a practical tool to study the behavior of estimators

obtained through the optimization problem (6). Intuitively, equation (8) is a first order condition of
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a minimization problem that is equivalent to (6). Let π∗ ∈ argminπ∈RL

∑N
i=2 λi

(
M(π)

)2
and note

π∗ ∈ arg min
π∈RL

N∑
i=2

λi

(
M(π)

)2
⇐⇒ π∗ ∈ argmin

π

∑
i ̸=j

Yij −
L∑
l=1

πlXij,l

2

− max
ν:||ν||=1

ν ′M(π)2ν

⇒ π∗ ∈ argmin
π

∑
i ̸=j

Yij −
L∑
l=1

πlXij,l

2

− ν(π∗)′M(π)2ν(π∗); where ν(π) ∈ arg max
ν:||ν||=1

ν ′M(π)2ν

⇒ π∗ ∈ argmin
π

∑
i ̸=j

Yij −
L∑
l=1

πlXij,l

2

−
∑

i,j,k ̸=i,j

νi(π
∗)νj(π

∗)

Yik −
L∑
l=1

πlXik,l

Ykj −
L∑
l=1

πlXkj,l


The last equality allows for the expression of π∗ as the minimizer of a smooth and convex

function over RL (in fact, strictly convex with probability 1, when N is large enough):

π →
∑
i ̸=j

Yij −
L∑
l=1

πlXij,l

2

−
∑

i,j,k ̸=i,j

νi(π
∗)νj(π

∗)

Yik −
L∑
l=1

πlXik,l

Ykj −
L∑
l=1

πlXkj,l


the first order condition results in the fixed point problem (8). The proof in section A.4 closely

follows this sketch.

Lemma 1 does not guarantee the uniqueness of the solution to the minimization problem (6).

The iteration process just described, when it converges, could converge to one of many potential

fixed point of (8) (solutions to (6)). Additionally, the iteration process could be explosive, leading

the iterations to diverge rather than approach one of the fixed points. The function fN is generally

ill-behaved. In general, it is neither convex, nor quasi-convex, nor differentiable. Figure 2 illustrates

fN ’s behavior for the simplest model nested in model (3): Yij = π0 + UiUj + Vij for σU = σV = 1,

π0 = 1 and for N = 100. In this example, fN is convex between ≈ −0.5 and ≈ 2, it has a point of

inflexion, smoothly switching convexity at ≈ −0.5. fN is not differentiable at ≈ 2. However, fN

has a unique minimum (on the interval displayed in figure 2), that is close to the true parameter

π = π0 = 1. The figure also points to the direction that the results in the sequel will follow: I

show that with high probability, fN is well behaved in a shrinking neighborhood of π0; π0 being

unknown, knowledge of a good enough first stage estimator will be essential throughout the paper.

In particular, we study the estimator defined defined in (6) by studying single successive iterations

on the fixed point problem (8). It turns out that when the iteration process is initiated with a good

first stage estimator, e.g. OLS when the individual effects are assumed to be independent of the

observable covariate, the process converges to a fixed point or a minimizer (formal statements are

presented in Corollary 2 in the following section).

The estimator(s) studied in this paper are obtained by iterating equation (8), that is, by plugging
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Figure 2: The graph of the function fN for the model Yij = π + UiUj + Vij; σU = σV = 1 ,
N = 100. The values of π are on the X-axis, and the corresponding fN(π) is on the Y-axis.

some “reasonable” initial estimator in the right hand side of (8) to obtain what we show is a more

precise estimator on the left hand side, then iterating this process as needed until the true fixed

point distribution is achieved.

Before stating the main result, let’s summarize the assumptions we have used in the previous

Lemma and intuitions.

Assumption A. - Xij = Xji = ϕ(Xi, Xj ,Wij) has at least 4 finite moments.

- E(X12X
′
12) is full rank.

Assumption B. - The Vij’s are i.i.d. across pairs, and have at least 2 finite moments.

- The Ui ’s are i.i.d. across individuals and have at least 4 finite moments.

- V ar(U) =: σ2
U ̸= 0

We will need to introduce a final assumption ensuring that the matrix of covariates does not

include the multiplicative individual effects Ui:

Assumption C. The vector of covariates is not perfectly collinear with the individual errors, that

is: for any vector λ ∈ RL, P(λ′X12 = U1U2) < 1.

This is a basic identifying assumption, without which the “unobserved” effects term UiUj is in

fact a linear combination of observable features. We are ready to state our main result:

Theorem 1. Let the assumptions A, B and C hold. Let π̃ be an estimator such that π̃ − π0 =

Op

(
1√
N

)
. Define the sequence π̂m by: π̂0 := π̃ and π̂m+1 := fN (π̂m), and let π̂∗ := lim supm π̂m.

Then with probability approaching 1 π̂∗ = limm→+∞ π̂m and π̂∗ is a solution to (6). Moreover:

N(π̂∗ − π0) →d δΣ−1

(
3

E(U2
1 )

E(U3
1X12U2)−

E(U4
1 )

E(U2
1 )

2
E(U1U2X12)

)
+N

(
0, 2σ2

V Σ
−1
)

(9)
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for

Σ :=

(
E(X12X

′
12) +

1

E(U2
1 )

2
E(U1U2X12)E(U1U2X12)

′ − 2

E(U2
1 )

E(U1U3X12X
′
23))

)
Proof. Immediately follows from Corollary 2 and Proposition 4.

Theorem 1 shows that if we iterate for long enough, we approach a minimizer of the objective

function gN with high probability. The theorem does however not provide any guidance regarding

the number of iterations that are required to “sufficiently” approach the optimum. In fact, we show

(in proposition 1) that if we initiate with a
√
N -consistent estimator, no finite number of iterations

is sufficient to escape the
√
N rate of convergence. For any hope of achieving a superior rate, the

number of iterations needs to be indexed by the sample size N , which is computationally challenging.

One exception to this curse is noteworthy. If the individual effects are centered and independent of

the observable regressors X, then proposition 2 shows that even initiating with a
√
N -consistent

estimator, one iteration is enough to obtain an estimator with the same asymptotic properties as

π̂∗. In that case also, interestingly, the OLS estimator is N -consistent but has a non standard

asymptotic distribution (c.f. for instance Menzel (2021)). Moreover, under these assumptions, π̂∗ is

easily shown to be asymptotically efficient (refer to the discussion following proposition 2).

We circumvent the debate around the appropriate number of iterations by proposing an alter-

native estimator that is asymptotically equivalent to the “oracle” π̂∗. The alternative estimator

only requires 2 iterations on the function fN , significantly limiting the computational burden. First,

starting with a
√
N -consistent estimator π̃, define the matrix

K̂N : =

∑
i ̸=j

Xi,jX
′
i,j,k −

∑
i ̸=j,k

νi(π̃)Xi,jX
′
j,kνk(π̃)

−1

×

∑
i ̸=j

νi(π̃)Xi,jX
′
j,kνk(π̃)−

∑
i ̸=j

νi(π̃)Xi,jνj(π̃)

∑
i ̸=j

νi(π̃)Xi,jνj(π̃)

′


then follow the three steps:

1. Run one iteration to get π̂1 := fN (π̃)

2. Compute π̌1 := (IL − K̂)−1π̂1 + (IL − (IL − K̂)−1)π̃

3. Iterate on π̌1 to get π̂2 := fN (π̌1)

4. Compute π̌2 := (IL − K̂)−1π̂2 + (IL − (IL − K̂)−1)π̌1

we show (proposition 5) that K̂N is a consistent estimator for a matrix K that is central to our

analysis of the iteration process. More on the definition of K, its role, and why the 4 steps above
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deliver an estimator with the desired properties comes in section 3. We conclude this section by

stating the paper’s second main theorem:

Theorem 2. Under the assumptions of theorem 1

N(π̌2 − π̂∗) = Op

(
1√
N

)
Proof. Immediately follows from Corollaries 3 and 4.

When δ = 0 in model (1), however, the iterations become explosive (see proposition 6) and do

not converge. Therefore, the limit distribution of π∗ is not well defined. The alternative estimator

remains consistent for all slope parameters, excluding the interecept, when the individual effects A

in equation (1) are independent of the regressors X. When the individual effects and the regressors

are correlated, the iterations introduce bias to all parameters, whence the need for the following

assumption:

Assumption D. Assume that for all i, j, the individual effects Ai, Aj are independent from the

regressor Xij.

Theorem 3. Under the assumptions A and D, and δ = 0, and assuming π̃ is
√
N -consistent for π0.

Then:

√
Ndiag(0, 1, . . . , 1)(π̌2 − π0) = diag(0, 1, . . . , 1)

Γ1(c)
√
N(π̃ − π0) + Γ2(c)

√
N

N2

∑
ij

XijAj

+Op

(
1√
N

)
= Op(1)

for some c ∼ 1− 2Bernouilli(12) and some deterministic matrix valued functions Γ1(.) and Γ2(.).

Proof. Follows from Proposition 6 (section 5) and Lemma 5 in Appendix A.13.

The two following sections discuss the intuition behind the least eigenvalue estimator and break

down the intermediary results leading to theorems 1 and 2. Section 2 details how the interactive

term in equation (3) affects the spectrum of the matrix M(π) and why minimizing the function gN

is a sensible choice. Section 3 outlines the theoretical results starting from the behavior of a single

iteration estimator and leading up to the construction of the alternative estimator π̌2.
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2 Some intuition

Consider the ordinary least squares estimator on model 3, defined by

π̂OLS := arg min
π∈RL

∑
i,j

Yij −
L∑
l=1

πlXij,l

2

= arg min
π∈RL

Tr


Y −

L∑
l=1

πlXl

2


= arg min
π∈RL

N∑
i=1

λi

Y −
L∑
l=1

πlXl

2


=: arg min
π∈RL

N∑
i=1

λi

(
M(π)2

)

(10)

Equation (10) indicates that the OLS estimator can also be defined as a minimizer of the average

squared eigenvalues of the matrix M(π). Let’s examine the distribution of M(π)’s eigenvalues for

values of π that are “close” to the true value π0, assuming δ = 1 (the treatment for δ = −1 is similar).

Begin with the value π = π0, that is, let’s look at the distribution of the eigenvalues of the matrix

UU ′+V . 3 Figure 3 shows the histogram of the eigenvalues of the simulated matrix 1√
N

(
UU ′ + V

)
,

where the U ’s and V ’s are i.i.d standard normal and the sample size is set to N = 1000.

−2 0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32 34
0

50

100

Eigenvalues

#
o
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u
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Figure 3: Histogram for 1√
N
M(π0)’s eigenvalues; σu = σv = 1 , N = 1000

The histogram in figure 3 shows two distinct parts: to the left, a block of eigenvalues concentrated

between values ∼ −2 and ∼ +2, and a single eigenvalue, further to the right, at around value ∼ 31.

After proper rescaling (and ignoring the single eigenvalue to the left for the rescaled histogram to fit

on a page) the block of eigenvalues to the left has the shape of a semi-circle as shown in Figure 4 .

3We ignore the effect of the matrix E(U2
1 )IN in the discussion that follows. E(U2

1 )IN simply shifts all
eigenvalues by the same quantity E(U2

1 ). The shift size will turn out to be of a low order of magnitude
compared to the bulk of UU ′ + V ’s eigenvalues and its effect will be negligible anyways.
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Figure 4: A zoom into the semi circle (the left block in Figure 3)

To rationalize the shape of Figure 3, let’s examine the eigenvalues of each of the terms composing

M(π0). The matrix UU ′ is of rank 1, its unique non null eigenvalue is equal to U ′U =
∑

i U
2
i which

is of the same order as NE(U2
1 ) when N is large enough.

Figure 5 shows the histogram of V ’s eigenvalues. The two histograms in 4 and 5 are seemingly

identical. Only M(π0)’s outlier eigenvalue (the one approximately equal to 46) is absent from V ’s

histogram. This should come as no surprise: the matrix M(π0) is a rank 1 deformation of V . The

impact of rank 1 deformations on the eigenvalues of the original matrix (V here) is well studied (e.g.

Bunch et al. (1978)). Because UU ′s unique eigenvalue is positive, modifying V through UU ′ shifts

all of V ’s eigenvalues upwards such that V ’s eigenvalues are interlaced with V + UU ′’s, that is, for

i = 2, ..., N :

λi(V ) ≤ λi

(
V + UU ′) ≤ λi−1(V )

and

λ1(V ) ≤ λ1

(
V + UU ′)

Provided that V ’s eigenvalues (rescaled by 1√
N
) are concentrated roughly between -2 and 2, then

the inequalities above predict that V + UU ′’s N − 1 smallest eigenvalues will be only shifted by a

small amount, which explains why the figures 4 and 5 are not visually distinguishible.

The semi-circle in figure 4 is reminiscent of Wigner’s semi-circle law in the random matrix

literature (see for instance Benaych-Georges and Knowles (2016)). Wigner’s law states that the

empirical distribution of the eigenvalues of a random symmetric matrix with centered square

integrable entries “converges” (in a sense that is made precise below) to a distribution with a

semi-circular probability density function. In particular, Füredi and Komlós (1981) show that V ’s

largest eigenvalue is of order
√
N with probability approaching 1 as N grows.

These observations combined suggest the following rough interpretation of the histogram 3:

M(π0)’s N−1 smallest eigenvalues are of order
√
N and are ”very close” to V ’s eigenvalues, whereas

the largest eigenvalue is due to the UU ′ deformation and is of order N .
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Figure 5: A histogram for 1√
N
V ’s eigenvalues; σv = 1 , N = 1000

Let’s extend these intuitions to values of π that are different from the true parameter π0. If π is

too far from π0, then the term
∑L

l=1(π0,l − πl)Xl in equation (5) can become dominant and dwarf

the contributions of V and UU ′ in M(π)’s eigenvalue distribution. In the other extreme, when the

candidate π is“very close” to π0, then the contribution of the covariates’ term becomes negligible

and we obtain a histogram that is similar to the one in figure 3.

The values of π that are abberantly far from π0 lead to the eigenvalues of
∑L

l=1(π0,l − πl)Xl

being of a higher than order
√
N . Subsequently, they are easy to eliminate as they produce a

histogram that is grossly different from the one in figure 3. However, this rough discrimination

strategy will be ineffective for values of π that return a term
∑L

l=1(π0,l − πl)Xl of order
√
N or

lower. In any case, for model (3), when U is independent of X, the OLS estimator is known to be

at least
√
N consistent in general (See for instance Menzel (2021) or section 4 in Graham (2020)).4

The following lemma shows that any
√
N estimator is in fact “close enough” for our purposes.

Lemma 2. Assume that assumption A holds. We have that

max
i

|λi(XN )| = Op(N)

Proof. Refer to subsection A.3.

The lemma implies that any initial estimator π̃ that is
√
N consistent - like the OLS estimator

- would yield a covariates’ term such that
∑L

l=1(π0,l − π̃l)Xl = Op(
√
N). It would produce an

eigenvalue histogram for M(π̃) that is similar to figure 3 with one outlier eigenvalue of order N ,

due to the rank 1 modification UU ′, and a cloud of eigenvalues that are of a smaller order
√
N but

that need not form a semi-circle this time.

Provided that the candidate π is close enough to π0, the largest eigenvalue of M(π) is, at least

up to a first order approximation, closely tied to the error term UU ′. Notice that, absent the UU ′

from the model 3 (or the random effects Ai and Aj from the model (1)), we would be back to the

standard linear regression model with i.i.d. and exogenous noise Vij . In that case, we know that

4In fact, if E(U1) ̸= 0, the OLS estimator of the intercept is biased. In proposition 7 (appendix A.1), we
show how that bias can be corrected to obtain a

√
N -consistent estimator.
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OLS is efficient, and since the sample size is N(N−1)
2 , the rate of convergence of the OLS estimator

would be N , rather than
√
N under models (1) or (3).

An appealing idea is then to modify the objective function in the matrix form definition of the

OLS in (10) to remove the contribution of the random effects. Following the intuition laid down so

far, this can for instance be done by removing M(π)’s largest eigenvalue from the sum of squared

errors before minimizing. The new estimator would be a solution to the minimization problem

min
π∈RL

N∑
i=2

λi

(
M(π)2

)
= gN (π) (11)

3 Single iteration analysis

The first result examines a single iteration of the fixed point problem (8).

Proposition 1. Consider the model 3:

Yij =

K∑
k=1

π0,kXij,k + δUiUj + Vij = Xijπ0 + δUiUj + Vij

where δ ∈ {−1,+1}. Under the assumptions A, B and C, given a first stage estimator π̃ such that

||π̃ − π0|| = Op

(
1√
N

)
, the single iteration estimator

π̂ :=

∑
i ̸=j

X ′
ijXij −

∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)X
′
jkXik

−1∑
i ̸=j

X ′
ijYij −

∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)X
′
jkYik

 (12)

satisfies

√
N(π̂ − π0) = K

√
N(π̃ − π0) +Op

(
1√
N

)
(13)

for

K :=
1

E(U2
1 )

(
E(X ′

12X12)−
1

E(U2
1 )

E(U1U3X
′
12X32)

)−1

×

(
E(U1U3X12X23)−

1

E(U2
1 )

E(U1X12U2)E(U1U2X12)

)

A detailed proof is presented in section A.5. Proposition 3 shows that(
E(X ′

12X12)−
1

E(U2
1 )

E(U1U3X
′
12X32)

)

is invertible, ensuring that K is well defined.
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Equation (13) describes how the distribution of the single iteration estimator relates to the first

stage estimator’s. An immediate corollary of proposition (1) is that the single iteration estimator π̂

is consistent and converges to π0 at least as at a rate of
√
N . Also, up to a first order approximation,

the single stage estimator depends linearly on the initial π̃.

Whether the iteration process improves the quality of estimation depends on the matrix K. When

the individual effects U are independent of the regressors X and when E(U1) = 0 in proposition 1,

the matrix K is null and equation (13) becomes

π̂ − π0 = Op

(
1

N

)
.

After a single iteration, we are able to achieve the optimal rate of convergence N . Unfortunately,

proposition 1 does not provide the asymptotic distribution of π̂ or the effect iterations have beyond

the first iteration. To answer both these questions, we need to zoom into the Op

(
1√
N

)
term in

equation (13) and determine how it depends on the first stage estimator π̃ and/or how it behaves

asymptotically. The next proposition and its proof in appendix A.5 address this case.

Proposition 2. In addition to the assumptions in proposition 1, assume that the individual effects

are independent of the regressors Xij and that E(Ui) = 0, then

N(π̂ − π0) →d N
(
0, 2σ2

vE(X12X
′
12)

−1
)

(14)

A “one step theorem” applies, one iteration is enough to achieve full efficiency. The ar-

gument proving the efficiency of π̂ in proposition 2 is simple: consider the alternative model

Yij =
∑L

l=1 π0,lXij,l + Vij = Xijπ0 + Vij is i.i.d. with i.i.d. errors Vij . In this model, the ordinary

least squares estimator is known to be efficient and asymptotically normal, with asymptotic co-

variance matrix 2σ2
vE(X12X

′
12)

−1 - the same asymptotic distribution as in (14) (see for instance

Chamberlain (1987) or Newey (1990)). Given that our model of interest (3) is noisier than the

alternative model, the following corollary holds.

Corollary 1. Under the assumptions of proposition 2, the single iteration estimator defined in (13)

is semi-parametrically efficient.

When K ̸= 0, the one step theorem no longer applies. After any finite number of iterations, the

new estimator is still
√
N -consistent. To understand the role of K when K ̸= 0, consider the simple

case where we have a single regressor (L = 1). K becomes a scalar and when |K| < 1, π̂ is to a

first order closer to π0 than π̃. If the first stage estimator is asymptotically normal (the standard

ordinary least squares estimator for example) with an asymptotic variance of σ̃2, then π̂ is normally

distributed with variance K2σ̃2 < σ̃2. Moreover, as we iterate, the variance decays exponentially

in the number of iterations. Conversely, if |K| > 1, iterations produce noisier estimators, and the

variance explodes exponentially with the number of iterations. Finally, if |K| = 1, then the new
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estimator is asymptotically equivalent to the first stage estimator, iteration is neither useful nor

harmful.

Simplify further, and assume that the single regressor is in fact just a constant Xij = 1, that

is, we are interested in estimating the mean of Yij . The constant K becomes K = E(U1)2

E(U2
1 )

which is

positive and strictly smaller than 1 (since by assumption σ2
U > 0), the iterations improve estimation

quality.

When L > 1, K is a matrix. Rather than comparing K to 1, the relevant comparison is now

between K and IL - the identity matrix of dimension L - in the partial order on symmetric matrices.

When K2 > IL, that is, when K’s eigenvalues are all larger than 1 in absolute value, the successive

iterations follow an explosive path of covariance matrices. The conclusions are similar to the

univariate setting in the two cases: K2 < IL or K2 = IL. In the multivariate case however, these

three cases are not exhaustive, since > here is only a partial order. Fortunately, the next proposition

shows that the only possibile case, given our assumptions, is in fact 0 < K < IL.

Proposition 3. Under the assumptions of proposition 1, the matrix
(
E(X ′

12X12)− 1
E(U2

1 )
E(U1U3X

′
12X32)

)
is positive definite and all the eigenvalues of the matrix

K :=
1

E(U2
1 )

(
E(X ′

12X12)−
1

E(U2
1 )

E(U1U3X
′
12X32)

)−1

×

(
E(U1U3X12X23)−

1

E(U2
1 )

E(U1X12U2)E(U1U2X12)

)

are positive and strictly smaller than 1.

Proof. cf. section A.6

Together, the Propositions 1 and 3 imply that given a
√
N -consistent initial estimator and a

fixed ϵ > 0, we iterate the process described in the equation (12) to obtain a new
√
N -consistent

estimator with a variance that is smaller than ϵ (or ϵIL in the multivariate case). This strongly

suggests that an estimator with a faster than
√
N rate of convergence exists. In fact, using a simple

trick, the Propositions 1 and 3 provide a rate N (a rate optimal) estimator.5

Another corollary of proposition 1 is that, if fN has a fixed point π̂∗ that is
√
N -consistent, then

equation (13) yields:

(I −K)
√
N(π̂∗ − π0) = Op

(
1√
N

)
so π̂∗ is in fact N -consistent. Proposition 1 is silent about the exact asymptotic distribution of π̂∗

and about its existence.

5A similar idea is used for instance to construct a “Generalized Jackknife estimator” (e.g. Powell et al.
(1989), Cattaneo et al. (2013)). In the context of proposition 1, the term

√
N(π̃ − π0) is eliminated by taking

the convex combination, in the same fashion that the bias is removed in the generalized jackknife by taking a
convex combination of estimator with the same bias.
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To establish the existence of a fixed point, notice that equation (13) has the flavor of Taylor

expansion, where the matrix K would represent a gradient. Because the matrix K has a spectral

radius that is smaller than 1 (proposition 3), then fN must be contracting in a local sense. Then (a

variation on) the Banach fixed point theorem should prove existence. This intuition is the main

idea for the proof for the next corollary.

Corollary 2. Let π̃ be an estimator such that π̃ − π0 = Op

(
1√
N

)
. Fix κ ∈ (λ1(K), 1) and some

C > 0. Under the assumptions of proposition 1, with probability approaching 1:

1. The function fN in equation (8) is differentiable in the closed ball B(π0,
C√
N
) centered at π0

and with radius C√
N
.

2. supπ∈B(π0,
C√
N
) ||f

′
N (π)|| ≤ κ < 1

Moreover, define the sequence π̂m by: π̂0 := π̃ and π̂m+1 := fN (π̂m), and π̂∗ := lim supm π̂m. Then

π̂∗ − π0 = Op

(
1√
N

)
and with probability approaching 1 π̂∗ = limm→+∞ π̂m and π̂∗ is a solution to

(6).

Proof. Cf. Section A.7 .

So π̂∗ exists with probability approaching 1 and is rate optimal. It is left to determine its

asymptotic distribution. We need to compute a higher order term in the expansion (13) of proposition

1. That is the purpose of proposition 4.

Proposition 4. Under the assumptions of proposition 1, if the first stage estimator is such that

π̃ − π0 = Op

(
1
N

)
, then

N(π̂ − π0) = KN(π̃ − π0) +RN +Op

(
1√
N

)
(15)

with

RN →d

(
E(X12X

′
12)−

1

E(U2
1 )

E(U1U3X12X
′
32)

)−1(
3

E(U2
1 )

E(U3
1X12U2)−

E(U4
1 )

E(U2
1 )

2
E(U1U2X12)

)

+

(
E(X12X

′
12)−

E(U1)
2

E(U2
1 )

E(X12X
′
32)

)−1

N
(
0, 2σ2

V Σ
)

for

Σ :=

(
E(X12X

′
12) +

1

E(U2
1 )

2
E(U1U2X12)E(U1U2X12)

′ − 2

E(U2
1 )

E(U1U3X12X
′
23))

)
Proof. C.f. Section A.8
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Because of the presence of the residual RN in equation (15), the new expansion is fundamentally

different from the previous one (equation (13) in Proposition 1). The effect of an iteration on the

estimation quality is now ambiguous and depends on how the first stage estimator π̃ relates to the

residual RN . Even if they were independent, it is not clear whether iteration improves estimation.

Unfortunately, even though proposition 2 provides the asymptotic distribution of RN , that is not

enough to fully characterize the distribution of the single iteration estimator. For that, we would

need the joint distribution of the first stage π̃ and RN , which is challenging even for a single iteration.

However, we can see that because K has a smaller than one spectral radius (by proposition 3), as

we iterate, the contribution of the initial (first stage or input) estimator fades away. Intuitively,

starting with some N− consistent first stage π̃(=: π̂0), from (15):

N(π̂m − π0) ≈ KmN(π̃ − π0) +

m−1∑
i=0

KiRN

≈ KmN(π̃ − π0) + (IL −Km)(IL −K)−1RN

≈ (IL −K)−1RN ; when m is lage.

So the limit distribution (when m approaches infinity) should not depend on the initial estimator

π̃. Corollary 3 formalizes these thoughts.

Corollary 3. Let π̃ be a
√
N consistent estimator. Define the sequence π̂m: π̂0 := π̃ and π̂m+1 :=

fN (π̂m) for all m ≥ 0, and let π̂∗ := lim supm π̂m. Then

N(π̂∗ − π0) = (I −K)−1RN +Op

(
1√
N

)
and with probability approaching 1 π̂∗ is a solution to (6). Therefore

N(π̂∗ − π0) →d δΣ−1

(
3

E(U2
1 )

E(U3
1X12U2)−

E(U4
1 )

E(U2
1 )

2
E(U1U2X12)

)
+N

(
0, 2σ2

V Σ
−1
)

(16)

for

Σ :=

(
E(X12X

′
12) +

1

E(U2
1 )

2
E(U1U2X12)E(U1U2X12)

′ − 2

E(U2
1 )

E(U1U3X12X
′
23))

)
Proof. Immediately follows from Proposition 4 and Corollary 2.

Notice that π̂∗ is asymptotically biased. This is a manifestation of the incidental parameter

problem and in line with the behavior of other estimators that incidentally estimate the individual

effects (e.g. Bai (2009) , Moon and Weidner (2017)...). Interestingly, the asymptotic bias of π̂∗

has a particular structure when the individual effects are independent of the observable regressors.
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Notice that, in that case:

Σ(1, 0, ..., 0)′ =
V ar(U1)

2

E(U2
1 )

E(X12)

so that:

Σ−1

(
3

E(U2
1 )

E(U3
1X12U2)−

E(U4
1 )

E(U2
1 )

2
E(U1U2X12)

)
=

E(U1)

V ar(U1)2

(
3E(U2

1 )E(U3
1 )− E(U1)E(U4

1 )
)
(1, . . . , 0)′

that is, the bias only affects the intercept. So, when the individual effects are independent of the

regressors, and if the slope parameters are the only parameters of interest, no bias correction is

needed.

In general however, all coefficients are affected by the asymptotic bias. In the next section, we

offer a correction to this bias by proposing a consistent estimator for the bias term.

The corollary shows that if we initiate a sequence π̂0 := π̃, for some initial
√
N -consistent

estimator π̃, and then we iterate “infinitely many” π̂m+1 := fN (π̂m) as in corollary 2, then with

high probability π̂m approaches a fixed point π̂∗. As is standard in numerical optimization methods,

“infinitely many” repetitions can in practice be read as “sufficiently many repetitions”. None of

the results so far in this paper provides any guidance regarding how many repetitions are enough.

In fact, one of proposition 1’s corollaries can be concerning: equation (13) establishes that if we

initiate with a
√
N consistent estimator, then we can only hope the iteration process to return

√
N -consistent estimators if we stop after a finite number of iterations. Therefore, from equation

(35), we get a sense of what a lower bound on the number of iterations should be, and it is rather

massive. The number of iterations should be a diverging function of the sample size N for us to

have any hope to escape the
√
N rate of convergence. How fast the number of iterations grows with

N will have an effect on the rate of convergence of the final estimator, but it is hard to tell what

the proper order of magnitude is. It is even less clear what the rate of convergence would be if the

number of iterations is indexed on some stoppage criterion on the value of the objective function,

as is usually the case in standard numerical optimization algorithms. In simulations, the question

of the number of iterations does not seem to be problematic. The standard optimization methods

deliver distributions that are in line with the predictions of the asymptotic results presented so far,

in particular the asymptotic distribution of π̂∗ in corollary 3.

Fortunately, the propositions 1 and 2 can be put to use differently to extract an estimator

that is asymptotically equivalent to the minimizer π̂∗. The alternative estimator requires exactly 2

iterations over the function fN and is therefore computationally more efficient. Using the alternative

estimator, we can circumvent the concerns we highlighted around the number of iterations that are

sufficient to achieve the desired asymptotic distribution.
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The equivalent estimator

First, assume that the matrix K is observed. Let π̃ be an initial
√
N consistent estimator and let π̂1

be the estimator returned in the equation (12) after a single iteration. Write π̌∗
1 := Gπ̂1+(IL−G)π̃,

for some fixed L× L matrix G and where IL is the identity matrix of dimension L. We will choose

the matrix G so that π̌∗
1 converges at rate N . Write

√
N(π̌∗

1 − π0) =
√
NG(π̂1 − π0) +

√
N(IL −G)(π̃ − π0)

= (GK + IL −G)
√
N(π̃ − π0) +Op

(
1√
N

)
=
(
IL −G(IL −K)

)√
N(π̃ − π0) +Op

(
1√
N

)
choosing G such that IL −G(IL −K) = 0 - i.e. G = (IL −K)−1 - yields a rate N estimator. Note

that by the proposition 3, IL −K is invertible and G is well defined.

In practice, the matrix K is not observed. Instead, it needs to be estimated and plugged

in to generate an estimator for G. Assume we have a consistent estimator K̂ for K. Define

Ĝ := (IL − K̂)−1 and π̌1 := Ĝπ̂ + (IL − Ĝ)π̃. As for π̌∗

√
N(π̌1 − π0) =

√
NĜ(π̂ − π0) +

√
N(IL − Ĝ)(π̃ − π0)

=
(
IL − (IL − K̂)−1(IL −K)

)√
N(π̃ − π0) +Op

(
1√
N

)
= (IL − K̂)−1

(
K − K̂

)√
N(π̃ − π0) +Op

(
1√
N

) (17)

If K̂ is a
√
N - consistent estimator for K, that is, if K̂ −K = Op

(
1√
N

)
, then the new estimator π̌

is rate optimal. The following proposition offers an example of a
√
N consistent estimator for K.

Proposition 5. Let the assumptions of Proposition 1 hold. Let π̃ be a
√
N -consistent estimator for

π0. Define:

K̂N : =

∑
i ̸=j

Xi,jX
′
i,j,k −

∑
i ̸=j,k

νi(π̃)Xi,jX
′
j,kνk(π̃)

−1

×

∑
i ̸=j

νi(π̃)Xi,jX
′
j,kνk(π̃)−

∑
i ̸=j

νi(π̃)Xi,jνj(π̃)

∑
i ̸=j

νi(π̃)Xi,jνj(π̃)

′


Then

K̂ −K = Op

(
1√
N

)
Proof. c.f. section A.9
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Proposition 5 allows for the construction of an estimator that is rate optimal. However, studying

the asymptotic distribution of π̌1 defined in (17) is challenging. It requires that we determine the

joint asymptotic distribution of K̂,
√
N(π̃ − π0) and the residual of order Op

(
1√
N

)
in equation

(17). However, as for the study of the fixed point π̂∗, as we iterate, the effect of first stage estimator

fades away. Rather than iterating here again, we use the same linear combination trick that allows

us again to achieve the “infinite iterations” distribution using one iteration only.

Let π̂2 := fN (π̌1) and define π̌2 := Ĝπ̂2 + (IL − Ĝ)π̌1. Following the steps in equation (17),

N(π̌2 − π0) = (IL − K̂)−1
(
K − K̂

)
N(π̌1 − π0) + (IL − K̂)−1RN +Op

(
1√
N

)
= (IL −K)−1RN + (IL − K̂)−1

(
K − K̂

)
N(π̌1 − π0) + (K − K̂)−1RN +Op

(
1√
N

)
= (IL −K)−1RN +Op

(
1√
N

)
(18)

the last equality is a consequence of proposition 5. This proves that π̌2 is asymptotically equivalent

to π̂∗, the fixed point studied through corollary 3.

To summarize, the alternative estimation procedure follows these steps:

1. Run one iteration to get π̂1 := fN (π̃)

2. Compute π̌1 := (IL − K̂)−1π̂1 + (IL − (IL − K̂)−1)π̃

3. Iterate on π̌1 to get π̂2 := fN (π̌1)

4. Compute π̌2 := (IL − K̂)−1π̂2 + (IL − (IL − K̂)−1)π̌1

Corollary 4.

N(π̌2 − π0) = (IL −K)−1RN +Op

(
1√
N

)
(19)

Proof. See the steps leading to equation (17).

We conclude this section by highlighting important connections to the literature on the large N

large T panel regression models. Moon and Weidner (2015) show that in the setting of the large

N large T panel regression model (or similarly, in the context of oriented dyadic linear regression

models), the objective function in (6) is obtained from the objective function of the least squares

estimator. In our context, however, the two objective functions are different because of the zeros

on the diagonal of the matrix M(π) in (5).6 The covariance matrix Σ is equal to the asymptotic

6The LS objective function: SN (π, U) := 1
N(N−1)

∑
i̸=j(Yij −

∑
k πkXij,k − UiUj)

2 =

1
N(N−1)

∑
i,j(Yij −

∑
k πkXij,k − UiUj)

2 −
∑

i U
4
i

N(N−1) , and Moon and Weidner (2015) show that gN (π)
N(N−1) =

argminU
1

N(N−1)

∑
i,j(Yij−

∑
k πkXij,k−UiUj)

2. Even assuming U is uniformly bounded:
∑

i U
4
i

N(N−1) = Op

(
1
N

)
(uniformly), extending standard results (e.g. Arcones (1998)) , we would need a Op

(
1

N2

)
error to obtain the

asymptotic equivalence of the minimizers of both objective functions.
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covariance D0 in Bai (2009) (if we were to use the LS estimator on an oriented network model of the

form Yij = Xijβ +AiBj + Vij to fit Bai (2009))’s assumptions). The coefficient 2 in π̂∗’s asymptotic

variance and that we don’t see in Bai (2009) is simply a sample size adjustment due the fact that

out model is symmetric and that the actual number of observations is N(N−1)
2 rather than N2 had

the model been oriented.

4 Variance estimation and bias correction

To be able to do inference on the (asymptotically equivalent) estimators presented in the previous

section. We need to provide a consistent estimator for the covariance matrix 2σ2
V Σ

−1 (proposition

3) and a consistent estimator for the bias term: 3
E(U2

1 )
E(U3

1X12U2)−
E(U4

1 )

E(U2
1 )

2E(U1U2X12) (equation

(9)).

The matrice E(X12X
′
12) the vector E(X12) can be estimated through their sample analogues. δ,

E(U2
1 ), E(U4

1 ), E(U1U3X12X
′
32), E(U3

1U2X12) and E(U1U2X12) are left to be estimated. Assume

that δ = 1, section 2 explained how the eigenvector corresponding to the largest eigenvalue of M(π̃)

is a good approximation to the normalized vector U
||U ||2 . Moreover, the largest eigenvalue informs

about U ′U , the norm of the vector U . Combining both, we can recover an estimator for U . When

δ is -1, then we reason in terms of the largest eigenvalue in absolute value, and its corresponding

eigenvalue. The difference when δ = −1 is that the corresponding eigenvalue in fact estimates − U
||U ||2

rather than U
||U ||2 and a sign correction is necessary. The sign of δ is, with probability approaching

1, the sign of the largest eigenvalue in absolute value. These ideas are formalized through lemma 3.

Lemma 3. Under the conditions and notation of proposition 1, denote Ûi =
√
maxi |λi(π̃)|νi(π̃).

We have

1.
∑

i |ν(π̃)|r =
∑

i |Ui|r

maxi |λi(π̃)|
r
2
+Op

(
1

N1/r

)
, for all r ≥ 2

2.
∑

i U
2
i −Û2

i
N = Op

(
1
N

)
,

3. 1
N3

∑
i ̸=j,k ̸=i,j ÛiÛkXijX

′
jk →p E(U1U3X12X

′
32)

4. 1
N2

∑
i ̸=j ÛiÛjXij →p E(U1U2X12)

5. 1
N2

∑
i ̸=j XijX

′
ij →p E(X12X

′
12)

6.
∑

i,j νi(π̃)
3Xijνj(π̃) →p

1
E(U2

1 )
2E(U3

1X12U2)

Proof. Cf Appendix A.10.

Finally, to obtain an estimator for the covariance matrix, it is left to provide a consistent

estimator for the variance σ2
V . Let’s go back to the model (2)

Yij =

L∑
l=1

π0,lXij,l + δUiUj + Vij
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First, observe that

1

N2

∑
i ̸=j

(
Yij −Xij π̌2

)2
=

1

N2

∑
i ̸=j

(
δUiUj + Vij

)2
+ (π̌2 − π0)

′

∑
i ̸=j

X ′
ijXij

 (π̌2 − π0)

− 2
∑
i ̸=j

(
δUiUj + Vij

)
Xij(π̌2 − π0)

=
1

N2

∑
i ̸=j

(
δUiUj + Vij

)2
+Op

(
1

N

)

= E(U2
1 )

2 + σ2
V +Op

(
1√
N

)
Therefore, given the estimator for E(U2

1 ) provided in lemma 3, we obtain a consistent estimator

σ̂2
V := 1

N2

∑
i ̸=j

(
Yij −Xij π̌2

)2 − (∑
i Û

2
i

N

)2

, where Ûi are defined in lemma 3. To summarize:

Corollary 5. Define σ̂2
V := 1

N2

∑
i ̸=j

(
Yij −Xij π̌2

)2 − (∑
i Û

2
i

N

)2

where Ûi is defined in lemma 3.

We have

σ̂2
V →p σ

2
V

Proof. Follows from the earlier observation that 1
N2

∑
i ̸=j

(
Yij −Xij π̌2

)2 →p E(U2
1 )

2 + σ2
V and the

convergence of
Û2
i

N to E(U2
1 ) (Lemma 3).

Therefore

2σ̂2
V Σ̂ := 2σ̂2

V (I−K̂)−1×

∑
i ̸=j

νi(µ̃)Xi,jX
′
j,kνk(µ̃)−

∑
i ̸=j

νi(µ̃)Xi,jνj(µ̃)

∑
i ̸=j

νi(µ̃)Xi,jνj(µ̃)

′


−1

is consistent for the asymptotic variance. For the bias term, define:

δ̂ :=

 sign(λ1(µ̃)) if λ1(µ̃) := maxi |λi(µ̃)|
sign(λN (µ̃)) if |λN (µ̃)| = maxi |λi(µ̃)|

In appendix A.10 we show that δ̂ is consistent for δ. Therefore

δ̂Σ̂−1max
i

|λ(π̃)|

∑
i,j

3νi(π̃)
3Xijνj(π̃)−

∑
i

νi(π̃)
4
∑
i,j

νi(π̃)
X
ij νj(π̃)


is consistent for the bias term.
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5 The no interaction (δ = 0) specification

For this section only, assume that the individual effects are independent of the regressors. In model

(1), when δ = 0, the model becomes:

Yij =
∑
l

Xij,lπl +Ai +Aj + Vij (20)

or, in matrix form:

Y =
∑
l

πlXl +Aι′ + ιA′ + V

Assume that at iteration m, we obtain an estimator π̂m with

π̂m − π0 = −σAcm,N × (1, 0, 0, ..., 0)′ + Zm,N +Op

(
1

N

)
(21)

Where cm,N is a binary variable taking values c+,m with probability pm,N or c−,m with probability

(1− pm,N ). Zm,N is a random variable such that for all m, Zm,N = Op

(
1√
N

)
. For instance, if the

initial estimator is
√
N consistent, then c0,N = 0, and Z0,N = π̃ − π0. The reason we allow for a

bias in the intercept in equation (21) is that proposition 6 shows that even when we initiate with a

consistent estimator under model (20), iterations introduce bias in the intercept.

Then

M(π̂m) =
∑
l

(π0,l − π̂m,l)Xl +Aι′ + ιA′ + V

= σAcm,N ιι′ −
∑
l

Zm,N,lXl +Aι′ + ιA′ + V − σAcm,NIN

to be able to employ the ideas from the pure interaction model, we orthogonalize the symmetric

matrix σAcm,N ιι′ +Aι′ + ιA′, to show that it is in fact a rank two matrix. Note that:7,8

σAcm,N ιι′ +Aι′ + ιA′ = e1,me′1,m − e2,me′2,m (22)

where:

e1,m :=

(
1

2
bm,Ncm,NσA +

1

2bm,N

)
ι+ bm,NA; e2,m :=

(
1

2
bm,Ncm,NσA − 1

2bm,N

)
ι+ bm,NA

7See section A.11 for a proof.
8the dependence on N is omitted in the notation for e1,m and e2,m.
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bm,N :=

 N/4

||A||2 +N
c2m,N

4 σ2
A + cm,NσAι′A

 1
4

moreover:

e′1,me2,m = 0

Therefore, the error component of M(π̂m) can be written as the difference of two rank 1 matrices,

with eigenvalues that are of a similar order of magnitude (||e1,m|| ≈ ||e1,m||) and opposite signs.

Extending our past intuitions, by removing a single largest eigenvalue, one other eigenvalue, of a

similar order of magnitude (∼ N) is left. We can state a result equivalent to Proposition 1 in the

δ ̸= 0 specification:

Proposition 6. Under the specification (20), assume iterations are initiated with an estimator

π̃ = π0 − cσA(1, 0, 0, ..., 0)
′ + ZN +Op

(
1
N

)
, for ZN = Op

(
1√
N

)
, if π̂ = fN (π̃), then:

√
N(π̂ − π0) = −σA

(
h(c) +Op

(
1√
N

))
(1, 0, ..., 0)′

+M(c)−1
(
E(X12X

′
23) +A(c, c1,N )E(X12)E(X ′

12)
)√

NZm,N

+B(c, c1,N )
1

N
√
N

M(c)−1
∑
ij

XijAj +Op

(
1√
N

)

= −σA

(
h(c) +Op

(
1√
N

))
(1, 0, ..., 0)′ +Op(1)

where |h| is deterministic with |h(c)| = |h(−c)| > |c|, ∀c, and |h(c)| →|c|→∞ ∞, A and B are

deterministic scalar functions and c1N →p 1− 2×Bern(0.5),

Proof. Refer to appendix A.12.

Two observations are in order. First, even when the initial estimator is consistent for all

parameter including the intercept, in which case c0 = 0, the first iteration estimator has a biased

intercept, with a bias of order of magnitude |σAh(c)| > 0. Subsequently, the following iterations

deliver estimators that are on an explosive path, since |h(h(c))| = |h(|h(c)|)| > |h(c)| for all c. In
particular, this implies that the iterative process described in theorem 1 cannot converge.

On the other side, Proposition 6 guarantees that all coefficients other than the intercept remain
√
N consistent following a single iteration, regardless of the bias in the initiating estimator.
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6 Empirical illustration and simulation study

6.1 Empirical illustration

To illustrate the use of our new estimator in real world settings, we run our estimation procedure on

trade data in line with Rose (2004). Rose (2004) uses a standard gravity model to examine whether

joining the World Trade Organization increases trade. Using Rose (2004)’s data set, we estimate a

gravity model for year 1999 by regressing log(Trade) between the countries i and j, on indicators

of whether both countries are in the World Trade Organization (WTO), only 1 is in the WTO,

and a dummy variable GSP describing whether the countries extend each other preferential trade

treatment under the Operation and Effects of the Generalized System of Preferences published by

the UN. In addition to these three main variables of interest, and following Rose (2004), we regress

on a number of other country pair observables (a total of 15 regressors, plus the intercept).

The data set concerns N = 157 countries. Out of the N(N−1)
2 = 12246 possible country pairs,

7268 pairs show a non-null trade volume for the year 1999.

We estimate the regression coefficients using the standard OLS estimator (table 2) following Rose

(2004)’s cross-sectional study (table 2 in Rose (2004)) then we use the least eigevalues estimator

described in the earlier section of this paper (table 1). Comparing the two tables, as expected, the

standard errors are lower for the least eigenvalues estimator than for the OLS.

Table 1: The least eigenvalues estimator for the slope parameters on trade data for year 1999.
The explained variable is log real trade. The intercept is not reported.

Variable Coefficient Std. Error

Both in WTO -0.479 0.072
One in WTO -0.322 0.070
GSP 0.305 0.034
Log distance -1.181 0.019
Log product real GDP 0.829 0.010
Log product real GDP p/c -0.033 0.012
Regional FTA 0.679 0.081
Currency union 0.592 0.141
Common language 0.369 0.041
Land border 0.793 0.083
Number landlocked -0.375 0.029
Number islands 0.017 0.036
Log product land area -0.071 0.008
Common colonizer 0.863 0.055
Ever colony 1.246 0.105
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Table 2: The ordinary least squares estimator for the slope parameters on trade data for year
1999. The explained variable is log real trade. The intercept is not reported.

Variable Coefficient Std. Error

Both in WTO -0.269 0.096
One in WTO -0.320 0.097
GSP 0.199 0.045
Log distance -1.073 0.025
Log product real GDP 0.944 0.011
Log product real GDP p/c -0.034 0.014
Regional FTA 0.946 0.108
Currency union 0.757 0.194
Common language 0.415 0.053
Land border 0.965 0.114
Number landlocked -0.540 0.034
Number islands 0.022 0.041
Log product land area -0.076 0.009
Common colonizer 0.966 0.074
Ever colony 1.113 0.141

6.2 Simulations

I run S = 10000 simulations on each of the 4 following designs, with a network of N = 100 nodes in

each simulation.

1. An intercept and an additive regressor , with γ = 0

Yij := β0,1 + β0,2(Xi +Xj) +AiAj + Vij

2. An intercept and a multiplicative regressor, with γ = 0

Yij := β0,1 + β0,2XiXj +AiAj + Vij

3. An intercept and an additive regressor, with γ = 1

Yij := β0,1 + β0,2(Xi +Xj) +Ai +Aj +AiAj + Vij

4. An intercept and a multiplicative regressor, with γ = 1

Yij := β0,1 + β0,2XiXj +Ai +Aj +AiAj + Vij
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for each of the two designs X ∼ Unif(0, 1), β0,1 = β0,2 = E(A2
1) = E(V 2

12) = 1.9 The histograms for

the estimated slope parameters β0,2 are in the figures 6 to 9. In each graph, we show the histogram

for the OLS estimator (in bleu) on the original model (1) as a benchmark, the estimator π̂EIG defined

in this paper in green. The OLS estimator is semi-parametrically efficient in the model without

individual effects, Yij := β0,1 + β0,2Xij + Vij as a “gold standard” in orange, it is also estimated for

each of the simulations and displayed in orange in the figures 6 to 9 as an oracle estimator. The

estimators for the intercepts are not shown since the slope parameter are our concern in this paper.

As discussed in the introduction, our estimator is N− consistent for β0,1 − δγ = 1− 1 = 0 rather

than for β0,1 = 1. The term δγ can’t be estimated at a higher rate than
√
N . Any estimator for

β0,1 based on our estimator and an estimated correction for δγ would only yield a
√
N -consistent

estimator, even though β0,1 − δγ is estimated at rate N .

The first two histograms (figures 6 and 7) confirm the result in proposition 2. The histogram for

the eigenvalue-corrected estimator (in green) is close to the oracle (orange). On both histogram,

the OLS estimator (blue) seems to have a larger variance. In fact, the OLS estimator has a non

standard asymptotic distribution (cf. Menzel (2021)) and its distribution is slightly skewed to the

left. The skew is not visible in figures 6 and 7, because the variance of A is not large enough (see

figure 10 for a version of figure 7 with a V ar(A) = 100 and where the skew is now obvious on the

OLS estimator, whereas the eigenvalue corrected estimator is unaffected).

Figures 8 and 9 show that the histogram of the OLS estimator (blue) is much less concentrated

than the eigenvalue-corrected estimator (green). This reflects the prediction of corollary 4. The

eigenvector corrected estimator is itself less efficient than the oracle (orange), but is rate optimal.

Figure 6: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter
β0,1 in the model Yij := β0,1 + β0,2(Xi +Xj) + AiAj + Vij, and the “oracle” OLS estimator
(orange) for the slope parameter β0,1 in the model Yij := β0,1 + β0,2(Xi +Xj) + Vij.

9I also generated simulations with X ∼ N (0, 1) or X ∼ 1 +N (0, 1) and the outcomes are similar.
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Figure 7: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter β0,1

in the model Yij := β0,1 + β0,2XiXj + AiAj + Vij, and the “oracle” OLS estimator (orange)
for the slope parameter β0,1 in the model Yij := β0,1 + β0,2(Xi +Xj) + Vij.

Figure 8: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter
β0,1 in the model Yij := β0,1 + β0,2(Xi +Xj) + Ai + Aj + AiAj + Vij, and the “oracle” OLS
estimator (orange) for the slope parameter β0,1 in the model Yij := β0,1 + β0,2(Xi +Xj) + Vij.
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Figure 9: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter β0,1

in the model Yij := β0,1 + β0,2XiXj + Ai + Aj + AiAj + Vij, and the “oracle” OLS estimator
(orange) for the slope parameter β0,1 in the model Yij := β0,1 + β0,2(Xi +Xj) + Vij.

Figure 10: OLS (blue) and eigenvalue-corrected (green) estimators for the slope parameter
β0,1 in the model Yij := β0,1 + β0,2XiXj + 10× AiAj + Vij, and the “oracle” OLS estimator
(orange) for the slope parameter β0,1 in the model Yij := β0,1 + β0,2(Xi +Xj) + Vij. Note the
10 factor multiplying the AiAj term to amplify the skew of the OLS estimator.

7 Conclusion

In this paper, we proposed a new two iteration estimator for the dyadic non-oriented linear regression

model with interactive effects. The new estimator is asymptotically equivalent to the “infinite

iterations” estimator on an iterative process similar to Bai (2009)’s. The new estimator emerges

from a new proof for the the iterations’ limit distribution examining one iteration at a time. We also

show that in the absence of interaction, the iterative process does not converge, with an estimated
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intercept that explodes through iterations . Because the alternative estimator requires only a finite

number of iterations, and because iterations only bias the intecept, the alternative estimator is still

well defined and is shown to be
√
N -consistent for all slope parameters, excluding the intercept.

Technically, studying the asymptotic distribution of M(π)’s largest eigenvalue up to a second

order is the main challenge. The results in this papers hint at how similar 2 iteration estimators

could be computed for models with higher order interactions. For higher order interactions, however,

the proof would require the computation of the joint distribution of a number of largest eigenvalues,

which would be technically challenging. I leave this extension for future work.
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A Proofs and intermediary results

This section details the proofs of all the results in the paper. It begins by showing how the OLS

estimator of the intercept (in model (1)) can be adjusted to obtain a
√
N - consistent estimator of

the modified estimator (in model 2). Then we provide the technical ingredients (propositions 8 and

9) that our main results heavily rely on.

A.1 Adjustment to the intercept

Proposition 7. Under model (1) and under the assumptions of theorem 1, γ ≥ 0, δ ∈ {−1, 1},
σ2
U = E(A2

1) ̸= 0. Let β̃1 be a
√
N-consistent estimator of the intercept β0 in equation (1). Then

π0,1, the intercept in the modified model (2) is equal to: π0,1 = β0,1 − δγ2. Define

ϵij : = γ(Ai +Aj) + δAiAj + Vij

a : = E(ϵ12ϵ23) = γ2E(A2
i )

b : = E(ϵ12ϵ23ϵ31) = 3δγ2E(A2
i )

2 + δE(A2
i )

3

Then |β| = 3δγ2E(A2
i )

2+δE(A2
i )

3 and E(A2
i ) is the unique real root of the polynomial P (x; a, |b|) :=

x3 + 3ax− |b| . Denote

ϵ̂ij : = Yij −
L∑
l=1

Xij,lβ̃l =

L∑
l=1

Xij,l(β0,l − β̃l) + ϵij

â : =
1

N3

∑
i ̸=j ̸=k

ϵ̂ij ϵ̂ik

b̂ : =
1

N3

∑
i ̸=j ̸=k

ϵ̂ij ϵ̂ik ϵ̂jk

δ̃ : = sign(b̂)

Let σ̂2
U be a real root of the polynomial P (x; â, b̂) and define γ̂2 := â

σ̂2
U
. We have

|σ̂2
U − E(A2

1)| = Op

(
1√
N

)
|γ̂2 − γ2| = Op

(
1√
N

)
π0,1 − π̃1 = Op

(
1√
N

)
where π̃1 := β̂0 − δ̂γ̂2

Proof. That P has a unique real solution whenever a ≥ 0 results from the observation that

limx→−∞ P (x; a, |b|) = −∞, limx→+∞ P (x; a, |b|) = +∞ and P (., a, b) is strictly increasing when
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a ≥ 0.

Observe that

|â− a| = Op

(
1√
N

)
|b̂− b| = Op

(
1√
N

)
The roots of a polynomial being continuous in its coefficients (e.g. Harris and Martin (1987)), the

continuous mapping theorem proves the consistency of σ̂2
U .

Moreover, note that δ = sign(b), that b ̸= 0, and that

In addition, by the mean value theorem, for some (x̄, ā, b̄) between (E(U2
1 ), a, b) and (σ̂2

U , α̂, β̂)

0 = P (σ̂2
U ; â, b̂) = P (E(A2

1); a, b) +
∂P

∂x
(x̄, ā, b̄)(σ̂2

U − E(A2
1)) +

∂P

∂a
(â− a) +

∂P

∂|b|
(|b̂| − |b|)

= (3x̄2 + 3ā)(σ̂2
U − E(A2

1)) + 3x̄(â− a)− (|b̂| − |b|)

because
∣∣|b̂| − |b|

∣∣ ≤ |b̂− b| , then |b̂| − |b| = Op

(
1√
N

)
, implying:

σ̂2
U − E(A2

1) =
−1

(3x̄2 + 3ā)

(
3x̄(â− a)− (|b̂| − |b|)

)
= Op

(
1√
N

)
Finally

γ̂2 − γ2 =
â

σ̂2
U

− a

E(A2
1)

=
âE(A2

1)− aσ̂2
U

σ̂2
UE(A2

1)

=
(â− a)E(A2

1) + a(E(A2
1)− σ̂2

U )

σ̂2
UE(A2

1)

= Op

(
1√
N

)

A.2 On the distribution of the largest eigenvalue

Proposition 8. Let A = (aij) be a matrix such that:

aij = UiUj + Vij for all i ̸= j

and aii = 0 for all i, where the Vij’s for i ≠ j are i.i.d. mean 0 random variables with variance σv

and Vij = Vji, and the diagonal entries of V given by Vii = E(U1)
2 − U2

i .
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The U ’s are also i.i.d but not necessarily centered. Let λ1(A) > λ2(A).... be A’s eigenvalues. Then:

λ1(A) = U ′U +
U ′V U

U ′U
+

U ′V 2U

(U ′U)2
− E(U1)

2 + op(1)

Proof. The proof draws from Füredi and Komlós (1981). In all what follows,“with high probability

(w.h.p.)” means“with probability approaching 1 as N grows”. Write

A = UU ′ + V − E(U1)
2IN

define Ã := A+ E(U1)
2IN and decompose U into U = v + r such that r′v = 0 and Ãv = λ1v. We

first show that, with high probability, r is bounded.

Define:

S := ÃU = (U ′U)U + V U = λ1v +Ar

define:

L := E(S|U) = (U ′U)U

therefore:

Li = (U ′U)Ui

Notice

||Ar||2 = r′Ã′Ãr ≤ λ2(Ã
′Ã)× ||r||2 = maxi>1|λi(Ã)|2 × ||r||2

where the inequality results from the Courant-Fisher theorem (equation (11) in Füredi and Komlós

(1981) ) and the second equality results from: Ã′Ã = Ã2. Therefore:

||Ãr|| ≤ maxi>1|λi(Ã)| × ||r||

By a standard result on rank 1 modifications (e.g. Bunch et al. (1978)), for all i > 1

λi(V ) ≤ λi(Ã) ≤ λi−1(V )

So :

maxi>1|λi(Ã)| ≤ max{|λN (V )|, λ1(V )}

By theorem 2 in Füredi and Komlós (1981) , almost surely:

max{|λN (V )|, λ1(V )} = 2σv
√
N + o

(
N

1
2

)
so with high probability, for N large enough:

||Ãr|| ≤ max{|λN (V )|, λ1(V )} ≤ 3σv
√
N ||r|| (23)
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Thus:

||Ãr − (U ′U)r|| ≥ (U ′U)||r|| − ||Ãr|| ≥ (U ′U −max{|λN (V )|, λ1(V )})||r|| (24)

implying:

||r||2 ≤ ||Ãr − (U ′U)r||2

(U ′U −max{|λN (V )|, λ1(V )})2
≤ ||S − L||2

(U ′U −max{|λN (V )|, λ1(V )})2
(25)

With high probability:

(U ′U −max{|λN (V )|, λ1(V )})2 ≥ σ4
u

2
N2 (26)

The second inequality is a result of Pythagorean theorem.

To show that r is bounded w.h.p., it is left to show that ||S − L||2 also grows as N2. I use

Chebychev’s inequality on ||S − L||2:

E(||S − L||2|U) = E

∑
i

(Si − Li)
2

∣∣∣∣U


= E

∑
i

∑
j

VijUj

2 ∣∣∣∣U


= E

∑
i

U2
i V

2
ii +

∑
i

∑
j ̸=i

VijUj

2

+ 2
∑
i

UiVii

∑
j ̸=i

VijUj

∣∣∣∣U


=
∑
i

U2
i V

2
ii + σ2

v

∑
i

∑
j ̸=i

U2
j

=
∑
i

U2
i (E(U1)

2 − U2
i )

2 + σ2
v(N − 1)

∑
i

U2
i

so
E(||S − L||2|U)

N2
→ σ2

vE(U2
1 ) almost surely. (27)

Also:

V ar(||S − L||2|U) = V ar

∑
i

∑
j

VijUj

2 ∣∣∣∣U


= V ar

∑
i

U2
i V

2
ii +

∑
i

∑
j ̸=i

VijUj

2

+ 2
∑
i

UiVii

∑
j ̸=i

VijUj

∣∣∣∣U
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= V ar

∑
i


∑

j ̸=i

VijUj

2

+ 2UiVii

∑
j ̸=i

VijUj

 ∣∣∣∣U


=
∑
i,l

Cov


∑

j ̸=i

VijUj

2

+ 2UiVii

∑
j ̸=i

VijUj ,

∑
j ̸=l

VljUj

2

+ 2UlVll

∑
j ̸=l

VljUj

∣∣∣∣U


=
∑
i,l

Cov


∑

j ̸=i

VijUj

2

,

∑
j ̸=l

VljUj

2 ∣∣∣∣U


+ 4
∑
i,l

UiViiUlVllCov

∑
j ̸=i

VijUj ,
∑
j ̸=l

VljUj

∣∣∣∣U


+ 4
∑
i,l

UiViiCov


∑

j ̸=i

VijUj

2

,
∑
j ̸=l

VljUj

∣∣∣∣U


Hence:

V ar(||S − L||2|U) =
∑
i,l

∑
j1,j2 ̸=i

∑
k1,k2 ̸=l

Uj1Uj2Uk1Uk2Cov
(
Vij1Vij2 , Vlk1Vlk2

)
+ 4

∑
i,l

∑
j ̸=i

∑
k ̸=l

UiViiUlVllUjUkCov(Vij , Vlk)

+ 4
∑
i,l

∑
j1,j2 ̸=i

∑
k ̸=l

UiViiUj1Uj2UkCov
(
Vij1Vij2 , Vlk

)
= 2σ4

v

∑
i

∑
j,k ̸=i,k ̸=j

U2
j U

2
k + V ar(V 2

ij)
∑
i

∑
j ̸=i

U4
j + V ar(V 2

ij)
∑
i

∑
j ̸=i

U2
j U

2
i

+ 4σ2
v

∑
i

∑
j ̸=i

U2
i U

2
j V

2
ii + 4σ2

v

∑
i

∑
j ̸=i

UiViiUjVjjUjUi

+ 4E(V 3
12)
∑
i

∑
j ̸=i

U4
i Vii + 4E(V 3

12)
∑
i

∑
j ̸=i

U2
i ViiU

2
j

so there exists a constant c1 ≥ 0 such that

V ar(||S − L||2|U)

N3
→ c1 almost surely.

By Chebychev’s inequality:

P
(∣∣∣∣||S − L||2 − E(||S − L||2|U)

∣∣∣∣ ≥√V ar(||S − L||2|U)N1/3

)
≤ 1

N2/3
(28)
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By (27) and (28), with high probability:

||S − L||2 ≤ 2N2E(U2
1 )σ

2
v (29)

Combining (25),(26) and (29), with high probability:

||r||2 ≤ 4E(U2
1 )

σ2
v

(30)

Now note that: ∑
i S

2
i∑

i SiUi
=

S′S

S′U
=

λ2
1||v||2 + ||Ãr||2

λ1||v||2 + r′Ãr
= λ1 +

||Ãr||2 − λ1r
′Ãr∑

i SiUi
(31)

let’s now show that

∣∣∣∣ ||Ãr||2−λ1rÃr∑
i SiUi

∣∣∣∣ = O
(

1√
N

)
. From (23), w.h.p.:

||Ãr||2 ≤ 9σ2
vN ||r||2

then by (30)

||Ãr||2 ≤ 9σ2
v

4E(U2
1 )

σ2
v

N = 36E(U2
1 )N

then:

|r′Ãr| ≤ ||r|| × ||Ãr|| ≤ 2
√
E(U2

1 )

σv
× 6
√
E(U2

1 )
√
N = 12

E(U2
1 )

σv

√
N

To bound λ1(Ã), note that Ãv = λ1v. So |λ1(Ã)||vi| = |
∑

j ̸=i aijvj−E(U1)
2vi| ≤ maxj |vj |(E(U1)

2+∑
j ̸=i |aij |. Taking a max over the i’s: |λ1(Ã)|maxi |vi| ≤ maxj |vj |×maxi

∑
j |aij |, therefore: |λ1| ≤

E(U1)
2 +maxi

∑
j ̸=i |aij |. For any η > 0, Markov’s inequality shows that maxi

∑
j |aij | = op(N

1+η)

Finally: ∑
i

SiUi = S′U = (U ′U)2 + U ′V U = (
∑
i

U2
i )

2 +
∑
i ̸=j

UiUjVij +
∑
i

U2
i (U

2
i − σ2

u)

so, almost surely,
1

N2

∑
i

SiUi = E(U2
1 )

2 + op(1) (32)

implying that:

λ1 =

∑
i S

2
i∑

i SiUi
+ op (1)

=
(U ′U)3 + 2(U ′U)U ′V U + U ′V 2U

(U ′U)2 + U ′V U
+ op (1)

= U ′U +
U ′V U

U ′U
+

(U ′U)U ′V 2U − (U ′V U)2

(U ′U)((U ′U)2 + U ′V U)
+ op (1)

(33)
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Note that, by the CLT U ′V U = Op(N), and note that U ′V 2U = Op(N
2) so

λ1(Ã) = U ′U +
U ′V U

U ′U
+

U ′V 2U

(U ′U)2
+ op(1)

or

λ1(A) = λ1(Ã)− E(U1)
2 = U ′U +

U ′V U

U ′U
+

U ′V 2U

(U ′U)2
− E(U1)

2 + op(1)

Proposition 9. Fix some vector π0 ∈ RL. For all π, denote M(π) the matrix:

M(π) := X(π0 − π) + UU ′ + V − E(U2
1 )IN

where U and V are defined as in Proposition (8), and X is a linear function of the vector (π0 − π):

X =
∑L

l=1(π0,l − πl)Xl, with L a fixed, known number, Xl are symmetric matrices with zeros on

the diagonal and such that λ1(X) := maxl=1..L λ1(Xl) = Op(N).

Let λ1(π) > λ2(π)... > λN (π) be the eignevalues of M(π), then:

λ1(π̃) = U ′U +

∑
k(π0,k − π̃k)U

′XkU

U ′U
+Op(1)

Moreover, define v(π) and r(π) the vectors such that:

1. U = v(π) + r(π)

2. v(π)′r(π) = 0

3. M(π)v(π) = λ1(π)v(π)

Let π̃ be an estimator for π0 such that ||π̃ − π0|| = Op

(
1√
N

)
.Then

1.

||U − v(π̃)|| = Op(1)

2.

||U ||2 − ||v(π̃)||2 = ||r(π̃)||2 = Op(1)

3. for any l, l′ = 1..K:

v(π̃)′Xl′Xlv(π̃) = U ′Xl′XlU +Op

(
N2

√
N
)

Proof. Note that

||M(π̃)r(π̃)|| ≤ |λ2(π̃)| × ||r(π̃)||

and: for all i = 2...N

λi(M(π̃)− UU ′) ≤ λi(M(π̃)) ≤ λi−1(M(π̃)− UU ′)
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and by Weyl’s inequalities:

−||π0− π̃||×|λ1(X)|+λi(V −E(U2
1 )IN ) ≤ λi(M(π̃)−UU ′) ≤ ||π0− π̃||×|λ1(X)|+λi(V −E(U2

1 )IN )

so:

|λ2(M(π̃)| ≤ max{λ1(V ), |λN (V )|}+ E(U2
1 ) + ||π0 − π̃|| × |λ1(X)|

by Theorem 2 in Füredi and Komlós (1981), almost surely:

max{|λN (V )|, λ1(V )} = 2σv
√
N + o

(
N

1
2

)
so:

|λ2(M(π̃)| = Op(
√
N)

as in the proof of proposition (8), with high probability:

||M(π̃)r(π̃)− (U ′U)r(π̃)|| ≥ (U ′U)||r(π̃)|| − ||M(π̃)r(π̃)|| ≥ ((U ′U)− |λ2(M(π̃))|)||r(π̃)||

so with high probability:

||r(π̃)||2 ≤ ||M(π̃)r(π̃)− (U ′U)r(π̃)||2

(U ′U − |λ2(M(π̃))|)2

≤ ||M(π̃)U − (U ′U)U ||2

(U ′U − |λ2(M(π̃))|)2

≤
(
||M(π̃)U −M(π0)U ||+ ||M(π0)U − (U ′U)U ||

)2
(U ′U − |λ2(M(π̃))|)2

=

(
||
∑

l(π0,l − π̃l)XlU ||+ ||M(π0)U − (U ′U)U ||
)2

(U ′U − |λ2(M(π̃))|)2

≤
(∑

l |π0,l − π̃l| × |λ1(Xl)| × ||U ||+ ||V U − E(U2
1 )U ||

)2
(U ′U − |λ2(M(π̃))|)2

=

(∑
l |π0,l − π̃l| × |λ1(Xl)| × ||U ||+ ||S − L||+ E(U2

1 )||U ||
)2

(U ′U − |λ2(M(π̃))|)2

where S and L are defined in the proof for equation (8). By equation (29), with high probability:

||S − L|| ≤
√
2N
√
E(U2

1 )σv

so

||r(π̃)|| = Op(1)
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which proves the first result:

||U − v(π̃)|| = Op(1)

Also, as in equation (33):

λ1(π̃) =
U ′M(π̃)′M(π̃)U

U ′M(π̃)U
+ op (1)

=

∑K
k=1

∑K
l=1(π0,l − π̃l)(π0,k − π̃l)U

′XkXlU + (U ′U)
∑K

k=1(π0,k − π̃l)U
′XkU +

∑K
k=1(π0,k − π̃l)U

′XkV U∑
k(π0,k − π̃k)U ′XkU + (U ′U)2 + U ′V U − E(U2

i )U
′U

+
−E(U2

1 )
∑K

k=1(π0,k − π̃l)U
′XkU∑

k(π0,k − π̃k)U ′XkU + (U ′U)2 + U ′V U − E(U2
i )U

′U

+
(U ′U)

∑K
l=1(π0,l − π̃l)U

′XlU + (U ′U)3 + (U ′U)U ′V U − E(U2
1 )(U

′U)2∑
k(π0,k − π̃k)U ′XkU + (U ′U)2 + U ′V U − E(U2

i )U
′U

+

∑K
l=1(π0,l − π̃l)U

′V XlU + (U ′U)U ′V U + U ′V 2U − E(U2
1 )U

′V U∑
k(π0,k − π̃k)U ′XkU + (U ′U)2 + U ′V U − E(U2

i )U
′U

+
−E(U2

1 )
∑K

l=1(π0,l − π̃l)U
′XlU − E(U2

1 )(U
′U)2 − E(U2

1 )U
′V U + E(U2

1 )
2U ′U∑

k(π0,k − π̃k)U ′XkU + (U ′U)2 + U ′V U − E(U2
i )U

′U
+ op(1)

=
(U ′U)

(∑
k(π0,k − π̃k)U

′XkU + (U ′U)2 + U ′V U − E(U2
i )U

′U
)∑

k(π0,k − π̃k)U ′XkU + (U ′U)2 + U ′V U − E(U2
i )U

′U

+

(∑
k(π0,k − π̃k)U

′XkU/U
′U
) (∑

k(π0,k − π̃k)U
′XkU + (U ′U)2 + U ′V U − E(U2

i )U
′U
)∑

k(π0,k − π̃k)U ′XkU + (U ′U)2 + U ′V U − E(U2
i )U

′U

+

∑K
k=1

∑K
l=1(π0,l − π̃l)(π0,k − π̃l)U

′XkXlU + (U ′U)(U ′V U)∑
k(π0,k − π̃k)U ′XkU + (U ′U)2 + U ′V U − E(U2

i )U
′U

−E(U2
1 )(U

′U)2 −
(∑

k(π0,k − π̃k)U
′XkU

)2
/U ′U + U ′V 2U∑

k(π0,k − π̃k)U ′XkU + (U ′U)2 + U ′V U − E(U2
i )U

′U
+Op

(
1√
N

)
= U ′U +

∑
k(π0,k − π̃k)U

′XkU

U ′U

+
K∑
k=1

K∑
l=1

(π0,l − π̃l)(π0,k − π̃l)
U ′XkXlU

(U ′U)2
+

U ′V U

U ′U
− E(U2

1 )−
(∑

k(π0,k − π̃k)U
′XkU

)2
(U ′U)3

+
U ′V 2U

(U ′U)2

+Op

(
1√
N

)
(34)

as desired.

For the third part of the proposition, note that:

M(π̃)U =
K∑
l=1

(π0,l − π̃l)XlU + (U ′U)U + V U − E(U2
1 )U
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so

M(π̃)U − λ1(M(π̃))U = V U + (U ′U − λ1(M(π̃)))U +
K∑
l=1

(π0,l − π̃l)XlU − E(U2
1 )U

remember:

M(π̃)U = M(π̃)r + λ1(M(π̃))v

hence:

λ1(M(π̃))(U − v(π̃)) = M(π̃)r − V U + (λ1(M(π̃))− U ′U)U +
L∑
l=1

(π̃l − π0,l)XlU + E(U2
1 )U

= M(π̃)r − V U +Op(1)U +
L∑
l=1

(π̃l − π0,l)XlU + E(U2
1 )U −

∑
k(π̃k − π0,k)U

′XkU

U ′U
U

(35)

fix some l in 1..L, multiplying both sides by ι′X ′
l :

λ1(M(π̃))ι′X ′
l(v(π̃)− U) = −ι′X ′

lM(π̃)r(π̃) + ι′X ′
lV U + (U ′U − λ1(M(π̃)))ι′X ′

lU

+
L∑

l′=1

(π0,l′ − π̃l′)ι
′X ′

lXl′U − E(U2
i )ι

′X ′
lU

The the proposition’s second result, remember that r(π̃) and v(π̃) are orthogonal and that

U = v(π̃) + r(π̃), so by the Pythagorean theorem:

||U ||2 = ||v(π̃)||2 + ||r(π̃)||2

as desired.

Finally, remember that

λ1(M(π̃))(v(π̃)− U) = −M(π̃)r + V U + (U ′U − λ1(M(π̃)))U +
L∑
l=1

(π0,l − π̃l)XlU −E(U2
1 )U =: ∆

so

Xlv(π̃) = XlU +
1

λ1(M(π̃))
Xl∆

and

v(π̃)′Xl′Xlv(π̃) = U ′Xl′XlU +
1

λ1(M(π̃))2
∆′Xl′Xl∆+

1

λ1(M(π̃))
∆′Xl′XlU +

1

λ1(M(π̃))
UXl′Xl∆

′

Note that ||∆|| = Op(N), λ1(M(π̃)) = Op(N) and ||Xl∆|| = Op(N
2) since by assumption:λmax(Xl), λmin(Xl) =
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Op(N) (by lemma 2), also

||XlU || ≤ λmax(Xl)||U || = Op(N
√
N)

so

v(π̃)′Xl′Xlv(π̃) = U ′Xl′XlU +Op(N
2
√
N)

A.3 Proof of Lemma 2

Assume X satisfies the lemma’s assumptions. Let λ be one of X’s eigenvalues and let x be a

corresponding eigenvector. Then

|λ|||x||2 = ||λx||2
= ||Xx||2
≤ ||X||2||x||2

where ||.||2 designates the Euclidean norm for vectors and the spectral norm for matrices. Hence

|λ| ≤ ||X||2

but we know that the spectral normal is smaller than the Forbenius norm for any matrix. Therefore:

|λ| ≤
√∑

i,j

X2
ij

It is left to show that
∑

i,j X
2
ij = Op(N

2). Decompose∑
ij

X2
ij =

∑
ij

E(X2
ij |Xi, Xj) +

∑
ij

X2
ij − E(X2

ij |Xi, Xj)

First, by a U-statistic law of large numbers (e.g. theorem 3.1.3. in Korolyuk and Borovskich (2013)),∑
ij E(X2

ij |Xi, Xj) = Op(N
2). For the second term in the decomposition, it is enough to note:

V ar

 1

N2

∑
ij

X2
ij

∣∣∣∣(Xi)
∞
i=1

→ 0, almost surely.

A.4 Proof of Lemma 1

Proof. First, note that, given the assumption E(X ′
12X12) is invertible. By a standard law of large

numbers, the matrix 1
N

∑N
k=1X

′
2k,2k+1X2k,2k+1 converges almost surely to E(X ′

12X12), then with
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probability 1, 1
N

∑N
k=1X

′
2k,2k+1X2k,2k+1 is invertible for N large enough. Under the condition that

1
N

∑N
k=1X

′
2k,2k+1X2k,2k+1 is invertible:

Write

arg min
π∈RL

N∑
i=2

λi

(
M(π)

)2
= argmin

π

∑
i ̸=j

(
Yij −Xijπ

)2 − max
ν:||ν||=1

ν ′M(π)2ν

= argmin
π

min
ν:||ν||=1

∑
i ̸=j

(
Yij −Xijπ

)2 − ∑
i ̸=j,k ̸=i,j

νiνj (Yik −Xikπ)
(
Ykj −Xkjπ

)
For a fixed ν in the unit sphere, the function that associates each π to

∑
i ̸=j

(
Yij −Xijπ

)2 −∑
i ̸=j,k ̸=i,j νiνj (Yik −Xikπ)

(
Ykj −Xkjπ

)
is twice continuously differentiable with a Hessian equal

to:

H := 2

∑
ij

X ′
ijXij −

∑
i ̸=j,k ̸=i,j

νiνjX
′
ikXjk


let’s show that H is definite positive. Fix α ≠ 0 in RL, denote: xij :=

√
2Xijα and X the matrix

with entries xij . Because X is symmetric, represent ν in an orthonormal basis of eigenvector of X:

ν =
∑N

i=1miei, where ei is a normalized eigenvector of X. Note

α′Hα =
∑
ij

x2ij −
∑

i ̸=j,k ̸=i,j

νiνjxikxjk

= Tr(X2)− (Xν)′(Xν) +
∑
i ̸=k

ν2i x
2
ik

=

N∑
i=1

λi(X)2 −
N∑
i=1

m2
iλi(X)2 +

∑
i ̸=k

ν2i x
2
ik

=

N∑
i=1

(1−m2
i )λi(X)2 +

∑
i ̸=k

ν2i x
2
ik > 0

since
∑N

i=1(1−m2
i )λi(X)2 = 0 implies that X is of rank at most 1 and ν is its unique eigenvector

(up to a normalization) corresponding to a non null eigenvalue, if X is rank 1. Along with νixik = 0,

this implies that X = 0, so Xijα = 0 for all i, j. Therefore α′ 1
N

∑N
k=1X

′
2k,2k+1X2k,2k+1α = 0 and

the matrix 1
N

∑N
k=1X

′
2k,2k+1X2k,2k+1 is not invertible; a contradiction.

This proves that, almost surely, when N is large enough, H(ν) is definite positive for all ν.10

For any fixed ν, the function
∑

i ̸=j

(
Yij −Xijπ

)2 −∑i ̸=j,k ̸=i,j νiνj (Yik −Xikπ)
(
Ykj −Xkjπ

)
is

minimized at π∗(ν) that is continuous in ν. So the problem of minimizing

∑
i ̸=j

Yij −
L∑
l=1

πlXij,l

2

−
∑

i ̸=j,k ̸=i,j

νi(π̂
∗)νj(π̂

∗)

Yik −
L∑
l=1

πlXik,l

Ykj −
L∑
l=1

πlXkj,l


10In fact, we have shown that almost surely, for N large enough, minν λN (H(ν)) > 0.
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on the unit circle admits a solution (minimizing a continuous function on a compact).

So let (π∗, ν∗) be a minimizer of the function
∑

i ̸=j

(
Yij −

∑L
l=1 πlXij,l

)2
− ν ′M(π)2ν, then:

π∗ = argmin

Yij −
L∑
l=1

πlXij,l

2

− ν(π∗)′M(π)2ν(π∗)

and

ν∗ = arg max
||ν||2=1

ν ′M(π∗)2ν

taking a first order condition for π, we get that π∗ is a fixed point of fN .

Conversely, let π∗ be a fixed point of fN . Then π∗ satisfies the first order condition for the

minimization of the function:

π →
∑
i ̸=j

(
Yij −Xijπ

)2 − ∑
i ̸=j,k ̸=i,j

νi(π
∗)νj(π

∗) (Yik −Xikπ)
(
Ykj −Xkjπ

)
we have shown that this function is strictly convex with probability approaching 1. Therefore π∗ is

a minimizer, implying that π∗ minimizes the initial objective function π →
∑N

i=2 λi

(
M(π)

)2

A.5 Proof of Propositions 1 and 2

Proof. Note that the function fN is symmetric as a function of the data, that is fN (YN , XN ;π) =

fN (−YN ,−XN ;π) = fN (δYN , δXN ;π) for all π and for any sequence of data (YN , XN ). Therefore,

an iteration using fN (YN , XN ; .) produces the exact same effect as an iteration using the function

fN (δYN , δXN ; .). In other words, given a first stage estimator π̃, the estimator π̂ is numerically the

same whether it is computed on the model

Yij = Xijπ0 + δUiUj + Vij

or

(δYij) = (δXij)π0 + UiUj + δVij

To ease notation, I will prove the proposition for the case δ = 1. The result for any δ ∈ {−1, 1}
is easily derived through the previous observation.

First, note that:

(π̂ − π0) = (1 + op(1))

∑
i ̸=j

X ′
ijXij −

N∑
j=1

 N∑
i=1

νi(π̃)Xij

′ N∑
i=1

νi(π̃)Xij




−1
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×

∑
i ̸=j

X ′
ij

Yij −
K∑
l=1

π0,lXij,l

−
∑

i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)X
′
jk

Yik −
K∑
l=1

π0,lXik,l




the (l, l′) entry of the matrix
∑N

j=1

(∑N
i=1 νi(π̃)Xij

)′ (∑N
i=1 νi(π̃)Xij

)
is given by:

∑
i,j,k

νi(π̃)νk(π̃)Xij,lXkj,l′ =
1

||v||2
∑
i,j,k

vi(π̃)vk(π̃)Xij,lXkj,l′

=
1

||v||2
∑
i,j,k

UiUkXij,lXkj,l′ +Op(N
√
N)

where the last inequality results from proposition 9. Using a U-statistic central limit theorem

1

N3

∑
i,j,k

UiUkXij,lXkj,l′ = E(U1U3X12,lX32,l′) +Op

(
1√
N

)

and, by proposition 9:

||U − v(π̃)|| = Op(1)

implying ∣∣∣∣||U || − ||v(π̃)||
∣∣∣∣ ≤ ||U − v(π̃)|| = Op(1)

hence

||v(π̃)||2

N
= E(U2

1 ) +Op

(
1√
N

)
so

1

N2||v(π̃)||2
∑
i,j,k

UiUkXij,lXkj,l′ =
1

E(U2
1 )

E(U1U3X12,lX32,l′) +Op

(
1√
N

)
and

1

N2

∑
i,j,k

νi(π̃)νk(π̃)Xij,lXkj,l′ =
1

E(U2
1 )

E(U1U3X12,lX32,l′) +Op

(
1√
N

)

implying:

1

N2

N∑
j=1

 N∑
i=1

νi(π̃)Xij

′ N∑
i=1

νi(π̃)Xij

 =
1

E(U2
1 )

E(U1U3X12X32) +Op

(
1√
N

)
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and π̂ − π0 has the same distribution as(
E(X ′

12X12)−
1

E(U2
1 )

E(U1U3X12X32)

)−1

× 1

N2

∑
i ̸=j

X ′
ij

Yij −
K∑
l=1

π0,lXij,l

−
∑

i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)X
′
jk

Yik −
K∑
l=1

π0,lXik,l




=

(
E(X ′

12X12)−
1

E(U2
1 )

E(U1U3X12X32)

)−1

× 1

N2

∑
i ̸=j

X ′
ij(UiUj + Vij)−

∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)X
′
jk(UiUk + Vik)



Now, define:

π̂∗ := π0+

(
E(X ′

12X12)−
1

E(U2
1 )

E(U1U3X12X32)

)−1

× 1

N2

∑
i ̸=j

X ′
ij(UiUj + Vij)−

∑
i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
X ′

jk(UiUk + Vik)


The proof proceeds in two steps. First, find the asymptotic distribution of N(π̂∗ − π0). Second,

determine the asymptotic distribution of:

π̂∗ − π0−

(
E(X ′

12X12)−
1

E(U2
1 )

E(U1U3X12X32)

)−1

× 1

N2

∑
i ̸=j

X ′
ij(UiUj + Vij)−

∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)X
′
jk(UiUk + Vik)



combining the results of both steps allow to conclude.

Step 1: I will begin by assuming that L = 1, then generalize to an arbitrary but known L.

Let’s determine the asymptotic distribution of π̂∗ − π0, that is, of:∑
i ̸=j

Xij(UiUj + Vij)−
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk(UiUk + Vik)
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First, note:

∑
i ̸=j

XijUiUj −
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
XjkUiUk =

∑
i ̸=j

XijUiUj −
∑

i,j,k ̸=i,j

Ui

||U ||
Uj

||U ||
XjkUiUk +

∑
i,k ̸=i

U3
i

||U ||2
XikUk

=
∑
i ̸=j

XijUiUj −
∑

i,j,k ̸=j

Ui

||U ||
Uj

||U ||
XjkUiUk

+
∑
i,k ̸=i

U3
i

||U ||2
XikUk +

∑
i,j

U3
i

||U ||2
XijUj

= 2
∑
i,j

U3
i

||U ||2
XijUj

= N

(
2

1

E(U2
1 )

E(U3
1X12U2) +Op

(
1√
N

))
(36)

second:

∑
i ̸=j

XijVij −
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
XjkVik =

∑
i ̸=j

Vij

Xij −
Ui

||U ||2
∑
k ̸=i,j

UkXjk


note that

V ar

(∑
i ̸=j

Vij

(
Xij −

Ui

||U ||2
∑
k ̸=i,j

UkXjk

)∣∣∣∣U,X)

= V ar

(∑
i<j

Vij

2Xij −
Ui

||U ||2
∑
k ̸=i,j

UkXjk −
Uj

||U ||2
∑
k ̸=i,j

UkXik

∣∣∣∣U,X)

= σ2
V

∑
i<j

2Xij −
Ui

||U ||2
∑
k ̸=i,j

UkXjk −
Uj

||U ||2
∑
k ̸=i,j

UkXik

2

= σ2
V N

2

(
2E(X2

12)− 3
1

E(U2
1 )

E(U1U3X12X23) +
1

E(U2
1 )

2
E(U1U2X12)

2 + op(1)

)
; almost surely

by a standard CLT:

1

N

∑
i ̸=j

XijVij −
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
XjkVik


→d N

0, σ2
V

(
2E(X2

12)− 3
1

E(U2
1 )

E(U1U3X12X23) +
1

E(U2
1 )

2
E(U1U2X12)

2

)
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hence:

1

N

∑
i ̸=j

Xij(UiUj + Vij)−
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk(UiUk + Vik)


→d 2

E(U3
1 )E(U1)

E(U2
1 )

E(X12) +N

0, σ2
V

(
2E(X2

12)− 3
1

E(U2
1 )

E(U1U3X12X23) +
1

E(U2
1 )

2
E(U1U2X12)

2

)

and by the Wold device, for a multivariate X:

1

N

∑
i ̸=j

Xij(UiUj + Vij)−
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk(UiUk + Vik)


→d 2

1

E(U2
1 )

E(U3
1U2X12)

+N

0, σ2
V

(
2E(X12X

′
12)− 3

1

E(U2
1 )

E(U1U3X12X
′
23) +

1

E(U2
1 )

2
E(U1X12U2)E(U1X

′
12U2)

)
therefore

N(π̂∗ − π0) →d

(
E(X ′

12X12)−
1

E(U2
1 )

E(U1U3X
′
12X32)

)−1

×2
1

E(U2
1 )

E(U3
1U2X12) +N

0, σ2
V

(
2E(X12X

′
12)− 3

1

E(U2
1 )

E(U1U3X12X
′
23) +

1

E(U2
1 )

2
E(U1X12U2)E(U1X

′
12U2)

)


Step 2:

Again, I will use the Wold device. Let η ∈ RL and denote Xij,η = ηX ′
ij ∈ R and Xη := (Xij,η)ij ∈

RN×N .

Let’s determine the asymptotic of

∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)Xjk,η(UiUk + Vik)−
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,η(UiUk + Vik)

= ν(π̃)′XηM(π0)ν(π̃)− ν(π̃)′diag
(
XM(π0)

)
ν(π̃)− 1

||U ||2
U ′XηM(π0)U +

1

||U ||2
U ′diag(XηM(π0))U

= ν(π̃)′XηM(π0)ν(π̃)−
1

||U ||2
U ′XηM(π0)U −

(
ν(π̃)′diag

(
XηM(π0)

)
ν(π̃)− U ′

||U ||
diag(XηM)

U ′

||U ||

)
(37)

• Case 1: E(U1) ̸= 0 and Ui and Uj are arbitrarily correlated with Xij
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On one side, note:11∣∣∣∣ν(π̃)′diag (XηM(π0)
)
ν(π̃)− U ′

||U ||
diag(XηM)

U ′

||U ||

∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣ν(π̃)− U

||U ||

∣∣∣∣∣∣∣∣max
k

∣∣∑
i

Xik,η(UiUk + Vik)
∣∣

≤
∣∣∣∣∣∣∣∣ν(π̃)− U

||U ||

∣∣∣∣∣∣∣∣max
k

∑
i

(∣∣Xik,η(UiUk + Vik)
∣∣− E

(∣∣Xik,η(UiUk + Vik)
∣∣))

+N

∣∣∣∣∣∣∣∣ν(π̃)− U

||U ||

∣∣∣∣∣∣∣∣E (∣∣Xik.η(UiUk + Vik)
∣∣)

I want to show that:

max
k

∑
i

(∣∣Xik,η(UiUk + Vik)
∣∣− E

∣∣Xik,η(UiUk + Vik)
∣∣) = Op

(
N
√
N
)

Fix some x > 0 and by a union bound:

P

 1

N
√
N

max
k

∑
i

(∣∣Xik,η(UiUk + Vik)
∣∣− E

∣∣Xik,η(UiUk + Vik)
∣∣) ≥ x


≤
∑
k

P

 1

N
√
N

∑
i

(∣∣Xik,η(UiUk + Vik)
∣∣− E

∣∣Xik,η(UiUk + Vik)
∣∣) ≥ x


= N × P

 1

N
√
N

∑
i

(∣∣Xi1,η(UiU1 + Vi1)
∣∣− E

∣∣Xi1,η(UiU1 + Vi1)
∣∣) ≥ x


≤ 1

N2

V ar
(∑

i

(∣∣Xi1,η(UiU1 + Vi1)
∣∣− E

∣∣Xi1,η(UiU1 + Vi1)
∣∣))

x2

≤ 1

x2

(
V ar

(∣∣X12,η(U2U1 + V12)
∣∣)+ Cov

(∣∣X12,η(U2U1 + V12)
∣∣, ∣∣X13,η(U3U1 + V13)

∣∣))
where the second inequality is Markov’s. This implies:

max
k

∑
i

(∣∣Xik,η(UiUk + Vik)
∣∣− E

∣∣Xik,η(UiUk + Vik)
∣∣) = Op

(
N
√
N
)

as desired. Since:∣∣∣∣∣∣∣∣ν(π̃)− U

||U ||

∣∣∣∣∣∣∣∣ ≤ 1

||U ||

∣∣∣∣∣∣∣∣v(π̃)− U

∣∣∣∣∣∣∣∣+ ||v(π̃)||
∣∣∣∣ 1

||v(π̃)||
− 1

||U ||

∣∣∣∣ = Op

(
1√
N

)
then:

ν(π̃)′diag
(
XηM(π0)

)
ν(π̃)− U ′

||U ||
diag(XηM(π0))

U ′

||U ||
= Op(N)

11Remember that, by definition, Xii,η = 0 for all i.
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and equation (37) becomes:

∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)Xjk,η(UiUk + Vik)−
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,η(UiUk + Vik)

= ν(π̃)′XηUU ′ν(π̃)− 1

||U ||2
U ′XηUU ′U

+ ν(π̃)′XVην(π̃)−
1

||U ||2
U ′XηV U +Op(

√
N)

= v(π̃)′XηU − U ′XηU + ν(π̃)′XηV ν(π̃)− 1

||U ||2
U ′XηV U

+Op(
√
N)

(38)

On one side:∣∣∣∣ν(π̃)′XηV ν(π̃)− 1

||U ||2
U ′XηV U

∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣ν(π̃)− U

||U ||

∣∣∣∣∣∣∣∣||XηV || = Op (N)

On the other side:

v(π̃)′XηU − U ′XηU = U ′Xη(v(π̃)− U)

= − 1

λ1(π̃)

L∑
l=1

(π̃l − π0,l)U
′XηXlU +

L∑
l=1

(π̃l − π0,l)
U ′XlU

U ′U

U ′XηU

λ1(π̃)
+Op(N)

=

L∑
l=1

(π̃l − π0,l)

(
U ′XlU

U ′U

U ′XηU

λ1(π̃)
− 1

λ1(π̃)
U ′XηXlU

)
+Op(N)

where the second equality is a consequence of equation (35) and from noting that U ′V XηU =

Op(N
2) since, almost surely:

V ar

(
U ′XηV U

∣∣∣∣X,U

)
= σ2

V

∑
j,k

U2
k

∑
i

Xij,ηUi

2

= O(N4)

Hence:

√
N

N2

( ∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)Xjk,η(UiUk + Vik)−
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,η(UiUk + Vik)

)

=
√
N

L∑
l=1

(π̃l − π0,l)

(
U ′XlU

NU ′U

U ′XηU

Nλ1(π̃)
− N

λ1(π̃)

1

N2
U ′XηXlU

)
+Op

(
1√
N

)

=
√
N

L∑
l=1

(π̃l − π0,l)

(
1

E(U2
1 )

2
E(U1X12,lU2)E(U1U2X12,η)−

1

E(U2
1 )

E(U1U3X12,ηX23,l)

)
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+Op

(
1√
N

)
the previous equality holds for any fixed η, so:

√
N

N2

( ∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)Xjk(UiUk + Vik)−
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk(UiUk + Vik)

)

=
√
N

L∑
l=1

(π̃l − π0,l)

(
1

E(U2
1 )

2
E(U1X12,lU2)E(U1U2X12,η)−

1

E(U2
1 )

E(U1U3X12,ηX23,l)

)
+Op

(
1√
N

)

=
1

E(U2
1 )

√
N

L∑
l=1

(π̃l − π0,l)

(
1

E(U2
1 )

E(U1X12,lU2)E(U1U2X12,η)− E(U1U3X12,ηX23,l)

)
+Op

(
1√
N

)

since, by step 1: N(π̂∗ − π0) = Op(1), which allows to conclude:

√
N(π̂ − π0) =

(
E(X ′

12X12)−
1

E(U2
1 )

E(U1U3X
′
12X32)

)−1

× 1

E(U2
1 )

√
N

L∑
l=1

(π̃l − π0,l)

(
E(U1U3X12,ηX23,l)−

1

E(U2
1 )

E(U1X12,lU2)E(U1U2X12,η)

)

+Op

(
1√
N

)
=

1

E(U2
1 )

(
E(X ′

12X12)−
1

E(U2
1 )

E(U1U3X
′
12X32)

)−1

×

(
E(U1U3X12X23)−

1

E(U2
1 )

E(U1X12,lU2)E(U1U2X12,η)

)
√
N(π̃ − π0) +Op

(
1√
N

)

• Case 2: E(Ui) = 0 and U is exogenous

Let’s prove the appropriate version of equation (38) for this case. On one side, note∣∣∣∣ν(π̃)′diag (XηM(π0)
)
ν(π̃)− U ′

||U ||
diag(XηM)

U ′

||U ||

∣∣∣∣ ≤ ∣∣∣∣∣∣∣∣ν(π̃)− U

||U ||

∣∣∣∣∣∣∣∣max
k

∣∣∑
i

Xik,η(UiUk + Vik)
∣∣

≤
∣∣∣∣∣∣∣∣ν(π̃)− U

||U ||

∣∣∣∣∣∣∣∣max
k

∣∣∑
i

Xik,η(UiUk + Vik)− E
(
Xik,η(UiUk + Vik)|Xk, Uk

) ∣∣
+N

∣∣∣∣∣∣∣∣ν(π̃)− U

||U ||

∣∣∣∣∣∣∣∣max
k

∣∣E (Xik,η(UiUk + Vik)|Xk, Uk

) ∣∣
≤
∣∣∣∣∣∣∣∣ν(π̃)− U

||U ||

∣∣∣∣∣∣∣∣max
k

∣∣∑
i

Xik,η(UiUk + Vik)− E
(
Xik,η(UiUk + Vik)|Xk, Uk

) ∣∣
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because under E(U1) = 0, E
(
Xik,η(UiUk + Vik)|Xk, Uk

)
= 0. I want to show that:

max
k

∣∣∑
i

(
Xik,η(UiUk + Vik)− E

(
Xik,η(UiUk + Vik)|Xk, Uk

)) ∣∣ = Op (N)

Fix some x > 0 and by a union bound:

P

 1

N
max
k

∣∣∑
i

Xik,η(UiUk + Vik)− E
(
Xik,η(UiUk + Vik)|Xk, Uk

) ∣∣ ≥ x


≤
∑
k

P

 1

N

∣∣∑
i

Xik,η(UiUk + Vik)− E
(
Xik,η(UiUk + Vik)|Xk, Uk

) ∣∣ ≥ x


= N × P

 1

N

∣∣∑
i

Xik,η(UiUk + Vik)− E
(
Xik,η(UiUk + Vik)|Xk, Uk

) ∣∣ ≥ x



≤ 1

N

V ar

(∑
i

(
Xik,η(UiUk + Vik)− E

(
Xik.η(UiUk + Vik)

∣∣Xk, Uk

)))
x2

=
1

x2
V ar

(
X12,η(U2U1 + V12)− E

(
X12.η(U1U2 + V12)

∣∣X1, U1

))
where the second inequality is Markov’s and the last equality results from the fact that for

a fixed k, the terms Xik,η(UiUk + Vik) − E
(
Xik.η(UiUk + Vik)

∣∣Xk, Uk

)
are uncorrelated for

different i’s, because they are centered and independent conditionally on Xk, Uk.

This implies:

max
k

∣∣∑
i

(
Xik,η(UiUk + Vik)− E

(
Xik,η(UiUk + Vik)|Xk, Uk

)) ∣∣ = Op (N)

as desired. Since: ∣∣∣∣∣∣∣∣ν(π̃)− U

||U ||

∣∣∣∣∣∣∣∣ = Op

(
1√
N

)
then:

ν(π̃)′diag
(
XηM(π0)

)
ν(π̃)− U ′

||U ||
diag(XηM(π0))

U ′

||U ||
= Op(

√
N)
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and equation (37) becomes:

∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)Xjk,η(UiUk + Vik)−
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,η(UiUk + Vik)

= ν(π̃)′XηM(π0)ν(π̃)−
1

||U ||2
U ′XηM(π0)U +Op(

√
N)

= ν(π̃)′XηUU ′ν(π̃)− 1

||U ||2
U ′XηUU ′U

+ ν(π̃)′XVην(π̃)−
1

||U ||2
U ′XηV U +Op(

√
N)

= v(π̃)′XηU − U ′XηU + ν(π̃)′XηV ν(π̃)− 1

||U ||2
U ′XηV U

+Op(
√
N)

(39)

Let’s get back to the notation from earlier in step 2: Let η ∈ RL and denote Xij,η = ηX ′
ij ∈ R

and Xη := (Xij,η)ij ∈ RN×N . From equation (39):

∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)Xjk,η(UiUk + Vik)−
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,η(UiUk + Vik)

= ν(π̃)′XηM(π0)ν(π̃)−
1

||U ||2
U ′XηM(π0)U +Op(

√
N)

= ν(π̃)′XηM(π̃)ν(π̃)− 1

||U ||2
U ′XηM(π̃)U

+
L∑
l=1

(π̃l − π0,l)

(
ν(π̃)′XηXlν(π̃)−

U ′

||U ||
XηXl

U

||U ||

)
+Op(

√
N)

I next show two useful results: for any random matrix X ∈ RN×N such that X’s largest

eigenvalue is at most of order N and Xij := g(Xi, Xj) for some fixed function g, then: 1)

||XU || = Op(N), and 2) ||Xv(π̃)|| = ||XU ||+Op(
√
N).

Fix such a random matrix X, the proof of the two results goes as follows:

1. Note that ||XU ||2 = U ′X2U =
∑

ijk UiXijXjkUk, and that:

V ar

∑
ijk

UiXijXjkUk

∣∣∣∣X
 =

∑
i1,k1,i2,k2

E(Ui1Ui2Uk1Uk2 |X)

∑
j

Xi1jXjk1

∑
j

Xi2jXjk2


= N4(c+ o(1)); alomost surely
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for some real number c. Then:

||XU ||2 = Op(N
2)

as desired.

2. By the equation (35):

λ1(π̃)||XU −Xv(π̃)|| ≤ ||XM(π̃)r(π̃)||+ ||XV U ||+ |λ1(π̃)− U ′U | × ||XU ||

+
L∑
l=1

|π̃l − π0,l| × ||XXlU ||+ E(U2
1 )||XU ||

let’s show that each term in the right hand side is Op(N
√
N).

(a) ||XM(π̃)r(π̃)|| ≤ λ1(X)||M(π̃)r(π̃)|| = Op(N
√
N)

(b) for the term ||XV U ||, note that:

U ′V X2V U =
∑

i,j,k,l,m

UiVijXjkXklVlmUl

=
∑

i,j,k,l,m:{i,j}̸={l,m}

UiVijXjkXklVlmUl

+
∑
i,j,k

UiVijXjkXkiVijUj +
∑
i,j,k

UiVijXjkXkjVijUi

=
∑

i,j,k,l,m,{i,j}≠{l,m}

UiVijXjkXklVlmUl +Op(N
3)

almost surely:

V ar

 ∑
i,j,k,l,m:{i,j}≠{l,m}

UiVijXjkXklVlmUl

∣∣∣∣X,U

 = O(N6)

so ||XV U ||2 = U ′V X2V U = Op(N
3), or ||XV U || = Op(N

√
N)

(c) From proposition 9

λ(π̃) = U ′U +

∑L
l=1(π0,l − π̃l)U

′XlU

U ′U
+Op(1)

when E(U1) = 0, then
∑L

l=1(π0,l−π̃l)U
′XlU

U ′U = Op(1), |λ(π̃)− U ′U | = Op(1), hence

|λ1(π̃)− U ′U | × ||XU || = Op(N
√
N)
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(d) For every l = 1..L: ||XXlU || ≤ λ1(X)||XlU || = Op(N
2), since |π̃l − π0,l| =

Op

(
1√
N

)
, then

∑L
l=1 |π̃l − π0,l| × ||XXlU || = Op(N

√
N)

(e) E(U2
1 )||XU || = Op(N)

In conclusion:

||XU || − ||Xv(π̃)|| ≤ ||XU −Xv(π̃)|| = Op(
√
N)

so equation (38) becomes:

∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)Xjk,η(UiUk + Vik)−
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,η(UiUk + Vik)

= ν(π̃)′XηM(π̃)ν(π̃)− 1

||U ||2
U ′XηM(π̃)U +Op(

√
N)

=
λ1(π̃)

||v(π̃)||2
v(π̃)′Xηv(π̃)−

λ1(π̃)

||U ||2
U ′Xηv(π̃)

− 1

||U ||2
U ′XηM(π̃)r(π̃) +Op(

√
N)

= − λ1(π̃)

||v(π̃)||2
v(π̃)′Xηr(π̃) + λ1(π̃)

(
1

||v(π̃)||2
− 1

||U ||2

)
U ′Xηv(π̃)

+Op(
√
N)

= − λ1(π̃)

||v(π̃)||2
v(π̃)′Xηr(π̃) +Op(

√
N)

when E(U1) = 0, the equation (35) yields:

λ1(M(π̃))v(π̃)′Xηr(π̃) = v(π̃)′XηM(π̃)r + v(π̃)′XηV U +Op(1)v(π̃)
′XηU

+
L∑
l=1

(π̃l − π0,l)v(π̃)
′XηXlU + E(U2

1 )v(π̃)
′XηU

(40)

I want to show that each of the terms in the right hand side is of order Op(N
√
N):

1. |v(π̃)′XηM(π̃)r| ≤ ||v(π̃)′Xη|| × ||M(π̃)r|| = Op(N)×Op(
√
N)

2. for ||v(π̃)′XηV U ||, first write: v(π̃)′XηV U = U ′XηV U − r(π̃)′XηV U and note that

|r(π̃)′XηV U | ≤ ||V U || × ||r(π̃)′Xη|| = Op(N)×Op(
√
N), since ||V U || ≤ λ1(V )||U || and

||r(π̃)′Xη|| = Op(1) by the proof in bulletpoint (e) above. So let’s examine the term

U ′XηV U :

V ar(U ′XηV U |U,X) = σ2
V

∑
jk,η

∑
i

UiXij,ηUk

2
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= σ2
V

∑
k

U2
k

∑
j

∑
i

UiXij,η

2

= σ2
V ||U ||2||XηU ||2

so

V ar

(
U ′XηV U

||XηU ||

∣∣∣∣U,X
)

= σ2
V ||U ||2

= Nσ2
V (E(U2

1 ) + o(1)); almost surely

and
U ′XηV U

||XηU ||
= Op(

√
N)

since ||XηU || = Op(N), then

U ′XηV U = Op(
√
N)

implying

||v(π̃)′XηV U || = Op(
√
N)

3. |v(π̃)′XηU | ≤ ||v(π̃)|| × ||XηU || = Op(N
√
N)

4. |(π̃l − π0,l)v(π̃)
′XηXlU | ≤ |π̃l − π0,l| × ||v(π̃)′Xη|| × ||XlU || = Op(N

√
N)

this allows to conclude:

λ1(M(π̃))v(π̃)′Xηr(π̃) = Op(N
√
N)

and finally, the equation (38) becomes:

∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)Xjk,η(UiUk + Vik)−
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,η(UiUk + Vik) = Op(

√
N)

so under the condition E(U1) = 0:

N(π̂∗ − π̂) = Op

(
1√
N

)
and

N(π̂ − π0) →d E(X ′
12X12)

−1 ×N
(
0, 2σ2

V E(X12X
′
12)
)
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A.6 Proof of proposition 3

Proof. The case E(U1) = 0 is straightforward, let’s prove the proposition for E(U1) ̸= 0.

Note that:

K =
1

E(U2
1 )

(
E(X ′

12X12)−
1

E(U2
1 )

E(U1U3X
′
12X32)

)−1(
E(U1U3X12X23)−

1

E(U2
1 )

E(U1X12U2)E(U1U2X12)

)
= B−1A

with:

A := E(U2
1 )E(U1U3X12X

′
23)− E(U1U2X12)E(U1U2X

′
12)

B := E(U2
1 )

2E(X12X
′
12)− E(U2

1 )E(U1U3X12X
′
23)

I begin by showing that B −A is semi-definite positive. Note:

E

((
E(U2

1 )X12 − U2X13U3

)(
E(U2

1 )X
′
12 − U1X

′
24U4

))
= E(U2

1 )
2E(X12X

′
12) + E(U1U2X12)E(U1U2X

′
12)− 2E(U2

1 )E(U1U3X12X
′
23)

= B −A

hence12

B −A = E

((
E(U2

1 )X12 − U2X13U3

)(
E(U2

1 )X
′
12 − U1X

′
24U4

))
= E

(
E
[
(E(U2

1 )X12 − U2X13U3|X1, X2,W12, U1, U2

]
E
[
E(U2

1 )X
′
12 − U1X

′
24U4|X1, X2,W12, U1, U2

])
= E

(
E
[
(E(U2

1 )X12 − U2X13U3|X1, X2,W12, U1, U2

]
E
[
(E(U2

1 )X12 − U2X13U3|X1, X2,W12, U1, U2

]′)
≥ 0

as desired. Moreover, let λ be a deterministic L-dimensional vector such that λ′(B − A)λ = 0 ,

then, almost surely:

λ′E
[
(E(U2

1 )X12 − U2X13U3|X1, X2,W12, U1, U2

]
= 0

that is:

12Remember our notation Xij := ϕ(Xi, Xj ,Wij).
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λ′E
[
(E(U2

1 )X12 − U2X13U3|X1, X2,W12, U1, U2

]
= E(U2

1 )λ
′X12 − U2E(λ′X13U3|X1)

so:

E(U2
1 )λ

′X12 = U2E(λ′X13U3|X1)

conditioning on X2, U2

E(U2
1 )E(λ′X12|X2, U2) = U2E(λ′X13U3)

hence

E(U2
1 )λ

′X12 = U1U2
E(λ′X13U3)

E(U2
1 )

which contradicts our assumption that for any vector λ ∈ RL, P(λ′X12 = U1U2) < 1. Therefore K

has all its eigenvalues < 1.

Note that

A = E
(
(U1U4X12 − U1U2X14)(U3U4X23 − U2U3X34)

′)
= E

(
E
[
U1U4X12 − U1U2X14|X2, U2, X4, U4

]
E
[
U3U4X23 − U2U3X34|X2, U2, X4, U4

]′)
= E

(
E
[
U1U4X12 − U1U2X14|X2, U2, X4, U4

]
E
[
U1U4X12 − U1U2X14|X2, U2, X4, U4

]′)
≥ 0

Since we have already shown that B −A > 0, then B > 0, so B is invertible.

A.7 Proof of corollary 2

Proof. 1. The function π → |λ1(M(π)2)− λ2(M(π)2)| is continuous on the compact B(π0,
C√
N
).

Let πN be a minimizer onB(π0,
C√
N
). We show in the proof of proposition 9 that λ1(M(πN )2) =

Op(N
2) and λ2(M(πN )2) = Op(N). So |λ1(M(πN )2) − λ2(M(πN )2)| = Op(N

2). So with

probability approaching 1, the largest eigenvalue of M(πN ) in absolute value is simple on all

of B(π0,
C√
N
). The compactness of B(π0,

C√
N
)along with theorem 1 in Magnus (1985) allows

to conclude that π → ν(π) is infinitely continuously differentiable on B(π0,
C√
N
).

2. Following 1), assume fN is continuously differentiable on B(π0,
2C√
N
). Let πmax be a maximizer

of ||f ′
N (π)|| on B(π0,

C√
N
). By equation (13):

√
N(fN (πmax) − π0) = K

√
N(πmax − π0) +

Op

(
1√
N

)
also √

N(fN (πmax +
1√
N

)− π0) = K
√
N(πmax +

1√
N

− π0) +Op

(
1√
N

)
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taking the difference of the two last equations:

√
N

(
fN

(
πmax +

1√
N

)
− fN (πmax)

)
= K +Op

(
1√
N

)

on the other side, by a Taylor expansion:13

√
N

(
fN

(
πmax +

1√
N

)
− fN (πmax)

)
= f ′

N (πmax) + op (1)

hence

f ′
N (πmax)−K = op(1)

with a probability approaching 1:

||f ′(πmax)|| = sup
π∈B(π0,

C√
N
)

||f ′(π)|| ≤ κ

for any κ ∈ (λ1(K), 1).

3. Fix some κ ∈ (λ1(K), 1) and ϵ > 0. There exists M > 0 such that for N large enough,

with probability at least 1 − ϵ, π̂1, π̂0 ∈ B(π0,
M

2
√
N
) so that ||π̂1 − π̂0|| ≤ M√

N
(let this be

event EN ) . Assume fN is continuously differentiable on B

(
π0,

M√
N

(
1 + 1

1−κ

))
(denote this

event FN ) and that sup
π∈B

(
π0,

M√
N

(
1+ 1

1−κ

)) ||f ′(π)|| ≤ κ (let this be event GN ). Then for any

π, π′ ∈ B(π0,
M√
N
(1 + 1

1−κ)), we have:

||fN (π)− fN (π′)|| ≤ κ||π − π′||

By induction on m, assume π̂0, ..., π̂m ∈ B

(
π0,

M√
N

(
1 + 1

1−κ

))
||π̂m+1 − π̂m|| = ||fN (π̂m)− fN (π̂m−1)|| ≤ κ||π̂m − π̂m−1||

and

||π̂m+1 − π0|| ≤ ||π̂m+1 − π̂m||+ ||π̂m − π̂m−1||+ ...+ ||π̂1 − π̂0||+ ||π̂0 − π0||

≤
m∑
i=0

κi||π̂1 − π̂0||+ ||π̂0 − π0||

13Building on the results in Magnus (1985), and after some tedious computations, we can show that

supπ∈B(π0,
C√
N

) ||
∂ν(π)
∂πl

|| = Op(1) and supπ∈B(π0,
C√
N

) ||
∂2ν(π)
∂πl∂πq

|| = Op(1), implying supπ∈B(π0,
C√
N

) ||f ′′
N (π)|| =

Op(1).
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≤ M√
N

(1 +

m∑
i=0

κi)

≤ M√
N

(
1 +

1

1− κ

)

so π̂m+1 ∈ B

(
π0,

M√
N

(
1 + 1

1−κ

))
.

So even though fN is not necessarily contracting on B

(
π0,

M√
N

(
1 + 1

1−κ

))
, because it may

not preserve B

(
π0,

M√
N

(
1 + 1

1−κ

))
, we can follow the proof of the Banach fixed point

theorem for the specific sequence π̂ (or in fact any sequence initiated in a way that the first

two first elements are in B
(
π0,

M
2
√
N

)
and not just B

(
π0,

M√
N

(
1 + 1

1−κ

))
). First we show

that the sequence π̂m is a Cauchy sequence, let p, q ∈ N, without loss of generality take p > q

||π̂p − π̂q|| ≤
κq

1− κ
||π̂1 − π̂0|| → 0, as q → +∞

so the sequence is a Cauchy sequence. Therefore, it has a limit in B

(
π0,

M√
N

(
1 + 1

1−κ

))
that can only be a fixed point of fN . By lemma 1, the sequence converges to a minimizer.

We have shown the following:

EN , FN and GN ⇒ The sequence converges to a minimizer

Which proves that with probability approching 1, the the sequence converges to a minimizer

as desired.

Finally, the last result along with lemma 1 ensure that π̂∗ is a solution to the minimization

problem 6 and is
√
N -consistent. Equation (13) yields

(I −K)
√
N(π̂∗ − π0) = Op

(
1√
N

)
and finally

(π̂∗ − π0) = Op

(
1√
N

)

A.8 Proof of proposition 4

Proof. As for the proof of propositions 1 (section A.5), assume that δ = 1. The result for an

unknown δ ∈ {−1, 1} immediately follows as described in the the proof section A.5 .

Again, I use the Wold device. Let η ∈ RL and denote Xij,η = ηX ′
ij ∈ R and Xη := (Xij,η)ij ∈

RN×N .
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Following equation (38):∑
i ̸=j

Xij,η(UiUj + Vij)−
∑

i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)Xjk,η(UiUk + Vik)

=
∑
i ̸=j

Xij,η(UiUj + Vij)−
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,ηUiUk

+
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,ηUiUk −

∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)Xjk,η(UiUk + Vik)

=
∑
i ̸=j

Xij(UiUj + Vij)−
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk(UiUk + Vik)

+ U ′Xη(U − v(π̃))− ν(π̃)′XηV ν(π̃) +
∑
i ̸=j

νi(π̃)νj(π̃)Xij,ηVii +
1

||U ||2
U ′XηV U −

∑
i

UiUj

||U ||2
ViiXij +Op(

√
N)

= N

(
2

E(U2
1 )

E(U3
1X12,ηU2)

)
+
∑
i ̸=j

XijVij −
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,ηVik

+ U ′Xηr(π̃) +
1

||v(π̃))||2
(
U ′XηV U − v(π̃)′XηV v(π̃))

)
+ U ′XηV U

||v(π̃)||2 − ||U ||2

||v(π̃)||2||U ||2
+Op(

√
N)

where the second equality results from equation (38) and the third from equation (36). Note that

1.

U ′XηV U − v(π̃)′XηV v(π̃) = − 1

λ1(π̃)
U ′XηV

2U +Op(N
√
N)

to see that, observe that from equation (35):

V v(π̃) = V U − 1

λ1(π̃)

(
VM(π̃)r(π̃)− V 2U +Op(1)V U +

L∑
l=1

(π̃l − π0,l)V XlU + E(U2
1 )V U

−
∑

k(π̃k − π0,k)U
′XkU

U ′U
V U

)
Xηv(π̃) = XηU − 1

λ1(π̃)

(
XηM(π̃)r(π̃)−XηV U +Op(1)XηU +

L∑
l=1

(π̃l − π0,l)XηXlU + E(U2
1 )XηU

−
∑

k(π̃k − π0,k)U
′XkU

U ′U
XηU

)
combining both identities:

v(π̃)′XηV v(π̃) = U ′XηV U − 1

λ1(π̃)
U ′Xη

(
VM(π̃)r(π̃)− V 2U +Op(1)V U

+
L∑
l=1

(π̃l − π0,l)V XlU + E(U2
1 )V U −

∑
k(π̃k − π0,k)U

′XkU

U ′U
V U

)
− 1

λ1(π̃)
U ′V

(
XηM(π̃)r(π̃)−XηV U +Op(1)XηU
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+

L∑
l=1

(π̃l − π0,l)XηXlU + E(U2
1 )XηU −

∑
k(π̃k − π0,k)U

′XkU

U ′U
XηU

)
+

1

λ2
1(π̃)

(
XηM(π̃)r(π̃)−XηV U +Op(1)XηU

+
L∑
l=1

(π̃l − π0,l)XηXlU + E(U2
1 )XηU −

∑
k(π̃k − π0,k)U

′XkU

U ′U
XηU

)′

×
(
VM(π̃)r(π̃)− V 2U +Op(1)V U +

L∑
l=1

(π̃l − π0,l)V XlU + E(U2
1 )V U

−
∑

k(π̃k − π0,k)U
′XkU

U ′U
V U

)
= U ′XηV U +

1

λ1(π̃)
U ′XηV

2U +Op(N
√
N)

2. Remark that V ar(U ′XηV U |X,U) = σ2
V

∑
jk

(∑
i UiXijUk

)2
= O(N4) almost surely, hence

U ′XηV U = Op(N
2)

so: ∑
i ̸=j

Xij,η(UiUj + Vij)−
∑

i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)Xjk,η(UiUk + Vik)

= N

(
2

E(U2
1 )

E(U3
1X12,ηU2)

)
+
∑
i ̸=j

Xij,ηVij −
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,ηVik

+ U ′Xηr(π̃)−
1

||v(π̃)||2λ1(π̃)
U ′XηV

2U +Op(
√
N)

Let’s determine the asymptotic distribution of U ′Xηr(π̃). From the equation (35)

λ1(M(π̃))U ′Xηr(π̃) = U ′XηM(π̃)r − U ′XηV U + (λ1(M(π̃))− U ′U)U ′XηU

+

L∑
l=1

(π̃l − π0,l)U
′XηXlU + E(U2

1 )U
′XηU
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Also

λ1(M(π̃))U ′XηM(π̃)r(π̃) = U ′XηM(π̃)2r − U ′XηM(π̃)V U + (λ1(M(π̃))− U ′U)U ′XηM(π̃)U

+

L∑
l=1

(π̃l − π0,l)U
′XηM(π̃)XlU + E(U2

1 )U
′XηM(π̃)U

= −U ′XηUU ′V U − U ′XV 2U −
L∑
l=1

(π0,l − πl)U
′XηXlV U + (λ1(M(π̃))− U ′U)U ′XηUU ′U

+ (λ1(M(π̃))− U ′U)U ′XηV U + (λ1(M(π̃))− U ′U)

L∑
l=1

(π0 − π̃)U ′XηXlU

+
L∑
l=1

(π̃l − π0,l)U
′XηUU ′XlU +

L∑
l=1

(π̃l − π0,l)U
′XηV XlU

+

L∑
k=1

(π0,k − π̃k)

L∑
l=1

(π̃l − π0,l)U
′XηXkXlU + E(U2

1 )U
′XηUU ′U + E(U2

1 )U
′XηV U

+ E(U2
1 )

L∑
l=1

(π0,l − π̃l)U
′XηXlU +Op(N

2
√
N)

= −U ′XηUU ′V U − U ′XηV
2U + (λ1(M(π̃))− U ′U)U ′XηUU ′U

+
L∑
l=1

(π̃l − π0,l)U
′XηUU ′XlU + E(U2

1 )U
′XηUU ′U +Op(N

2
√
N)

By equation (34), when π̃ − π0 = Op

(
1
N

)
as we are assuming here, we get:

λ1(π̃) = U ′U +

∑
k(π0,k − π̃k)U

′XkU

U ′U
+

U ′V U

U ′U
− E(U2

1 ) +
U ′V 2U

(U ′U)2
+Op

(
1√
N

)
therefore:

λ1(M(π̃))U ′XηM(π̃)r(π̃) = −U ′XηV
2U +

U ′V 2UU ′XηU

U ′U
+Op(N

2
√
N)

plugging back in the expansion of U ′Xηr(π̃):

λ1(M(π̃))U ′Xηr(π̃) = − 1

λ1(π̃)
U ′XηV

2U +
U ′V 2UU ′XηU

λ1(π̃)U ′U
− U ′XηV U

+ (λ1(M(π̃))− U ′U)U ′XηU +

L∑
l=1

(π̃l − π0,l)U
′XηXlU + E(U2

1 )U
′XηU +Op(N

√
N)

=
1

U ′U
U ′XηUU ′V U − 1

λ1(π̃)
U ′XηV

2U +
U ′V 2UU ′XηU

λ1(π̃)U ′U
− U ′XηV U

+
U ′V 2UU ′XηU

(U ′U)2
−
∑

k(π̃k − π0,k)U
′XkUU ′XηU

U ′U
+

L∑
l=1

(π̃l − π0,l)U
′XηXlU +Op(N

√
N)
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so

U ′Xηr(π̃) =
1

(U ′U)2
U ′XηUU ′V U − 1

(U ′U)2
U ′XηV

2U + 2
U ′V 2UU ′XηU

(U ′U)3
− 1

U ′U
U ′XηV U

−
∑

k(π̃k − π0,k)U
′XkUU ′XηU

(U ′U)2
+

1

U ′U

L∑
l=1

(π̃l − π0,l)U
′XηXlU +Op(

√
N)

plugging:∑
i ̸=j

Xij,η(UiUj + Vij)−
∑

i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)Xjk,η(UiUk + Vik)

= N

(
2

E(U2
1 )

E(U3
1X12,ηU2)

)
+
∑
i ̸=j

Xij,ηVij −
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,ηVik

+
1

(U ′U)2
U ′XηUU ′V U − 1

(U ′U)2
U ′XηV

2U + 2
U ′V 2UU ′XηU

(U ′U)3
− 1

U ′U
U ′XηV U

−
∑

k(π̃k − π0,k)U
′XkUU ′XηU

(U ′U)2
+

1

U ′U

L∑
l=1

(π̃l − π0,l)U
′XηXlU − 1

||v(π̃)||2λ1(π̃)
U ′XηV

2U +Op(
√
N)

Notice that

U ′V 2U =
∑
i,j

U2
i V

2
ij +Op(N

√
N)

and

U ′XV 2U =
∑
i,j,k

UiXijV
2
jkUj +Op(N

2
√
N)

so that
1

||v(π̃)||2λ1(π̃)
U ′XηV

2U − 1

(U ′U)2
U ′XηV

2U = Op

(
1√
N

)
subsequently∑
i ̸=j

Xij,η(UiUj + Vij)−
∑

i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)Xjk,η(UiUk + Vik)

= N

(
2

E(U2
1 )

E(U3
1X12,ηU2)

)
+
∑
i ̸=j

Xij,ηVij −
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,ηVik

+
1

E(U2
1 )

2
E(U1U2X12,η)U

′V U − 1

U ′U
U ′XηV U

−
∑

k(π̃k − π0,k)U
′XkUU ′XηU

(U ′U)2
+

1

U ′U

L∑
l=1

(π̃l − π0,l)U
′XηXlU +Op(

√
N)

=

L∑
l=1

(π̃l − π0,l)

(
U ′XηXlU

U ′U
− U ′XlU

U ′U

U ′XηU

U ′U

)
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+N

(
3

E(U2
1 )

E(U3
1X12,ηU2)− E(U1X12U2)

)

+
∑
i ̸=j

Xij,ηVij − 2
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,ηVik +

1

E(U2
1 )

2
E(U1U2X12,η)U

′V U +Op(
√
N)

= N2
L∑
l=1

(π̃l − π0,l)

(
1

E(U2
1 )

E(U1U3X12,ηX23,l)−
1

E(U2
1 )

2
E(U1U2X12,l)E(U1U2X12,η)

)

+N

(
3

E(U2
1 )

E(U3
1X12,ηU2)− E(U1X12U2)

)

+
∑
i ̸=j

Xij,ηVij − 2
∑

i ̸=j,k ̸=i,j

Ui

||U ||
Uj

||U ||
Xjk,ηVik +

1

E(U2
1 )

2
E(U1U2X12,η)U

′V U +Op(
√
N)

= N2
L∑
l=1

(π̃l − π0,l)

(
1

E(U2
1 )

E(U1U3X12,ηX23,l)−
1

E(U2
1 )

2
E(U1U2X12,l)E(U1U2X12,η)

)
+RN,η +Op(

√
N)

where the residual RN,η is of order Op(N) and is given by:

RN,η :=N

(
3

E(U2
1 )

E(U3
1X12,ηU2)−

E(U4
1 )

E(U2
1 )

2
E(U1U2X12)

)
+
∑
i ̸=j

Xij,ηVij − 2
1

NE(U2
1 )

∑
i ̸=j,k ̸=i,j

UiUjXjk,ηVik +
1

E(U2
1 )

2
E(U1U2X12,η)

∑
i ̸=j

UiUjVij +Op(
√
N)

= N

(
3

E(U2
1 )

E(U3
1X12,ηU2)−

E(U4
1 )

E(U2
1 )

2
E(U1U2X12)

)

+
∑
i ̸=j

Vij

Xij,η − 2Ui
1

NE(U2
1 )

∑
k ̸=i,j

UkXjk,η +
1

E(U2
1 )

2
E(U1U2X12,η)UiUj

+Op(
√
N)

we get:

V ar(RN,η|X,U) = σ2
V

∑
i<j

(
Xij,η − 2Ui

1

NE(U2
1 )

∑
k ̸=i,j

UkXjk,η +
1

E(U2
1 )

2
E(U1U2X12,η)UiUj

+Xij,η − 2Uj
1

NE(U2
1 )

∑
k ̸=i,j

UkXik,η +
1

E(U2
1 )

2
E(U1U2X12,η)UiUj

)2

= σ2
V

∑
i<j

(
Xij,η − 2Ui

1

NE(U2
1 )

∑
k ̸=i,j

UkXjk,η +
1

E(U2
1 )

2
E(U1U2X12,η)UiUj

)2

+ σ2
V

∑
i<j

(
Xij,η − 2Uj

1

NE(U2
1 )

∑
k ̸=i,j

UkXik,η +
1

E(U2
1 )

2
E(U1U2X12,η)UiUj

)2

+ 2σ2
V

∑
i<j

(
Xij,η − 2Ui

1

NE(U2
1 )

∑
k ̸=i,j

UkXjk,η +
1

E(U2
1 )

2
E(U1U2X12,η)UiUj

)
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×
(
Xij,η − 2Uj

1

NE(U2
1 )

∑
k ̸=i,j

UkXik,η +
1

E(U2
1 )

2
E(U1U2X12,η)UiUj

)

= σ2
V

∑
i ̸=j

(
Xij,η − 2Ui

1

NE(U2
1 )

∑
k ̸=i,j

UkXjk,η +
1

E(U2
1 )

2
E(U1U2X12,η)UiUj

)2

+ 2σ2
V

∑
i<j

(
Xij,η − 2Ui

1

NE(U2
1 )

∑
k ̸=i,j

UkXjk,η +
1

E(U2
1 )

2
E(U1U2X12,η)UiUj

)

×
(
Xij,η − 2Uj

1

NE(U2
1 )

∑
k ̸=i,j

UkXik,η +
1

E(U2
1 )

2
E(U1U2X12,η)UiUj

)

= σ2
V

∑
i ̸=j

X2
ij,η + 4U2

i

1

N2E(U2
1 )

2

∑
k ̸=i,j

UkXjk,η

2

+
1

E(U2
1 )

4
E(U1U2X12,η)

2U2
i U

2
j

− σ2
V

4

NE(U2
1 )

∑
i ̸=j,k ̸=i,j

Xij,ηUiUkXjk,η + 2
1

E(U2
1 )

2
E(U1U2X12,η)

∑
i ̸=j

Xij,ηUiUj

− 4σ2
V

1

NE(U2
1 )

3
E(U1U2X12,η)

∑
i ̸=j,k ̸=i,j

U2
i UjUkXjk,η

+ σ2
V

∑
i ̸=j

(
X2

ij,η − 2Uj
1

NE(U2
1 )

∑
k ̸=i,j

UkXik,ηXij,η +
1

E(U2
1 )

2
E(U1U2X12,η)UiUjXij,η

)

+ σ2
V

∑
i ̸=j

(
− 2Ui

1

NE(U2
1 )

∑
k ̸=i,j

UkXjk,ηXij,η + 4UiUj
1

N2E(U2
1 )

2

∑
k,l ̸=i,j

UkUlXik,ηXjl,η

− 2Ui
1

NE(U2
1 )

∑
k ̸=i,j

UkXjk,η
1

E(U2
1 )

2
E(U1U2X12,η)UiUj

)

+ σ2
V

∑
i ̸=j

(
+

1

E(U2
1 )

2
E(U1U2X12,η)UiUjXij,η − 2

1

NE(U2
1 )

3
E(U1U2X12,η)

∑
k ̸=i,j

UiU
2
j UkXik,η

+
1

E(U1)4
E(U1U2X12,η)

2U2
i U

2
j

)
= N2σ2

V

(
E(X2

12,η) + 4
1

E(U2
1 )

E(U1U3X12,ηX23,η) +
1

E(U2
1 )

2
E(U1U2X12,η)

2

− 4

E(U2
1 )

E(U1U3X12,ηX23,η) +
2

E(U2
1 )

2
E(U1U2X12,η)

2 − 4

E(U2
1 )

2
E(U1U2X12,η)

2

+ E(X2
12,η)− 2

1

E(U2
1 )

E(U1U3X12,ηX23,η) +
1

E(U2
1 )

2
E(U1U2X12,η)

2

− 2

E(U2
1 )

E(U1U3X12,ηX23,η) +
4

E(U2
1 )

2
E(U1U2X12,η)

2

− 2

E(U2
1 )

2
E(U1U2X12,η)

2

+
1

E(U2
1 )

2
E(U1U2X12,η)

2 − 2
1

E(U2
1 )

2
E(U1U2X12,η)

2

+
1

E(U2
1 )

2
E(U1U2X12,η)

2 + o(1)

)
almost surely.
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= N2σ2
V

(
2E(X2

12,η) +
2

E(U2
1 )

2
E(U1U2X12,η)

2 − 4

E(U2
1 )

E(U1U3X12,ηX23,η) + o(1)

)
(almost surely)

clearly, the Lyapunov condition is met and by the Lyapunov CLT

1

N
RN,η →d

(
3

E(U2
1 )

E(U3
1X12,ηU2)−

E(U4
1 )

E(U2
1 )

2
E(U1U2X12,η)

)
+N

(
0, 2σ2

V ηΣη
′
)

for

Σ :=

(
E(X12X

′
12) +

1

E(U2
1 )

2
E(U1U2X12)E(U1U2X12)

′ − 2

E(U2
1 )

E(U1U3X12X
′
23))

)
Finally:

N(π̂ − π0) =

(
E(X ′

12X12)−
1

E(U2
1 )

E(U1U3X
′
12X32)

)−1

× 1

N

∑
i ̸=j

X ′
ij(UiUj + Vij)−

∑
i ̸=j,k ̸=i,j

νi(π̃)νj(π̃)X
′
jk(UiUk + Vik)


=

1

E(U2
1 )

(
E(X12X

′
12)−

1

E(U2
1 )

E(U1U3X
′
12X32)

)−1

×

(
E(U1U3X12X

′
23)−

1

E(U2
1 )

E(U1U2X12)E(U1U2X
′
12)

)
N(π̃ − π0)

+RN +Op

(
1√
N

)
= KN(π̃ − π0) +RN +Op

(
1√
N

)
with

K :=
1

E(U2
1 )

(
E(X12X

′
12)−

1

E(U2
1 )

E(U1U3X12X
′
23)

)−1

×

(
E(U1U3X12X

′
23)−

1

E(U2
1 )

E(U1U2X12)E(U1U2X
′
12)

)

RN →d

(
E(X12X

′
12)−

1

E(U2
1 )

E(U1U3X12X
′
32)

)−1(
3

E(U2
1 )

E(U3
1X12,ηU2)−

E(U4
1 )

E(U2
1 )

2
E(U1U2X12)

)

+

(
E(X12X

′
12)−

1

E(U2
1 )

E(U1U3X12X
′
23)

)−1

N
(
0, 2σ2

V Σ
)
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A.9 Proof of proposition 5

Proof. Write:

K =
1

E(U2
1 )

(
E(X ′

12X12)−
1

E(U2
1 )

E(U1U3X
′
12X32)

)−1(
E(U1U3X12X23)−

1

E(U2
1 )

E(U1X12U2)E(U1U2X12)

)
=: F

(
E(U1), E(X12X

′
12), E(U1U3X12X

′
23), E(U1U2X12)

)
for a function F that is continuously differentiable at x :=

(
E(U1), E(X12X

′
12), E(U1U3X12X

′
23), E(U1U2X12)

)
.

For any estimator xN of x:

|F (xN )− F (x)| ≤ ||xN − x|| ×
∣∣∣∣∣∣∣∣∂F∂x (x̄)

∣∣∣∣∣∣∣∣
where ||.|| is the Euclidean norm and where x̄ is a convex combination of xN and x. So ||xN − x|| =
Op

(
1√
N

)
implies |F (xN )− F (x)| = Op

(
1√
N

)
. Therefore, it is enough to propose

√
N consistent

estimators for each of the elements E(U1), E(X12X
′
12), E(U1U3X12X

′
23) and E(U1U2X12).

Clearly, by the standard CLT:
∑

i=1≤N/2 Xi,jX
′
i,j

N(N−1) , is
√
N - consistent for E(X12X

′
12).

For the parameter E(U2
1 ) , lemma 3 shows that the estimators

∑
i Ûi

N (Cf. lemma 3 for the

definitions) is enough for our purposes.

For any l, q ∈ 1...L:

v(π̃)′XlXqv(π̃) = U ′XlXqU +Op(N
2
√
N)

= N3

(
E(U1U3X12,lX23,q) +Op

(
1√
N

))
v(π̃)′Xlv(π̃) = U ′XlXqU +Op(N

√
N)

= N2

(
E(U1U2X12,l) +Op

(
1√
N

))

Plugging the five estimators in the function F yields the desired estimator:

K̂N : =

∑i ̸=j Xi,jX
′
i,j

N2
−

[
ν(π̃)′XlXqν(π̃))

]
l,q

N2

−1

×

[ν(π̃)′XlXqν(π̃))
]
l,q

N2
−
[
ν(π̃′Xlν(π̃))

]′
l

N

[
ν(π̃′Xlν(π̃))

]′
l

N


=

∑
i ̸=j

Xi,jX
′
i,j −

[
ν(π̃)′XlXqν(π̃))

]
l,q

−1 ([
ν(π̃)′XlXqν(π̃))

]
l,q

−
[
ν(π̃′Xlν(π̃))

]
l

[
ν(π̃′Xlν(π̃))

]′
l

)
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Where
[
ν(π̃′Xlν(π̃))

]′
l
and

[
ν(π̃)′XlXqν(π̃))

]
l,q

are the matrices of dimensions L × 1 and L × L,

with entries ν(π̃′Xlν(π̃)) and ν(π̃)′XlXqν(π̃)) respectively.

A.10 Proof of lemma 3

Proof. First, note that, for r ≥ 2

∣∣||v(µ̃)||r − ||U ||r
∣∣ ≤ ||v(µ̃)− U ||r ≤ ||v(µ̃)− U ||2 = Op(1)

Implying the first result:
∑

i |ν(π̃)|r =
∑

i |Ui|r

maxi |λi(π̃)|
r
2
+Op

(
1

N1/r

)
.

When δ = 1, by proposition 9, with probability approaching 1 δ̂ = λ1(π̃)
|λ1(π̃)| and

λ1(π̃)
|λ1(π̃)| = 1.

When δ = −1,

δ̂ : =
−λN (−M(π̃))1{−λN (−M(π̃)) > λ1(−M(π̃)))} − λ1(−M(π̃))1{−λN (−M(π̃)) < λ1(−M(π̃))}

maxi |λi(π̃)|

so with probability approaching 1:

δ̂ : = −λN (−M(π̃))1{|λN (−M(π̃))| > λ1(−M(π̃)))}+ λ1(−M(π̃))1{|λN (−M(π̃))| < λ1(−M(π̃))}
maxi |λi(π̃)|

by the same reasonning as for the case δ = 1, λN (−M(π̃))1{|λN (−M(π̃))|>λ1(−M(π̃)))}+λ1(−M(π̃))1{|λN (−M(π̃))|<λ1(−M(π̃))}
maxi |λi(π̃)| =

1 with probability approaching 1. so δ̂ = −1 with probability approaching 1.

I begin by proving the fourth approximation. Note that when δ = 1:

||U −
√

λ1(π̃)ν(π̃)||2 ≤ ||U − v(π̃)||2 + ||v(π̃)−
√

λ1(π̃)νi(π̃)||2
= ||U − v(π̃)||2 + |

√
λ1(π̃)− ||v(π̃)||2|

= ||U − v(π̃)||2 +
λ1(π̃)− ||v(π̃)||22√
λ1(π̃) + ||v(π̃)||2

= ||U − v(π̃)||2 +
λ1(π̃)− ||U ||22 + ||U ||22 − ||v(π̃)||22√

λ1(π̃) + ||v(π̃)||2

By proposition 9, ||U−v(π̃)||2 = Op(1), λ1(π̃)−||U ||22 = Op(
√
N) and ||U ||22−||v(π̃)||22 = (||U ||2−

||v(π̃)||2)(||U ||2 + ||v(π̃)||2) = Op(
√
N), therefore ||U −

√
λ1(π̃)ν(π̃)||2 = Op(1). Likewise, when

δ = −1, the same reasonning applies to the matrix −M(π̃) and we get that ||U +
√
|λN (π̃)|ν(π̃)||2 =

Op(1)
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Combining both cases, we establish that ||U − δ
√
maxi |λi(π̃)|ν(π̃)||2 = Op(1). Hence:

||U − Û || ≤ ||U − δ
√

max
i

|λi(π̃)|ν(π̃)||2 + ||δ
√
max

i
|λi(π̃)|ν(π̃)− δ̂

√
max

i
|λi(π̃)|ν(π̃)||2

= ||U − δ
√

max
i

|λi(π̃)|ν(π̃)||2 + |δ − δ̂| ×
√
max

i
|λi(π̃)|ν(π̃)||2

= Op(1)

Fix η ∈ RL and Xij,η = η′Xij ∈ R:

∣∣∣∣∣∣∣∣ 1

N2

∑
i ̸=j,

ÛiÛjXij,η −
1

N2

∑
i ̸=j

UiUjXij,η

∣∣∣∣∣∣∣∣ = ∣∣∣∣∣∣∣∣ 1

N2

∑
i ̸=j

(Ûi − Ui)ÛjXij,η +
∑
i ̸=j

Ui(Ûj − Uj)Xij,η

∣∣∣∣∣∣∣∣
≤ 1

N2

(
||Û − U ||2||X||2||U ||2 + ||Û − U ||2||X||2||Û ||2

)
= Op

(
1√
N

)
The two remaining results are proved similarly.

A.11 Proof of equation (22):

Proof. First:

e1,me′1,m − e2,me′2,m =

(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

ιι′ −

(
1

2
bm,Ncm,NσA − 1

2bm,N

)2

ιι

+

bm,N

(
1

2
bm,Ncm,NσA +

1

2bm,N

)
− bm,N

(
1

2
bm,Ncm,NσA − 1

2bm,N

) (ιA′ +Aι′)

= cm,NσAιι
′ + ιA′ +Aι′

as desired. Second:

e′1,me2,m =

(
1

4
b2m,Nc2m,Nσ2

A − 1

4b2m,N

)
N + b2m,N ||A||2 + b2m,Ncm,NσAι

′A

=
1

4b2m,N

(
b4m,N

(
4||A||2 +Nc2m,Nσ2

A + 4cm,NσAι
′A
)
−N

)
= 0
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A.12 Proof of proposition 6

In line with the proofs leading up to theorems 1 and 2, we beging by studying the behavior of the

M(π̂m)’s largest eigenvalue (π̂m defined in equation 21). First, decompose:

e1,m = v11(π̂m) + v12(π̂m) + r1(π̂m)

and likewise

e2,m = v21(π̂m) + v22(π̂m) + r2(π̂m)

where v11(π̂m) and v12(π̂m) are orthogonal projections of e1,m onM(π̂m)′s eigen-spaces corresponding

to λ1(π̂m) and λN (π̂m) respectively. v21(π̂m) and v22(π̂m) are defined similarly. We have:

Lemma 4. • λ1(π̂m)− λ1,m = − 1
||e1,m||2

∑
l Zm,N,le

′
1,mXle1,m +Op(1)

• λN (π̂m)− λ2,m = − 1
||e2,m||2

∑
l Zm,N,le

′
2,mXle2,m +Op(1)

• ||v11(π̂m)− e1,m|| = Op(1), v12(π̂m) = Op(1) and r1(π̂m) = Op(1)

• ||v21(π̂m)|| = Op(1), ||v22(π̂m)− e2|| = Op(1) and r2(π̂m) = Op(1)

• λ1(π̂m)(v11(π̂m)− e1,m) = −
∑

l Zm,N,lXlv11(π̂m) + (λ1,m − λ1(π̂m) +Op(1))e1,m

+
(

1
||e1,m||2+||e2,m||2

∑
l Zm,N,le2,mXle1,m +Op(1)

)
e2,m + V v11(π̃)− σAcm,Nv11(π̂m)

• λN (π̂m)(v22(π̂m)− e2,m) = −
∑

l Zm,N,lXlv22(π̂m) + (λ2,m − λN (π̂m) +Op(1))e2,m

+
(

1
||e1,m||2+||e2,m||2

∑
l Zm,N,le2,mXle1,m +Op(1)

)
e1,m + V v22(π̃)− σAcm,Nv22(π̂m)

Proof. • ||v11(π̂m)− e1,m|| = Op(1), v12(π̂m) = Op(1) and r1(π̂m) = Op(1) On one side:

M(π̂m)e1,m := −
∑
l

Zm,N,lXle1,m + V e1,m + λ1,me1,m − σAcm,Ne1,m

on another side:

M(π̂m)e1,m := M(π̂m)r1(π̂m) + λ1(π̂m)v11(π̂m) + λN (π̂m)v12(π̂m)

so

M(π̂m)r1(π̂m)+λ1(π̂m)v11(π̂m)+λN (π̂m)v12(π̂m) = −
∑
l

Zm,N,lXle1,m+V e1+λ1,me1,m−σAcm,Ne1,m

multiplying by v12(π̂m) on both sides:

(λN (π̂m)− λ1,m)||v12(π̂m)|| = Op(N)

similarly

(λ1(π̂m)− λ1,m)||v11(π̂m)|| = Op(N)
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First, by the interlacement theorem (e.g. Bunch et al. (1978)), for all i = 2..N :

λi

(
M(π̂m)− e1,me′1,m

)
≤ λi

(
M(π̂m)

)
≤ λi−1

(
M(π̂m)− e1,me′1,m

)
and for all i = 1..N − 1:

λi+1

(
M(π̂m)−

(
e1,me′1,m − e2,me′2,m

))
≤ λi

(
M(π̂m)− e1,me′1,m

)
≤ λi

(
M(π̂m)−

(
e1,me′1,m − e2,me′2,m

))
therefore, for all i = 2..N − 1

λi+1

(
M(π̂m)−

(
e1,me′1,m − e2,me′2,m

))
≤ λi

(
M(π̂m)

)
≤ λi−1

(
M(π̂m)−

(
e1,me′1,m − e2,me′2,m

))
so

max
i=2..N−1

|λi

(
M(π̂m)

)
| = Op(

√
N)

also

λN

(
M(π̂m)

)
≤ λN−1

(
M(π̂m)− e1,me′1,m

)
≤ λN−1

(
M(π̂m)−

(
e1,me′1,m − e2,me′2,m

))
which implies that

||v12(π̂m)||2 = Op(1)

to see that ||r1(π̂m)||2 = Op(1), as for the proof of proposition 8,

||M(π̂m)r(π̂m)− λ1,mr1(π̂m)|| ≥ λ1,mr(π̂m)||r1(π̂m)|| − ||M(π̂m)r1(π̂m)||

≥ (λ1,m − max
i=2..N−1

|λi(M(π̂m))|)||r1(π̂m)||

and by the Pythagorean theorem:

||M(π̂m)r(π̂m)−λ1,mr1(π̂m)||2 ≤ ||M(π̂m)e1−λ1,me1||2 = ||−
∑
l

Zm,N,lXle1+V e1−σAcm,Ne1||2 = Op(N
2)

in conclusion:

||r1(π̂m)||2 ≤ ||M(π̂m)e1,m − λ1,me1.m||2(
λ1,m −maxi=2..N−1 |λi(M(π̂m))|)

)2 = Op(1)

• λ1(π̂m) − λ1,m = − 1
||e1,m||2

∑
l Zm,N,le

′
1,mXle1,m + Op(1)

We established:

M(π̂m)r1(π̂m)+λ1(π̂m)v11(π̂m)+λN (π̂m)v12(π̂m) = −
∑
l

Zm,N,lXle1,m+V e1,m+λ1,me1,m−σAcm,Ne1,m
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multiply by v11(π̂m) on both sides:

(λ1(π̂m)− λ1,m)||v11(π̂m)||2 = −
∑
l

Zm,N,lv11(π̂m)Xle1,m + v11(π̂m)′V e1,m − σAcm,N ||v11(π̂m)||2

= −
∑
l

Zm,N,lv11(π̂m)Xle1,m + e′1,mV e1,m +Op(N)

= −
∑
l

Zm,N,lv11(π̂m)Xle1,m +Op(N)

so λ1(π̂m)− λ1,m = − 1
||e1||2

∑
l Zm,N,le

′
1,mXle1,m +Op(1)

• λ1(π̂m)(v11(π̂m)−e1,m) = −
∑

l Zm,N,lXlv11(π̂m)+(λ1,m−λ1(π̂m)+Op(1))e1,m+(
1

||e1,m||2+||e2,m||2
∑

l Zm,N,le2,mXle1,m + Op(1)
)
e2,m + V v11(π̃) − σAcm,Nv11(π̂m)

Write:

λ1(π̂m)v11(π̂m) = M(π̂m)v11(π̂m) = −
∑
l

Zm,N,lXlv11(π̂m) + V v11(π̂m)− σAcm,Nv11(π̂m)

+
(
||v11(π̂m)||2e1,m − (e′2,mv11(π̂m))e2,m

)
so

λ1(π̂m)(v11(π̂m)− e1,m) = −
∑
l

Zm,N,lXlv11(π̂m) + V v11(π̂m)− σAcm,Nv11(π̂m)

+
(
||v11(π̂m)||2 − λ1(π̂m)

)
e1,m − (e′2,mv11(π̂m))e2,m

= −
∑
l

Zm,N,lXlv11(π̂m) + V v11(π̂m)− σAcm,Nv11(π̂m)

+
(
λ1,m − λ1(π̂m) +Op(1)

)
e1,m − (e′2,mv11(π̂m))e2,m

Let’s find an asymptotic approximation for e′2,mv11(π̃). We have shown:

λ1(π̂m)v11(π̂m) = −
∑
l

Zm,N,lXlv11(π̂m) + V v11(π̂m)− σAcm,Nv11(π̂m)

+
(
||v11(π̂m)||2e1,m − (e′2,mv11(π̂m))e2,m

)
so

λ1(π̂m)e′2,mv11(π̂m) = −
∑
l

Zm,N,le2Xlv11(π̂m) + e2V v11(π̂m) + λ2,m(e′2,mv11(π̂m))

− σAcm,N (e′2,mv11(π̂m))
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implying

(λ1(π̂m)− λ2,m)e′2,mv11(π̂m) = −
∑
l

Zm,N,le2,mXlv11(π̂m) + e2,mV v11(π̂m)− σAcm,N (e′2,mv11(π̂m))

= −
∑
l

Zm,N,le2,mXle1,m +Op(N)

or (
λ1,m − λ2,m +Op(

√
N)
)
e′2v11(π̃) = −

∑
l

Zm,N,le2Xle1 +Op(N)

with

λ1,m = ||e1,m||2

=

(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

N + b2m,N ||A||2 + 2bm,N

(
1

2
bm,Ncm,NσA +

1

2bm,N

)
ι′A

and

λ2,m = −||e2,m||2

= −

(
1

2
bm,Ncm,NσA − 1

2bm,N

)2

N − b2m,N ||A||2 − 2bm,N

(
1

2
bm,Ncm,NσA − 1

2bm,N

)
ι′A

therefore:

e′2,mv11(π̂m) = − 1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le2,mXle1,m +Op(N)

• λ2(π̂m)(v22(π̂m)−e2,m) = −
∑

l Zm,N,lXlv22(π̂m)+(λ2,m−λ2(π̂m)+Op(1))e2,m+(
1

||e1,m||2+||e2,m||2
∑

l Zm,N,le2,mXle1,m + Op(1)
)
e1,m + V v22(π̃) − σAcm,Nv22(π̂m)

Write:

λ2(π̂m)v22(π̂m) = M(π̂m)v22(π̂m) = −
∑
l

Zm,N,lXlv22(π̂m) + V v22(π̂m)− σAcm,Nv22(π̂m)

+
(
(e′1,mv22(π̂m))e1,m − ||v22(π̂m)||2e2,m

)
so

λ2(π̂m)(v22(π̂m)− e2,m) = −
∑
l

Zm,N,lXlv22(π̂m) + V v22(π̂m)− σAcm,Nv22(π̂m)

+
(
−||v22(π̂m)||2 − λ2(π̂m)

)
e2,m + (e′2,mv11(π̂m))e1,m
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= −
∑
l

Zm,N,lXlv22(π̂m) + V v22(π̂m)− σAcm,Nv22(π̂m)

+
(
λ2,m − λ2(π̂m) +Op(1)

)
e2,m − (e′2,mv11(π̂m))e1,m

Let’s find an asymptotic approximation for e′1,mv22(π̃). We have shown:

λ2(π̂m)v22(π̂m) = −
∑
l

Zm,N,lXlv22(π̂m) + V v22(π̂m)− σAcm,Nv22(π̂m)

+
(
−||v22(π̂m)||2e2,m + (e′1,mv22(π̂m))e1,m

)
so

λ2(π̂m)e′1,mv22(π̂m) = −
∑
l

Zm,N,le1,mXlv22(π̂m) + e1,mV v22(π̂m) + λ1,m(e′2,mv11(π̂m))

− σAcm,N (e′1,mv22(π̂m))

implying

(λ2(π̂m)− λ1,m)e′1,mv22(π̂m) = −
∑
l

Zm,N,le1,mXlv22(π̂m) + e1,mV v22(π̂m)− σAcm,N (e′1,mv22(π̂m))

= −
∑
l

Zm,N,le1,mXle2,m +Op(N)

or (
λ2,m − λ1,m +Op(

√
N)
)
e′1v22(π̃) = −

∑
l

Zm,N,le1,mXle2,m +Op(N)

therefore:

e′2,mv11(π̂m) =
1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le2,mXle1,m +Op(N)

Note that:

π̂m+1 =

∑
i ̸=j

X ′
ijXij −

∑
i ̸=j,k ̸=i,j

νi(π̂m)νj(π̂m)X ′
jkXik

−1∑
i ̸=j

X ′
ijYij −

∑
i ̸=j,k ̸=i,j

νi(π̂m)νj(π̂m)X ′
jkYik


where ν(π̂m) is the normalized eigenvector corresponding to the largest eigenvalue of M(π̂m)2. So

π̂m+1 − π0 =

∑
i ̸=j

X ′
ijXij −

∑
i ̸=j,k ̸=i,j

νi(π̂m)νj(π̂m)X ′
jkXik

−1
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×

∑
i ̸=j

X ′
ij(Ai +Aj + Vij)−

∑
i ̸=j,k ̸=i,j

νi(π̂m)νj(π̂m)X ′
jk(Ai +Ak + Vik)


First, note:∑

i ̸=j

X ′
ijXij −

∑
i ̸=j,k ̸=i,j

νi(π̂m)νj(π̂m)X ′
jkXik

= 1(λ1(π̂m) + λN (π̂m) ≥ 0)

∑
i̸=j

X ′
ijXij −

∑
i̸=j,k ̸=i,j

v11,i(π̂m)

||v11(π̂m)||
v11,j(π̂m)

||v11(π̂m)||
X ′

jkXik


+ 1(λ1(π̂m) + λN (π̂m) < 0)

∑
i ̸=j

X ′
ijXij −

∑
i ̸=j,k ̸=i,j

v22,i(π̂m)

||v22(π̂m)||
v22,j(π̂m)

||v22(π̂m)||
X ′

jkXik


We treat each of the two terms separately:

∑
i ̸=j

X ′
ijXij−

∑
i ̸=j,k ̸=i,j

v11,i(π̂m)

||v11(π̂m)||
v11,j(π̂m)

||v11(π̂m)||
X ′

jkXik

= N2

(
E(X12X

′
12)−

E(e1,m)2

||e1,m||2/N
E(X12X23) + op(1)

)

= N2

E(X12X
′
12)−

(
1
2bm,Ncm,NσA + 1

2bm,N

)2
(
1
2bm,Ncm,NσA + 1

2bm,N

)2
+ b2m,Nσ2

A

E(X12X23) + op(1)


likewise∑

i ̸=j

X ′
ijXij−

∑
i ̸=j,k ̸=i,j

v22,i(π̂m)

||v22(π̂m)||
v22,j(π̂m)

||v22(π̂m)||
X ′

jkXik

= N2

E(X12X
′
12)−

(
1
2bm,Ncm,NσA − 1

2bm,N

)2
(
1
2bm,Ncm,NσA − 1

2bm,N

)2
+ b2m,Nσ2

A

E(X12X23) + op(1)


For the term

(∑
i ̸=j X

′
ij(Ai +Aj + Vij)−

∑
i ̸=j,k ̸=i,j νi(π̂m)νj(π̂m)X ′

jk(Ai +Ak + Vik)
)
, as for

the proof of proposition 1, let η be some vector η ∈ RL, and define the matrix Xη with entries

Xij,η := η′Xij .∑
i ̸=j

X ′
ij(Ai +Aj + Vij)−

∑
i ̸=j,k ̸=i,j

νi(π̂m)νj(π̂m)X ′
jk(Ai +Ak + Vik)

= 1(λ1(π̂m) + λN (π̂m) ≥ 0)

∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
−

∑
i ̸=j,k ̸=i,j

v11,i(π̂m)

||v11(π̂m)||
v11,j(π̂m)

||v11(π̂m)||
Xjk,η (Ai +Ak + Vik)
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+ 1(λ1(π̂m) + λN (π̂m) < 0)

∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
−

∑
i ̸=j,k ̸=i,j

v22,i(π̂m)

||v22(π̂m)||
v22,j(π̂m)

||v22(π̂m)||
Xjk,η (Ai +Ak + Vik)


We have∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
−

∑
i ̸=j,k ̸=i,j

v11,i(π̂m)

||v11(π̂m)||
v11,j(π̂m)

||v11(π̂m)||
Xjk,η (Ai +Ak + Vik)

=
∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
−

∑
i ̸=j,k ̸=i,j

v11,i(π̂m)

||v11(π̂m)||
v11,j(π̂m)

||v11(π̂m)||
Xjk,η

M(π̂m)ik −
∑
l

(π0,l − π̂m,l)Xik,l


=
∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
− 1

||v11(π̂m)||2
v11(π̂m)′M(π̂m)Xηv11(π̂m)

− 1

||v11(π̂m)||2
∑
l

(π0,l − π̂m,l)v11(π̃)
′XlXηv11(π̂m) +

∑
ik

v211,i(π̂m)

||v11(π̂m)||2
Xjk,η (Ai +Ak + Vik) +Op(N)

Note that:∣∣∣∣∑
ik

v211,iXjk,η (Ai +Ak + Vik)−
∑
ik

e21,iXik,η (Ai +Ak + Vik)

∣∣∣∣ ≤∑
ik

|v211,i − e21,i||Xik,η (Ai +Ak + Vik) |

≤ max
k

∑
i

|Xik,η (Ai +Ak + Vik) | ×
∑
i

|v211,i − e21,i|

≤ max
k

∑
i

(
|Xik,η (Ai +Ak + Vik) | − E(|Xik,η (Ai +Ak + Vik) |)

)
× ||v11 − e1||2 × ||v11 + e1||2

+NE(|Xik,η (Ai +Ak + Vik) |)× ||v11 − e1||2 × ||v11 + e1||2

Let’s show that

max
k

∑
i

(∣∣Xik,η(Ai +Ak + Vik)
∣∣− E

∣∣Xik,η(Ai +Ak + Vik)
∣∣) = Op(N

√
N)

Fix some x > 0 and by a union bound:

P

 1

N
√
N

max
k

∑
i

(∣∣Xik,η(Ai +Ak + Vik)
∣∣− E

∣∣Xik,η(Ai +Ak + Vik)
∣∣) ≥ x


≤
∑
k

P

 1

N
√
N

∑
i

(∣∣Xik,η(Ai +Ak + Vik)
∣∣− E

∣∣Xik,η(Ai +Ak + Vik)
∣∣) ≥ x


= N × P

 1

N
√
N

∑
i

(∣∣Xi1,η(Ai +A1 + Vi1)
∣∣− E

∣∣Xi1,η(Ai +A1 + Vi1)
∣∣) ≥ x
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≤ 1

N2

V ar
(∑

i

(∣∣Xi1,η(Ai +A1 + Vi1)
∣∣− E

∣∣Xi1,η(Ai +A1 + Vi1)
∣∣))

x2

≤ 1

x2

(
V ar

(∣∣X12,η(A2 +A1 + V12)
∣∣)+ Cov

(∣∣X12,η(A2 +A1 + V12)
∣∣, ∣∣X13,η(A3 +A1 + V13)

∣∣))
where the second inequality is Markov’s. This implies:

max
k

∑
i

(∣∣Xik,η(Ai +Ak + Vik)
∣∣− E

∣∣Xik,η(Ai +Ak + Vik)
∣∣) = Op(N

√
N)

we can infer ∑
i,k

v211,i(π̂m)

||v11(π̂m)||2
Xik,η (Ai +Ak + Vik) = Op(N)

hence∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
−

∑
i ̸=j,k ̸=i,j

v11,i(π̂m)

||v11(π̂m)||
v11,j(π̂m)

||v11(π̂m)||
Xjk,η (Ai +Ak + Vik)

= − 1

||v11(π̂m)||2
v11(π̂m)′M(π̂m)Xηv11(π̂m) +

1

||v11(π̂m)||2
∑
l

(π0,l − π̂m,l)v11(π̂m)′XlXηv11(π̂m) +Op(N
√
N)

= − λ1(π̂m)

||v11(π̂m)||2
v11(π̂m)′Xηv11(π̂m) +

1

||v11(π̂m)||2
∑
l

(π0,l − π̂m,l)v11(π̂m)′XlXηv11(π̂m) +Op(N
√
N)

= − λ1,m

||e1,m||2
e′1,mXηe1,m +

cm,N

||v11(π̂m)||2
σAv11(π̂m)′ιι′Xηv11(π̂m) +Op(N

√
N)

= −e′1,mXηe1,m +
cm,N

||e1,m||2
σAe

′
1,mιι′Xηe1,m +Op(N

√
N)

Note that

e′1,mι =

(
1

2
bm,Ncm,NσA +

1

2bm,N

)
N + bm,NA′ι;

e′1,mXηe1,m =

(
1

2
bm,Ncm,NσA +

1

2bm,N

)2∑
ij

Xij,η + 2bm,N

(
1

2
bm,Ncm,NσA +

1

2bm,N

)∑
ij

Xij,ηAj

+ b2m,N

∑
ij

AiAjXij,η

= N2

(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

E(Xij,η) +Op(N
√
N);

ι′Xηe1,m =

(
1

2
bm,Ncm,NσA +

1

2bm,N

)∑
ij

Xij,η + bm,N

∑
ij

Xij,ηAj

= N2

(
1

2
bm,Ncm,NσA +

1

2bm,N

)
E(Xij,η) +Op(N

√
N)
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so∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
−

∑
i̸=j,k ̸=i,j

v11,i(π̂m)

||v11(π̂m)||
v11,j(π̂m)

||v11(π̂m)||
Xjk,η (Ai +Ak + Vik)

= N2

−

(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

+
Ncm,NσA(

1
2bm,Ncm,NσA + 1

2bm,N

)2
N + b2m,N ||A||2

(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

E(Xij,η)

+Op(N
√
N)

= N2

−1 +
cm,NσA(

1
2bm,Ncm,NσA + 1

2bm,N

)2
+ b2m,N ||A||2/N


(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

E(Xij,η) +Op(N
√
N)

= −N2

(
1
2bm,Ncm,NσA − 1

2bm,N

)2
+ b2m,N ||A||2/N(

1
2bm,Ncm,NσA + 1

2bm,N

)2
+ b2m,N ||A||2/N

(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

E(Xij,η) +Op(N
√
N)

= −N2

(
1
4b

2
m,Nc2m,Nσ2

A − 1
4b2m,N

)2

+ b2m,Nσ2
A

(
1
2bm,Ncm,NσA + 1

2bm,N

)2
(

1
2bm,Ncm,NσA + 1

2bm,N

)2
+ b2m,Nσ2

A

E(Xij,η) +Op(N
√
N)

= −N2
b4m,Nσ4

A + b2m,Nσ2
A

(
1
2bm,Ncm,NσA + 1

2bm,N

)2
(

1
2bm,Ncm,NσA + 1

2bm,N

)2
+ b2m,Nσ2

A

E(Xij,η) +Op(N
√
N)

Similarly

∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
−

∑
i ̸=j,k ̸=i,j

v22,i(π̂m)

||v22(π̂m)||
v22,j(π̂m)

||v22(π̂m)||
Xjk,η (Ai +Ak + Vik)

= − 1

||v22(π̂m)||2
v22(π̂m)′M(π̂m)Xηv22(π̂m) +

1

||v22(π̂m)||2
∑
l

(π0,l − π̂m,l)v22(π̂m)′XlXηv22(π̂m) +Op(N
√
N)

= − λ2(π̂m)

||v22(π̂m)||2
v22(π̂m)′Xηv22(π̂m) +

1

||v22(π̂m)||2
∑
l

(π0,l − π̂m,l)v22(π̂m)′XlXηv22(π̂m) +Op(N
√
N)

= − λ2,m

||e2,m||2
e′2,mXηe2,m +

cm,N

||v22(π̂m)||2
σAv22(π̂m)′ιι′Xηv22(π̂m) +Op(N

√
N)

= e′2,mXηe2,m +
cm,N

||e2,m||2
σAe

′
2,mιι′Xηe2,m +Op(N

√
N)

=


(
1

2
bm,Ncm,NσA − 1

2bm,N

)2

+
cm,NσA(

1
2bm,Ncm,NσA − 1

2bm,N

)2
+ b2m,Nσ2

A

(
1

2
bm,Ncm,NσA − 1

2bm,N

)2

E(Xij,η)

+Op(N
√
N)
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=

1 +
cm,NσA(

1
2bm,Ncm,NσA − 1

2bm,N

)2
+ b2m,Nσ2

A


(
1

2
bm,Ncm,NσA − 1

2bm,N

)2

E(Xij,η) +Op(N
√
N)

=

(
1
2bm,Ncm,NσA + 1

2bm,N

)2
+ b2m,Nσ2

A(
1
2bm,Ncm,NσA − 1

2bm,N

)2
+ b2m,Nσ2

A

(
1

2
bm,Ncm,NσA − 1

2bm,N

)2

E(Xij,η) +Op(N
√
N)

=
b4m,Nσ4

A + b2m,Nσ2
A

(
1
2bm,Ncm,NσA − 1

2bm,N

)2
(
1
2bm,Ncm,NσA − 1

2bm,N

)2
+ b2m,Nσ2

A

E(Xij,η) +Op(N
√
N)

Therefore

π̂m+1−π0 =

[
− 1(λ1(π̂m) + λN (π̂m) ≥ 0)

b2m,Nσ2
A +

(
1

2
bm,Ncm,NσA +

1

2bm,N

)2


+ 1(λ1(π̂m) + λN (π̂m) < 0)

b2m,Nσ2
A +

(
1

2
bm,Ncm,NσA − 1

2bm,N

)2
](1, 0, 0, ..., 0)′ +Op

(
1√
N

)

=

[
− 1(λ1(π̂m) + λN (π̂m) ≥ 0)

b2m,Nσ2
A +

1

4
b2m,N

(
cm,NσA +

1

b2m,N

)2


+ 1(λ1(π̂m) + λN (π̂m) < 0)

b2m,Nσ2
A +

1

4
b2m,N

(
cm,NσA − 1

b2m,N

)2
](1, 0, 0, ..., 0)′ +Op

(
1√
N

)

=

[
− 1(λ1(π̂m) + λN (π̂m) ≥ 0)

 σA√
4 + c2m,N

+
1

4σA
√

4 + c2m,N

(
cm,NσA + σA

√
4 + c2m,N

)2


+ 1(λ1(π̂m) + λN (π̂m) < 0)

 σA√
4 + c2m,N

+
1

4σA
√
4 + c2m,N

(
cm,NσA − σA

√
4 + c2m,N

)2

](1, 0, 0, ..., 0)′
+Op

(
1√
N

)
=

σA√
4 + c2m,N

[
− 1(λ1(π̂m) + λN (π̂m) ≥ 0)

(
1 +

1

4

(
cm,N +

√
4 + c2m,N

)2
)

+ 1(λ1(π̂m) + λN (π̂m) < 0)

(
1 +

1

4

(
cm,N −

√
4 + c2m,N

)2
)]

(1, 0, 0, ..., 0)′ +Op

(
1√
N

)
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Note that for any m, by lemma 4:

λ1(π̂m) + λN (π̂m)

N
=

λ1,m + λ2,m

N
+Op

(
1√
N

)
Given that:

λ1,m =

(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

N + b2m,N ||A||2 + 2bm,N

(
1

2
bm,Ncm,NσA +

1

2bm,N

)
ι′A

and

λ2,m = −

(
1

2
bm,Ncm,NσA − 1

2bm,N

)2

N − b2m,N ||A||2 − 2bm,N

(
1

2
bm,Ncm,NσA − 1

2bm,N

)
ι′A

then, whenever m > 1:

λ1,m + λ2,m

N
=

cm,NσAN + 2ι′A

N
+Op

(
1√
N

)
= cm,NσA +Op

(
1√
N

)
so, for all m > 1:

π̂m+1 − π0 =
σA√

4 + c2m,N

[
− 1(cm,N ≥ 0)

(
1 +

1

4

(
cm,N +

√
4 + c2m,N

)2
)

+ 1(cm,N < 0)

(
1 +

1

4

(
cm,N −

√
4 + c2m,N

)2
)]

(1, 0, 0, ..., 0)′ +Op

(
1√
N

)

cm+1,N =
1√

4 + c2m,N

[
1(λ1(π̂m) + λN (π̂m) ≥ 0)

(
1 +

1

4

(
cm,N +

√
4 + c2m,N

)2
)

− 1(λ1(π̂m) + λN (π̂m) < 0)

(
1 +

1

4

(
cm,N −

√
4 + c2m,N

)2
)]

Proposition 10. For all m0 ∈ N:

lim
N

P

∀m ≤ m0 : cm+1,N =
1√

4 + c2m,N

(
1 +

1

4

(
cm,N +

√
4 + c2m,N

)2
)∣∣c1,N = 1

 = 1
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and

lim
N

P

∀m ≤ m0 : cm+1,N = − 1√
4 + c2m,N

(
1 +

1

4

(
cm,N −

√
4 + c2m,N

)2
)∣∣c1,N = −1

 = 1

Proof. Immediately follows from the computations above.

Corollary 6. Define the deterministic sequence cm by:
c1 = 1

cm+1 = 1√
4+c2m

(
1 + 1

4

(
cm +

√
4 + c2m

)2)
Then for all m0 ∈ N:

lim
N

P
(
∀m ≤ m0 : cm,N = cm

∣∣c1,N = 1
)
= 1

and

lim
N

P
(
∀m ≤ m0 : cm,N = −cm

∣∣c1,N = −1
)
= 1

Proof. Direct consequence of proposition 10.

Let’s compute the second order (order Op

(
1√
N

)
) term:

∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
−

∑
i̸=j,k ̸=i,j

v11,i(π̂m)

||v11(π̂m)||
v11,j(π̂m)

||v11(π̂m)||
Xjk,η (Ai +Ak + Vik)

= − 1

||v11(π̂m)||2
v11(π̂m)′M(π̂m)Xηv11(π̂m) +

1

||v11(π̂m)||2
∑
l

(π0,l − π̂m,l)v11(π̂m)′XlXηv11(π̂m)

+
∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
+Op(N)

= − λ1(π̂m)

||v11(π̂m)||2
v11(π̂m)′Xηv11(π̂m) +

1

||v11(π̂m)||2
∑
l

(π0,l − π̂m,l)v11(π̂m)′XlXηv11(π̂m)

+
∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
+Op(N)

= − λ1,m

||e1,m||2
e′1,mXηe1,m +

cm,N

||v11(π̂m)||2
σAv11(π̂m)′ιι′Xηv11(π̂m)

+
∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
+ 2(e1,m − v11(π̂m))′Xηe1,m − 1

||v11(π̂m)||2
∑
l

Zm,N,le
′
1,mXlXηe1,m

+
λ1,m − λ1(π̂m)

||e1,m||2
e′1,mXηe1,m +Op(N)

= −e′1,mXηe1,m +
cm,N

||e1,m||2
σAe

′
1,mιι′Xηe1,m

+ 2
∑
i ̸=j

Xij,ηAi + 2(e1,m − v11(π̂m))′Xηe1,m − 1

||e1,m||2
∑
l

Zm,N,le
′
1,mXlXηe1,m

+
λ1,m − λ1(π̂m)

||e1,m||2
e′1,mXηe1,m − cm,N

||e1,m||2
σA

(
(e1,m − v11(π̂m))′ιι′Xηe1,m + e′1,mιι′Xη(e1,m − v11(π̂m))

)
+Op(N)
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= −e′1,mXηe1,m +
Ncm,N

||e1,m||2
σA

(
1

2
bm,Ncm,NσA +

1

2bm,N

)
ι′Xηe1,m

+ 2
∑
i ̸=j

Xij,ηAi + 2(e1,m − v11(π̂m))′Xηe1,m − 1

||e1,m||2
∑
l

Zm,N,le
′
1,mXlXηe1,m + bm,NA′ιι′Xηe1,m

+
λ1,m − λ1(π̂m)

||e1,m||2
e′1,mXηe1,m − cm,N

||e1,m||2
σA

(
(e1,m − v11(π̂m))′ιι′Xηe1,m + e′1,mιι′Xη(e1,m − v11(π̂m))

)
+Op(N)

= −e′1,mXηe1,m +
Ncm,N

||e1,m||2
σA

(
1

2
bm,Ncm,NσA +

1

2bm,N

)
ι′Xηe1,m

+ 2
∑
i ̸=j

Xij,ηAi +
1

||e1,m||4
∑
l

Zm,N,le
′
1.mXle1,me′1,mXηe1,m − 1

||e1,m||2
∑
l

Zm,N,le
′
1,mXlXηe1,m + bm,NA′ιι′Xηe1,m

− 1

||e1,m||2

(
−
∑
l

Zm,N,lXle1,m +
1

||e1,m||2
∑
l

Zm,N,le
′
1,mXle1,me1,m

+

 1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le2,mXle1,m

 e2,m

)′

×

(
2Xηe1,m − cm,N

||e1,m||2
σA

(
ιι′Xηe1,m +Xηιι

′e1,m
))

+Op(N)

= −

(
1

2
bm,Ncm,NσA +

1

2bm,N

)2∑
ij

Xij,η − 2bm,N

(
1

2
bm,Ncm,NσA +

1

2bm,N

)∑
ij

Xij,ηAj

+
Ncm,N

||e1,m||2
σA

(
1

2
bm,Ncm,NσA +

1

2bm,N

)2∑
ij

Xij,η +
Ncm,Nbm,N

||e1,m||2
σA

(
1

2
bm,Ncm,NσA +

1

2bm,N

)∑
ij

Xij,ηAj

+ 2
∑
i ̸=j

Xij,ηAi +
1

||e1,m||4
∑
l

Zm,N,le
′
1.mXle1,me′1,mXηe1,m − 1

||e1,m||2
∑
l

Zm,N,le
′
1,mXlXηe1,m + bm,NA′ιι′Xηe1,m

− 1

||e1,m||2

(
−
∑
l

Zm,N,lXle1,m +
1

||e1,m||2
∑
l

Zm,N,le
′
1,mXηe1,me1,m

+

 1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le2,mXle1,m

 e2,m

)′

×

(
2Xηe1,m − cm,N

||e1,m||2
σA

(
ιι′Xηe1,m +Xηιι

′e1,m
))

+Op(N)

=

(
Ncm,N

||e1,m||2
σA − 1

)(
1

2
bm,Ncm,NσA +

1

2bm,N

)2∑
ij

Xij,η

+

( Ncm,N

||e1,m||2
σA − 2

)
bm,N

(
1

2
bm,Ncm,NσA +

1

2bm,N

)
+ 2

∑
ij

Xij,ηAj

+
1

||e1,m||4
∑
l

Zm,N,le
′
1.mXle1,me′1,mXηe1,m − 1

||e1,m||2
∑
l

Zm,N,le
′
1,mXlXηe1,m + bm,NA′ιι′Xηe1,m

− 1

||e1,m||2

(
−
∑
l

Zm,N,lXle1,m +
1

||e1,m||2
∑
l

Zm,N,le
′
1,mXηe1,me1,m

+

 1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le2,mXle1,m

 e2,m

)′

×

(
2Xηe1,m − cm,N

||e1,m||2
σA

(
ιι′Xηe1,m +Xηιι

′e1,m
))

+Op(N)

= N2

(
Ncm,N

||e1,m||2
σA − 1

)(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

η′E(X12) + η′T1,m,N

+
1

||e1,m||4
∑
l

Zm,N,le
′
1.mXle1,me′1,mXηe1,m − 1

||e1,m||2
∑
l

Zm,N,le
′
1,mXlXηe1,m
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− 1

||e1,m||2

(
−
∑
l

Zm,N,lXle1,m +
1

||e1,m||2
∑
l

Zm,N,le
′
1,mXηe1,me1,m

+

 1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le2,mXle1,m

 e2,m

)′

×

(
2Xηe1,m − cm,N

||e1,m||2
σA

(
ιι′Xηe1,m +Xηιι

′e1,m
))

+Op(N)

where

T1,m,N : = N2

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1

(1

2
bmcmσA +

1

2bm

)2
 1

N2

∑
ij

Xij − E(X12)



+


 cm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 2

 bm

(
1

2
bmcmσA +

1

2bm

)
+ 2

∑
ij

XijAj

= N2

(
Ncm,N

||e1,m||2
σA − 1

)(
1

2
bm,Ncm,NσA +

1

2bm,N

)2
 1

N2

∑
ij

Xij − E(X12)


+

( Ncm,N

||e1,m||2
σA − 2

)
bm,N

(
1

2
bm,Ncm,NσA +

1

2bm,N

)
+ 2

∑
ij

XijAj

= Op

(
N
√
N
)

so:

1

N2

∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
−

∑
i̸=j,k ̸=i,j

v11,i(π̂m)

||v11(π̂m)||
v11,j(π̂m)

||v11(π̂m)||
Xjk,η (Ai +Ak + Vik)


=

(
cm,N

E(e21,m)
σA − 1

)(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

η′E(X12) +
1

N2
η′T1,m,N

+

(
E(e1,m)4

E(e21,m)2
− 1

E(e21,m)

(
σAcm,NE(e1,m)2

E(e21,m)
+ 2

E(e1,m)4

E(e21,m)
+ 2

E(e1,m)2E(e2,m)2

E(e21,m) + E(e22,m)

− 2σAcm,NE(e1,m)4

E(e21,m)2
− 2σAcm,NE(e1,m)2E(e2,m)2

E(e21,m)(E(e21,m) + E(e22,m))

))
η′E(X12)E(X ′

12)Zm,N

+

−E(e1,m)2

E(e21,m)
− 1

E(e21,m)

(
−2E(e1,m)2 +

cm,NσAE(e1,m)2

E(e21,m)

) η′E(X12X
′
23)Zm,N +Op

(
1√
N

)

=

(
cm,N

E(e21,m)
σA − 1

)(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

η′E(X12) +
1

N2
η′T1,m,N

+

(
E(e1,m)4

E(e21,m)2
− 1

E(e21,m)

(
σAcm,NE(e1,m)2

E(e21,m)
+ 2

E(e1,m)4

E(e21,m)
+ 2

E(e1,m)2E(e2,m)2

E(e21,m) + E(e22,m)

− 2σAcm,NE(e1,m)4

E(e21,m)2
− 2σAcm,NE(e1,m)2E(e2,m)2

E(e21,m)(E(e21,m) + E(e22,m))

))
η′E(X12)E(X ′

12)Zm,N
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+
E(e1,m)2

E(e21,m)

(
1− cm,NσA

E(e21,m)

)
η′E(X12X

′
23)Zm,N +Op

(
1√
N

)

Note that

E(e1,m)2 =

(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

E(e21,m) =

(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

+ b2m,Nσ2
A

Hence:

1

N2

∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
−

∑
i̸=j,k ̸=i,j

v11,i(π̂m)

||v11(π̂m)||
v11,j(π̂m)

||v11(π̂m)||
Xjk,η (Ai +Ak + Vik)


=

(
cm,N

E(e21,m)
σA − 1

)(
1

2
bm,Ncm,NσA +

1

2bm,N

)2

η′E(X12) +
1

N2
η′T1,m,N

+

(
E(e1,m)4

E(e21,m)2
− 1

E(e21,m)

(
σAcm,NE(e1,m)2

E(e21,m)
+ 2

E(e1,m)4

E(e21,m)
+ 2

E(e1,m)2E(e2,m)2

E(e21,m) + E(e22,m)

− 2σAcm,NE(e1,m)4

E(e21,m)2
− 2σAcm,NE(e1,m)2E(e2,m)2

E(e21,m)(E(e21,m) + E(e22,m))

))
η′E(X12)E(X ′

12)Zm,N

+
E(e1,m)2

E(e21,m)

(
1
2bm,Ncm,NσA − 1

2bm,N

)2
+ b2m,Nσ2

A(
1
2bm,Ncm,NσA + 1

2bm,N

)2
+ b2m,Nσ2

A

η′E(X12X
′
23)Zm,N +Op

(
1√
N

)

Define∑
i ̸=j

X ′
ijXij−

∑
i ̸=j,k ̸=i,j

v11,i(π̂m)

||v11(π̂m)||
v11,j(π̂m)

||v11(π̂m)||
X ′

jkXik

= N2

E(X12X
′
12)−

(
1
2bm,Ncm,NσA + 1

2bm,N

)2
(
1
2bm,Ncm,NσA + 1

2bm,N

)2
+ b2m,Nσ2

A

E(X12X23) +R1,m,N +Op

(
1

N

)
likewise∑
i ̸=j

X ′
ijXij−

∑
i ̸=j,k ̸=i,j

v22,i(π̂m)

||v22(π̂m)||
v22,j(π̂m)

||v22(π̂m)||
X ′

jkXik

= N2

E(X12X
′
12)−

(
1
2bm,Ncm,NσA − 1

2bm,N

)2
(
1
2bm,Ncm,NσA − 1

2bm,N

)2
+ b2m,Nσ2

A

E(X12X23) +R2,m,N +Op

(
1

N

)
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Therefore:

1(λ1(π̂) + λN (π̂) > 0)
√
Ndiag(0, 1, ..., 1)(π̂m+1 − π0)

=
E(e1,m)2

E(e21,m)

(
1
2bm,Ncm,NσA − 1

2bm,N

)2
+ b2m,Nσ2

A(
1
2bm,Ncm,NσA + 1

2bm,N

)2
+ b2m,Nσ2

A

M−1
1,m,NE(X12X

′
23)

√
NZm,N +

1√
N

M−1
1,m,NT1,m,N

−

(
cm,N

E(e21,m)
σA − 1

)(
1

2
bm,Ncm,NσA +

1

2bm,N

)2√
NM−1

1,m,NR1,m,NM−1
1,m,NE(X12) +Op

(
1√
N

)

with

M1,m,N := E(X12X
′
12)−

(
1
2bm,Ncm,NσA + 1

2bm,N

)2
(
1
2bm,Ncm,NσA + 1

2bm,N

)2
+ b2m,Nσ2

A

E(X12X23)

so

1(λ1(π̂) + λN (π̂) > 0)
√
Ndiag(0, 1, ..., 1)(π̂m+1 − π0)

=
E(e1,m)2

E(e21,m)

(
1
2bmcmσA − 1

2bm

)2
+ b2mσ2

A(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m E(X12X

′
23)

√
NZm,N +

1√
N

M−1
m T1,m,N

−

(
cm

E(e21,m)
σA − 1

)(
1

2
bmcmσA +

1

2bm,N

)2√
NM−1

m R1,m,NM−1
m E(X12) +Op

(
1√
N

)

with

Mm := E(X12X
′
12)−

(
1
2bmcmσA + 1

2bm

)2
(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

E(X12X23)

so that

1(λ1(π̂) + λN (π̂) > 0)
√
Ndiag(0, 1, ..., 1)(π̂m+1 − π0)

=

(
1
2bmcmσA + 1

2bm

)2
(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

(
1
2bmcmσA − 1

2bm

)2
+ b2mσ2

A(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m E(X12X

′
23)

√
NZm,N +

1√
N

M−1
m T1,m,N

−

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


(
1

2
bmcmσA +

1

2bm,N

)2√
NM−1

m R1,m,NM−1
m E(X12) +Op

(
1√
N

)
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Generally, including the intercept:

1(λ1(π̂) + λN (π̂) > 0)
√
N(π̂m+1 − π0)

= −σAcm+1,N (1, 0, ..., 0)′ +

(
E(e1,m)4

E(e21,m)2
− 1

E(e21,m)

(
σAcm,NE(e1,m)2

E(e21,m)
+ 2

E(e1,m)4

E(e21,m)
+ 2

E(e1,m)2E(e2,m)2

E(e21,m) + E(e22,m)

−
2σAcm,NE(e1,m)4

E(e21,m)2
−

2σAcm,NE(e1,m)2E(e2,m)2

E(e21,m)(E(e21,m) + E(e22,m))

))
(1, 0, ..., 0)′E(X ′

12)Zm,N

+

(
1
2bmcmσA + 1

2bm

)2
(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

(
1
2bmcmσA − 1

2bm

)2
+ b2mσ2

A(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m E(X12X

′
23)

√
NZm,N +

1√
N

M−1
m T1,m,N

−

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


(
1

2
bmcmσA +

1

2bm,N

)2√
NM−1

m R1,m,NM−1
m E(X12) +Op

(
1√
N

)

We treat the term
∑

i ̸=j Xij,η

(
Ai +Aj + Vij

)
−
∑

i ̸=j,k ̸=i,j
v22,i(π̂m)
||v22(π̂m)||

v22,j(π̂m)
||v22(π̂m)||Xjk,η (Ai +Ak + Vik)

in the same way:

∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
−

∑
i ̸=j,k ̸=i,j

v22,i(π̂m)

||v22(π̂m)||
v22,j(π̂m)

||v22(π̂m)||
Xjk,η (Ai +Ak + Vik)

= − 1

||v22(π̂m)||2
v22(π̂m)′M(π̂m)Xηv22(π̂m) +

1

||v22(π̂m)||2
∑
l

(π0,l − π̂m,l)v22(π̂m)′XlXηv22(π̂m)

+
∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
+Op(N)

= − λN (π̂m)

||v22(π̂m)||2
v22(π̂m)′Xηv22(π̂m) +

1

||v22(π̂m)||2
∑
l

(π0,l − π̂m,l)v22(π̂m)′XlXηv22(π̂m)

+
∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
+Op(N)

= − λ2,m

||e2,m||2
e′2,mXηe2,m +

cm,N

||v22(π̂m)||2
σAv22(π̂m)′ιι′Xηv22(π̂m)

+
∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
− 2(e2,m − v22(π̂m))′Xηe2,m − 1

||v22(π̂m)||2
∑
l

Zm,N,le
′
2,mXlXηe2,m

+
λ2,m − λN (π̂m)

||e2,m||2
e′2,mXηe2,m +Op(N)

= e′2,mXηe2,m +
cm,N

||e2,m||2
σAe

′
2,mιι′Xηe2,m

+ 2
∑
i ̸=j

Xij,ηAi − 2(e2,m − v22(π̂m))′Xηe2,m − 1

||e2,m||2
∑
l

Zm,N,le
′
2,mXlXηe2,m

+
λ2,m − λN (π̂m)

||e2,m||2
e′2,mXηe2,m −

cm,N

||e2,m||2
σA

(
(e2,m − v22(π̂m))′ιι′Xηe2,m + e′2,mιι′Xη(e2,m − v22(π̂m))

)
+Op(N)
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= e′2,mXηe2,m +
Ncm,N

||e2,m||2
σA

(
1

2
bm,Ncm,NσA − 1

2bm,N

)
ι′Xηe2,m

+ 2
∑
i ̸=j

Xij,ηAi − 2(e2,m − v22(π̂m))′Xηe2,m − 1

||e2,m||2
∑
l

Zm,N,le
′
2,mXlXηe2,m + bm,NA′ιι′Xηe2,m

+
λ2,m − λN (π̂m)

||e2,m||2
e′2,mXηe2,m −

cm,N

||e2,m||2
σA

(
(e2,m − v22(π̂m))′ιι′Xηe2,m + e′2,mιι′Xη(e2,m − v22(π̂m))

)
+Op(N)

= e′2,mXηe2,m +
Ncm,N

||e2,m||2
σA

(
1

2
bm,Ncm,NσA − 1

2bm,N

)
ι′Xηe2,m

+ 2
∑
i ̸=j

Xij,ηAi +
1

||e2,m||4
∑
l

Zm,N,le
′
2,mXle2,me′2,mXηe2,m − 1

||e2,m||2
∑
l

Zm,N,le
′
2,mXlXηe2,m

+ bm,NA′ιι′Xηe2,m

+
1

||e2,m||2

(
−
∑
l

Zm,N,lXle2,m +
1

||e2,m||2
∑
l

Zm,N,le
′
2,mXηe2,me2,m

+

 1

||e2,m||2 + ||e1,m||2
∑
l

Zm,N,le1,mXle2,m

 e1,m

)′
×

(
−2Xηe2,m −

cm,N

||e2,m||2
σA
(
ιι′Xηe2,m +Xηιι

′e2,m
))

+Op(N)

=

(
1

2
bm,Ncm,NσA − 1

2bm,N

)2∑
ij

Xij,η + 2bm,N

(
1

2
bm,Ncm,NσA − 1

2bm,N

)∑
ij

Xij,ηAj

+
Ncm,N

||e2,m||2
σA

(
1

2
bm,Ncm,NσA − 1

2bm,N

)2∑
ij

Xij,η +
Ncm,Nbm,N

||e2,m||2
σA

(
1

2
bm,Ncm,NσA − 1

2bm,N

)∑
ij

Xij,ηAj

+ 2
∑
i ̸=j

Xij,ηAi +
1

||e2,m||4
∑
l

Zm,N,le
′
2,mXle2,me′2,mXηe2,m − 1

||e2,m||2
∑
l

Zm,N,le
′
2,mXlXηe2,m

+ bm,NA′ιι′Xηe2,m

+
1

||e2,m||2

(
−
∑
l

Zm,N,lXle2,m +
1

||e2,m||2
∑
l

Zm,N,le
′
2,mXηe2,me2,m

+

 1

||e2,m||2 + ||e1,m||2
∑
l

Zm,N,le1,mXle2,m

 e1,m

)′

×

(
−2Xηe2,m −

cm,N

||e2,m||2
σA
(
ιι′Xηe2,m +Xηιι

′e2,m
))

+Op(N)

=

(
Ncm,N

||e2,m||2
σA + 1

)(
1

2
bm,Ncm,NσA − 1

2bm,N

)2∑
ij

Xij,η

+

( Ncm,N

||e2,m||2
σA + 2

)
bm,N

(
1

2
bm,Ncm,NσA − 1

2bm,N

)
+ 2

∑
ij

Xij,ηAj
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+
1

||e2,m||4
∑
l

Zm,N,le
′
2,mXle2,me′2,mXηe2,m − 1

||e2,m||2
∑
l

Zm,N,le
′
2,mXlXηe2,m + bm,NA′ιι′Xηe2,m

+
1

||e2,m||2

(
−
∑
l

Zm,N,lXle2,m +
1

||e2,m||2
∑
l

Zm,N,le
′
2,mXηe2,me2,m

+

 1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le1,mXle2,m

 e1,m

)′

×

(
−2Xηe2,m −

cm,N

||e2,m||2
σA
(
ιι′Xηe2,m +Xηιι

′e2,m
))

+Op(N)

= N2

(
Ncm,N

||e2,m||2
σA + 1

)(
1

2
bm,Ncm,NσA − 1

2bm,N

)2

η′E(X12) + η′T2,m,N

+
1

||e2,m||4
∑
l

Zm,N,le
′
2,mXle2,me′2,mXηe2,m − 1

||e2,m||2
∑
l

Zm,N,le
′
2,mXlXηe2,m

+
1

||e2,m||2

(
−
∑
l

Zm,N,lXle2,m +
1

||e2,m||2
∑
l

Zm,N,le
′
2,mXηe2,me2,m

+

 1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le1,mXle2,m

 e1,m

)′

×

(
−2Xηe2,m −

cm,N

||e2,m||2
σA
(
ιι′Xηe2,m +Xηιι

′e2,m
))

+Op(N)

where

T2,m,N : = N2

− cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA + 1

(1

2
bmcmσA +

1

2bm

)2
 1

N2

∑
ij

Xij − E(X12)



+


 cm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 2

 bm

(
1

2
bmcmσA +

1

2bm

)
+ 2

∑
ij

XijAj

= N2

(
Ncm,N

||e2,m||2
σA + 1

)(
1

2
bm,Ncm,NσA − 1

2bm,N

)2
 1

N2

∑
ij

Xij − E(X12)


+

( Ncm,N

||e2,m||2
σA + 2

)
bm,N

(
1

2
bm,Ncm,NσA − 1

2bm,N

)
+ 2

∑
ij

XijAj +Op(N)

= Op

(
N
√
N
)
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so:

1

N2

∑
i̸=j

Xij,η

(
Ai +Aj + Vij

)
−

∑
i ̸=j,k ̸=i,j

v22,i(π̂m)

||v22(π̂m)||
v22,j(π̂m)

||v22(π̂m)||
Xjk,η (Ai +Ak + Vik)


=

(
cm,N

E(e22,m)
σA + 1

)(
1

2
bm,Ncm,NσA − 1

2bm,N

)2

η′E(X12) +
1

N2
η′T2,m,N

+

(
E(e2,m)4

E(e22,m)2
+

1

E(e22,m)

(
σAcm,NE(e2,m)2

E(e22,m)
− 2

E(e2,m)4

E(e22,m)
− 2

E(e2,m)2E(e1,m)2

E(e22,m) + E(e21,m)

− 2σAcm,NE(e2,m)4

E(e22,m)2
− 2σAcm,NE(e2,m)2E(e1,m)2

E(e22,m)(E(e21,m) + E(e22,m))

))
η′E(X12)E(X ′

12)Zm,N

+

−E(e2,m)2

E(e22,m)
+

1

E(e22,m)

(
2E(e2,m)2 +

cm,NσAE(e2,m)2

E(e22,m)

) η′E(X12X
′
23)Zm,N +Op

(
1√
N

)

=

(
cm,N

E(e22,m)
σA + 1

)(
1

2
bm,Ncm,NσA − 1

2bm,N

)2

η′E(X12) +
1

N2
η′T2,m,N

+

(
E(e2,m)4

E(e22,m)2
+

1

E(e22,m)

(
σAcm,NE(e2,m)2

E(e22,m)
− 2

E(e2,m)4

E(e22,m)
− 2

E(e2,m)2E(e1,m)2

E(e22,m) + E(e21,m)

− 2σAcm,NE(e2,m)4

E(e22,m)2
− 2σAcm,NE(e2,m)2E(e1,m)2

E(e22,m)(E(e21,m) + E(e22,m))

))
η′E(X12)E(X ′

12)Zm,N

+
E(e2,m)2

E(e22,m)

(
1 +

cm,NσA

E(e22,m)

)
η′E(X12X

′
23)Zm,N +Op

(
1√
N

)

Note that

E(e2,m)2 =

(
1

2
bm,Ncm,NσA − 1

2bm,N

)2

E(e22,m) =

(
1

2
bm,Ncm,NσA − 1

2bm,N

)2

+ b2m,Nσ2
A

Hence:

1

N2

∑
i ̸=j

Xij,η

(
Ai +Aj + Vij

)
−

∑
i̸=j,k ̸=i,j

v22,i(π̂m)

||v22(π̂m)||
v22,j(π̂m)

||v22(π̂m)||
Xjk,η (Ai +Ak + Vik)


=

(
cm,N

E(e22,m)
σA + 1

)(
1

2
bm,Ncm,NσA − 1

2bm,N

)2

η′E(X12) +
1

N2
η′T2,m,N

+

(
E(e2,m)4

E(e22,m)2
+

1

E(e22,m)

(
σAcm,NE(e2,m)2

E(e22,m)
− 2

E(e2,m)4

E(e22,m)
− 2

E(e2,m)2E(e1,m)2

E(e22,m) + E(e21,m)

− 2σAcm,NE(e2,m)4

E(e22,m)2
− 2σAcm,NE(e2,m)2E(e1,m)2

E(e22,m)(E(e21,m) + E(e22,m))

))
η′E(X12)E(X ′

12)Zm,N
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+
E(e2,m)2

E(e22,m)

(
1
2bm,Ncm,NσA + 1

2bm,N

)2
+ b2m,Nσ2

A(
1
2bm,Ncm,NσA − 1

2bm,N

)2
+ b2m,Nσ2

A

η′E(X12X
′
23)Zm,N +Op

(
1√
N

)

Define

∑
i ̸=j

X ′
ijXij−

∑
i ̸=j,k ̸=i,j

v22,i(π̂m)

||v22(π̂m)||
v22,j(π̂m)

||v22(π̂m)||
X ′

jkXik

= N2

E(X12X
′
12)−

(
1
2bm,Ncm,NσA − 1

2bm,N

)2
(
1
2bm,Ncm,NσA − 1

2bm,N

)2
+ b2m,Nσ2

A

E(X12X23) +R2,m,N


where:

R2,m,N : =
1

N2

∑
ij

XijX
′
ij − E(XijX

′
ij)

−

 1

N2

∑
i ̸=j,k ̸=i,j

v22,i(π̂m)

||v22(π̂m)||
v22,j(π̂m)

||v22(π̂m)||
X ′

jkXik − E(e2,m)2

E(e22,m)
E(X12X23)


Therefore:

1(λ1(π̂) + λN (π̂) < 0)
√
Ndiag(0, 1, ..., 1)(π̂m+1 − π0)

= 1(λ1(π̂) + λN (π̂) < 0)diag(0, 1, ..., 1)

(
E(e2,m)2

E(e22,m)

(
1
2bm,Ncm,NσA + 1

2bm,N

)2
+ b2m,Nσ2

A(
1
2bm,Ncm,NσA − 1

2bm,N

)2
+ b2m,Nσ2

A

M−1
2,m,NE(X12X

′
23)

√
NZm,N +

1

N
√
N

M−1
2,m,NT2,m,N

−

(
cm,N

E(e22,m)
σA + 1

)(
1

2
bm,Ncm,NσA − 1

2bm,N

)2√
NM−1

2,m,NR2,m,NM−1
2,m,NE(X12) +Op

(
1√
N

))

with

M2,m,N := E(X12X
′
12)−

(
1
2bm,Ncm,NσA − 1

2bm,N

)2
(
1
2bm,Ncm,NσA − 1

2bm,N

)2
+ b2m,Nσ2

A

E(X12X23)

then

1(λ1(π̂) + λN (π̂) < 0)
√
Ndiag(0, 1, ..., 1)(π̂m+1 − π0)

=

(
−1

2bmcmσA − 1
2bm

)2
(
−1

2bmcmσA − 1
2bm

)2
+ b2mσ2

A

(
−1

2bmcmσA + 1
2bm

)2
+ b2mσ2

A(
−1

2bmcmσA − 1
2bm

)2
+ b2mσ2

A

M−1
m E(X12X

′
23)

√
NZm,N +

1

N
√
N

M−1
m T2,m
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−

(
− cm
E(e22,m)

σA + 1

)(
−1

2
bmcmσA − 1

2bm

)2√
NM−1

m R2,m,NM−1
m E(X12) +Op

(
1√
N

)

with

Mm := E(X12X
′
12)−

(
1
2bmcmσA + 1

2bm

)2
(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

E(X12X23)

and

bm =

(
1

4σ2
A + c2mσ2

A

) 1
4

so

1(λ1(π̂) + λN (π̂) < 0)
√
Ndiag(0, 1, ..., 1)(π̂m+1 − π0)

=

(
1
2bmcmσA + 1

2bm

)2
(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

(
1
2bmcmσA − 1

2bm

)2
+ b2mσ2

A(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m E(X12X

′
23)

√
NZm,N +

1

N
√
N

M−1
m T2,m

−

− cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA + 1


((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)(
1
2bmcmσA + 1

2bm

)2
b2mσ2

A

×
√
NM−1

m R2,m,N (1, 0, ..., 0)′ +Op

(
1√
N

)
Again, including the intercept:

1(λ1(π̂) + λN (π̂) < 0)
√
N(π̂m+1 − π0) = −cm+1,NσA(1, 0, 0, ..., 0)

′

+
E(e21,m)

E(e21,m)− E(e1,m)2

(
E(e2,m)4

E(e22,m)2
+

1

E(e22,m)

(
σAcm,NE(e2,m)2

E(e22,m)
− 2

E(e2,m)4

E(e22,m)
− 2

E(e2,m)2E(e1,m)2

E(e22,m) + E(e21,m)

−
2σAcm,NE(e2,m)4

E(e22,m)2
−

2σAcm,NE(e2,m)2E(e1,m)2

E(e22,m)(E(e21,m) + E(e22,m))

))
(1, 0, 0, ...0)′E(X ′

12)Zm,N

+

(
1
2bmcmσA + 1

2bm

)2
(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

(
1
2bmcmσA − 1

2bm

)2
+ b2mσ2

A(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m E(X12X

′
23)

√
NZm,N +

1

N
√
N

M−1
m T2,m

−

− cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA + 1


((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)(
1
2bmcmσA + 1

2bm

)2
b2mσ2

A

×
√
NM−1

m R2,m,N (1, 0, ..., 0)′ +Op

(
1√
N

)
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In conclusion:

√
Ndiag(0, 1, ..., 1)(π̂m+1 − π0) = diag(0, 1, ..., 1)×

(
(41)(

1
2bmcmσA + 1

2bm

)2
(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

(
1
2bmcmσA − 1

2bm

)2
+ b2mσ2

A(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m E(X12X

′
23)

√
NZm,N (42)

+


 cm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 2

 bm

(
1

2
bmcmσA +

1

2bm

)
+ 2

 1

N
√
N

M−1
m

∑
ij

XijAj (43)

+
(
1(λ1(π̂) + λN (π̂) ≥ 0)− 1(λ1(π̂) + λN (π̂) < 0)

) cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1

(1

2
bmcmσA +

1

2bm

)2

(44)

√
N

 1

N2

∑
ij

Xij − E(X12)

 (45)

− 1(λ1(π̂) + λN (π̂) ≥ 0)

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)(
1
2bmcmσA + 1

2bm

)2
b2mσ2

A

(46)

×
√
NM−1

m R1,m,N (1, 0, ..., 0)′ (47)

− 1(λ1(π̂) + λN (π̂) < 0)

− cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA + 1


((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)(
1
2bmcmσA + 1

2bm

)2
b2mσ2

A

(48)

×
√
NM−1

m R2,m,N (1, 0, ..., 0)′
)

(49)

+Op

(
1√
N

)
(50)

With the intercept:

√
N(π̂m+1 − π0) = −σAcm+1,N (1, 0, ..., 0)′

+
E(e21,m)

E(e21,m)− E(e1,m)2

(
E(e1,m)4

E(e21,m)2
− 1

E(e21,m)

(
σAcm,NE(e1,m)2

E(e21,m)
+ 2

E(e1,m)4

E(e21,m)
+ 2

E(e1,m)2E(e2,m)2

E(e21,m) + E(e22,m)

− 2σAcm,NE(e1,m)4

E(e21,m)2
− 2σAcm,NE(e1,m)2E(e2,m)2

E(e21,m)(E(e21,m) + E(e22,m))

))
(1, 0, ..., 0)′E(X ′

12)Zm,N(
1
2bmcmσA + 1

2bm

)2
(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

(
1
2bmcmσA − 1

2bm

)2
+ b2mσ2

A(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m E(X12X

′
23)

√
NZm,N
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+


 cm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 2

 bm

(
1

2
bmcmσA +

1

2bm

)
+ 2

 1

N
√
N

M−1
m

∑
ij

XijAj

+
(
1(λ1(π̂) + λN (π̂) ≥ 0)− 1(λ1(π̂) + λN (π̂) < 0)

) cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1

(1

2
bmcmσA +

1

2bm

)2

×
√
N

 1

N2

∑
ij

Xij − E(X12)



− 1(λ1(π̂) + λN (π̂) ≥ 0)

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)(
1
2bmcmσA + 1

2bm

)2
b2mσ2

A

×
√
NM−1

m R1,m,N (1, 0, ..., 0)′

− 1(λ1(π̂) + λN (π̂) < 0)

− cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA + 1


((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)(
1
2bmcmσA + 1

2bm

)2
b2mσ2

A

×
√
NM−1

m R2,m,N (1, 0, ..., 0)′
)

+Op

(
1√
N

)
write

R1,m,N (1, 0, ..., 0)′ =
1

N2

∑
ij

Xij − E(Xij)

−

 1

N2

∑
i ̸=j,k ̸=i,j

v11,i(π̂m)

||v11(π̂m)||
v11,j(π̂m)

||v11(π̂m)||
X ′

jk −
E(e1,m)2

E(e21,m)
E(X12)


and for any η ∈ RL:

1

N2

∑
i ̸=j,k ̸=i,j

v11,i(π̂m)

||v11(π̂m)||
v11,j(π̂m)

||v11(π̂m)||
X ′

jk,η −
E(e1,m)2

E(e21,m)
E(X12,η)

=
1

N2||v11(π̂m)||2

∑
i,k ̸=j

v11,i(π̂m)v11,j(π̂m)X ′
jk,η −

∑
j ̸=k

v11,j(π̂m)2Xjk,η −
∑
j ̸=k

v11,j(π̂m)v11,k(π̂m)Xjk,η


− E(e1,m)2

E(e21,m)
E(X12,η)

=
1

N2||v11(π̂m)||2
(
v11(π̂m)′ι

)
v′11(π̂m)Xηι−

E(e1,m)2

E(e21,m)
E(X12,η) +Op

(
1

N

)
=

1

N2||e1,m||2
(
v11(π̂m)′ι

)
v′11(π̂m)Xηι−

E(e1,m)2

E(e21,m)
E(X12,η) +Op

(
1

N

)
=

1

N2||e1,m||2
(
e′1,mι

)
ι′Xηe1,m − E(e1,m)2

E(e21,m)
E(X12,η)
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+
1

N2||e1,m||2
(
(v11(π̂m)− e1,m)′ι

)
ι′Xηe1,m +

1

N2||e1,m||2
(
e′1,mι

)
ι′Xη(v11(π̂m)− e1,m) +Op

(
1

N

)
=

1

N2||e1,m||2
(
e′1,mι

)
ι′Xηe1,m − E(e1,m)2

E(e21,m)
E(X12,η)

+
1

N2||e1,m||2λ1(π̂m)

(
−
∑
l

Zm,N,lXlv11(π̂m) + (λ1,m − λ1(π̂m))e1,m

+

 1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le2,mXle1,m

 e2,m

)′
ιι′Xηe1,m

+
1

N2||e1,m||2λ1(π̂m)

(
e′1,mι

)
ι′Xη

(
−
∑
l

Zm,N,lXlv11(π̂m) + (λ1,m − λ1(π̂m))e1,m

+

 1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le2,mXle1,m

 e2,m

)
+Op

(
1

N

)

=
1

N2||e1,m||2
(
e′1,mι

)
ι′Xηe1,m − E(e1,m)2

E(e21,m)
E(X12,η)

+
1

N2||e1,m||4

(
−
∑
l

Zm,N,lXle1,m − 1

||e1,m||2
∑
l

Zm,N,le
′
1,mXle1,me1,me1,m

+

 1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le2,mXle1,m

 e2,m

)′
ιι′Xηe1,m

+
1

N2||e1,m||4
(
e′1,mι

)
ι′Xη

(
−
∑
l

Zm,N,lXle1,m − 1

||e1,m||2
∑
l

Zm,N,le
′
1,mXle1,me1,m

+

 1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le2,mXle1,m

 e2,m

)
+Op

(
1

N

)

=
1

N2||e1,m||2
(
e′1,mι

)
ι′Xηe1,m − E(e1,m)2

E(e21,m)
E(X12,η)

+
1

N2||e1,m||4

(
−
∑
l

Zm,N,lXle1,m − 1

||e1,m||2
∑
l

Zm,N,le
′
1,mXle1,me1,me1,m

+

 1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le2,mXle1,m

 e2,m

)′
ιι′Xηe1,m

+
1

N2||e1,m||4
(
e′1,mι

)
ι′Xη

(
−
∑
l

Zm,N,lXle1,m − 1

||e1,m||2
∑
l

Zm,N,le
′
1,mXle1,me1,m

+

 1

||e1,m||2 + ||e2,m||2
∑
l

Zm,N,le2,mXle1,m

 e2,m

)
+Op

(
1

N

)

=
1

N2||e1,m||2
(
e′1,mι

)
ι′Xηe1,m − E(e1,m)2

E(e21,m)
E(X12,η)
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+
E(e1,m)

E(e21,m)2

(
− E(e1,m)E(X12)Zm,N − E(e1,m)3

E(e21,m)
E(X12)Zm,N

+
E(e2,m)2E(e1,m)

E(e21,m) + E(e22,m)
E(X12)Zm,N

)
η′E(X12)

+
E(e1,m)

E(e21,m)2

(
− E(e1,m)η′E(X12X23)Zm,N − E(e1,m)3

E(e21,m)
η′E(X12)E(X12)

′Zm,N

+
E(e2,m)2E(e1,m)

E(e21,m) + E(e22,m)
η′E(X12)E(X12)

′Zm,N

)
+Op

(
1

N

)
hence:

diag(0, 1, 1, ..., 1)M−1
m R1,m,N (1, 0, ..., 0)′ =

1

N2
diag(0, 1, 1, ..., 1)M−1

m

∑
ij

Xij − E(Xij)


− diag(0, 1, 1, ..., 1)M−1

m

(
1

N2||e1,m||2
(
e′1,mι

)
ι′Xηe1,m − E(e1,m)2

E(e21,m)
E(X12,η)

)

+
E(e1,m)2

E(e21,m)2
diag(0, 1, 1, ..., 1)M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)

=
1

N2
diag(0, 1, 1, ..., 1)M−1

m

∑
ij

Xij − E(Xij)


− diag(0, 1, 1, ..., 1)M−1

m

1

N2||e1,m||2
(
e′1,mι

)
ι′Xηe1,m

+
E(e1,m)2

E(e21,m)2
diag(0, 1, 1, ..., 1)M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)

=
1

N2
diag(0, 1, 1, ..., 1)M−1

m

∑
ij

Xij − E(Xij)


− diag(0, 1, 1, ..., 1)M−1

m

1

N2||e1,m||2

(
NE(e1,m)2

∑
ij

Xij,η + E(e1,m)bm
∑
i

Ai

∑
ij

Xij,η

+NE(e1,m)bm
∑
ij

AiXij,η + b2m
∑
i

Ai

∑
ij

AiXij,η

)

+
E(e1,m)2

E(e21,m)2
diag(0, 1, 1, ..., 1)M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)

=
1

N2
diag(0, 1, 1, ..., 1)M−1

m

∑
ij

Xij − E(Xij)


− diag(0, 1, 1, ..., 1)M−1

m

1

N2||e1,m||2

(
NE(e1,m)2

∑
ij

Xij,η + E(e1,m)bm
∑
i

Ai

∑
ij

Xij,η

+NE(e1,m)bm
∑
ij

AiXij,η

)
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+
E(e1,m)2

E(e21,m)2
diag(0, 1, 1, ..., 1)M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)

=
1

N2
diag(0, 1, 1, ..., 1)M−1

m

∑
ij

Xij − E(Xij)


− diag(0, 1, 1, ..., 1)M−1

m

E(e1,m)

N2E(e21,m)

(
E(e1,m)

∑
ij

(
Xij,η − E(Xij,η)

)
+ bm

∑
ij

AiXij,η

)

+
E(e1,m)2

E(e21,m)2
diag(0, 1, 1, ..., 1)M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)

=
1

N2
diag(0, 1, 1, ..., 1)

(
1− E(e1,m)2

E(e21,m)

)
M−1

m

∑
ij

Xij − E(Xij)


− diag(0, 1, 1, ..., 1)M−1

m

E(e1,m)bm
N2E(e21,m)

∑
ij

AiXij,η

+
E(e1,m)2

E(e21,m)2
diag(0, 1, 1, ..., 1)M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)
Including the intercept:

M−1
m R1,m,N (1, 0, ..., 0)′ =

1

N2
M−1

m

∑
ij

Xij − E(Xij)


−M−1

m

(
1

N2||e1,m||2
(
e′1,mι

)
ι′Xηe1,m − E(e1,m)2

E(e21,m)
E(X12,η)

)

+
E(e1,m)2

E(e21,m)2
M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)
+

E(e1,m)

E(e21,m)2

(
E(e1,m) + 2

E(e1,m)3

E(e21,m)
− 2

E(e2,m)2E(e1,m)

E(e21,m) + E(e22,m)

)
M−1

m E(X12)E(X12)
′Zm,N

=
1

N2
M−1

m

∑
ij

Xij − E(Xij)

−M−1
m

(
1

N2||e1,m||2
(
e′1,mι

)
ι′Xηe1,m − E(e1,m)2

E(e21,m)
E(X12,η)

)

+
E(e1,m)

E(e21,m)
(
E(e21,m)− E(e1,m)2

)(E(e1,m) + 2
E(e1,m)3

E(e21,m)
− 2

E(e2,m)2E(e1,m)

E(e21,m) + E(e22,m)

)
(1, 0, ..., 0)′E(X12)

′Zm,N

+
E(e1,m)2

E(e21,m)2
M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)

=
1

N2
M−1

m

∑
ij

Xij − E(Xij)


−M−1

m

1

N2||e1,m||2

(
NE(e1,m)2

∑
ij

Xij + E(e1,m)bm
∑
i

Ai

∑
ij

Xij
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+NE(e1,m)bm
∑
ij

AiXij + b2m
∑
i

Ai

∑
ij

AiXij

)
+

E(e1,m)2

E(e21,m)
M−1

m E(X12)

+
E(e1,m)2

E(e21,m)b2mσ2
A

(
1 + 2

E(e1,m)2

E(e21,m)
− 2

E(e2,m)2

E(e21,m) + E(e22,m)

)
(1, 0, ..., 0)′E(X12)

′Zm,N

+
E(e1,m)2

E(e21,m)2
M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)

=
1

N2
M−1

m

∑
ij

Xij − E(Xij)


−M−1

m

1

N2||e1,m||2

(
NE(e1,m)2

∑
ij

Xij + E(e1,m)bm
∑
i

Ai

∑
ij

Xij

+NE(e1,m)bm
∑
ij

AiXij

)

+
E(e1,m)2

E(e21,m)b2mσ2
A

(
1 + 2

E(e1,m)2

E(e21,m)
− 2

E(e2,m)2

E(e21,m) + E(e22,m)

)
(1, 0, ..., 0)′E(X12)

′Zm,N

+
E(e1,m)2

E(e21,m)2
M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)

=
1

N2
M−1

m

∑
ij

Xij − E(Xij)


−M−1

m

E(e1,m)

N2E(e21,m)

(
E(e1,m)

∑
ij

(
Xij,η − E(Xij)

)
+ bm

∑
ij

AiXij +
1

N
bm
∑
i

Ai

∑
ij

Xij

)

+
E(e21)− ||e1,m||2/N

E(e21)
2

M−1
m E(X12)

+
E(e1,m)2

E(e21,m)b2mσ2
A

(
1 + 2

E(e1,m)2

E(e21,m)
− 2

E(e2,m)2

E(e21,m) + E(e22,m)

)
(1, 0, ..., 0)′E(X12)

′Zm,N

+
E(e1,m)2

E(e21,m)2
M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)

=
1

N2

(
1− E(e1,m)2

E(e21,m)

)
M−1

m

∑
ij

Xij − E(Xij)


−M−1

m

E(e1,m)bm
N2E(e21,m)

∑
ij

AiXij,η

+

(
E(e21,m)− ||e1,m||2/N

E(e21,m)2
− E(e1,m)bm

E(e21,m)2

∑
iAi

N

)
M−1

m E(X12)

+
E(e1,m)2

E(e21,m)b2mσ2
A

(
1 + 2

E(e1,m)2

E(e21,m)
− 2

E(e2,m)2

E(e21,m) + E(e22,m)

)
(1, 0, ..., 0)′E(X12)

′Zm,N

+
E(e1,m)2

E(e21,m)2
M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)
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=
1

N2

(
1− E(e1,m)2

E(e21,m)

)
M−1

m

∑
ij

Xij − E(Xij)


−M−1

m

E(e1,m)bm
N2E(e21,m)

∑
ij

AiXij,η

+

(
E(e21,m)− ||e1,m||2/N

E(e21,m)2
− E(e1,m)bm

E(e21,m)2

∑
iAi

N

)
M−1

m E(X12)

+
E(e1,m)2

E(e21,m)b2mσ2
A

(
1 + 2

E(e1,m)2

E(e21,m)
− 2

E(e2,m)2

E(e21,m) + E(e22,m)

)
(1, 0, ..., 0)′E(X12)

′Zm,N

+
E(e1,m)2

E(e21,m)2
M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)

=
1

N2

(
1− E(e1,m)2

E(e21,m)

)
M−1

m

∑
ij

Xij − E(Xij)


−M−1

m

E(e1,m)bm
N2E(e21,m)

∑
ij

AiXij,η

+
1

E(e21,m)bmσ2
A

bm

(
σ2
A −

∑
A2

i

N

)
− 3E(e1,m)

∑
iAi

N

 (1, 0, ..., 0)′

+
E(e1,m)2

E(e21,m)b2mσ2
A

(
1 + 2

E(e1,m)2

E(e21,m)
− 2

E(e2,m)2

E(e21,m) + E(e22,m)

)
(1, 0, ..., 0)′E(X12)

′Zm,N

+
E(e1,m)2

E(e21,m)2
M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)

and similarly for R2,m,N , write

R2,m,N (1, 0, ..., 0)′ =
1

N2

∑
ij

Xij − E(Xij)

−

 1

N2

∑
i ̸=j,k ̸=i,j

v22,i(π̂m)

||v22(π̂m)||
v22,j(π̂m)

||v22(π̂m)||
X ′

jk −
E(e2,m)2

E(e22,m)
E(X12)


and for any η ∈ RL:

1

N2

∑
i ̸=j,k ̸=i,j

v22,i(π̂m)

||v22(π̂m)||
v22,j(π̂m)

||v22(π̂m)||
X ′

jk,η −
E(e2,m)2

E(e22,m)
E(X12,η)

=
1

N2||e2,m||2
(
e′2,mι

)
ι′Xηe2,m − E(e2,m)2

E(e22,m)
E(X12,η)

+
1

N2||e2,m||2λN (π̂m)

(
−
∑
l

Zm,N,lXlv22(π̂m) + (λ2,m − λN (π̂m))e2,m

+

 1

||e2,m||2 + ||e1,m||2
∑
l

Zm,N,le1,mXle2,m

 e1,m

)′
ιι′Xηe2,m
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+
1

N2||e2,m||2λN (π̂m)

(
e′2,mι

)
ι′Xη

(
−
∑
l

Zm,N,lXlv22(π̂m) + (λ2,m − λN (π̂m))e2,m

+

 1

||e2,m||2 + ||e1,m||2
∑
l

Zm,N,le1,mXle2,m

 e1,m

)
+Op

(
1

N

)

=
1

N2||e2,m||2
(
e′2,mι

)
ι′Xηe2,m − E(e2,m)2

E(e22,m)
E(X12,η)

− 1

N2||e2,m||4

(
−
∑
l

Zm,N,lXle2,m − 1

||e2,m||2
∑
l

Zm,N,le
′
2,mXle2,me2,m

+

 1

||e2,m||2 + ||e1,m||2
∑
l

Zm,N,le1,mXle2,m

 e1,m

)′
ιι′Xηe2,m

− 1

N2||e2,m||4
(
e′2,mι

)
ι′Xη

(
−
∑
l

Zm,N,lXle2,m − 1

||e2,m||2
∑
l

Zm,N,le
′
2,mXle2,me2,m

+

 1

||e2,m||2 + ||e1,m||2
∑
l

Zm,N,le1,mXle2,m

 e1,m

)
+Op

(
1

N

)

=
1

N2||e2,m||2
(
e′2,mι

)
ι′Xηe2,m − E(e2,m)2

E(e22,m)
E(X12,η)

− E(e2,m)

E(e22,m)2

(
− E(e2,m)E(X12)Zm,N − E(e2,m)3

E(e22,m)
E(X12)Zm,N

+
E(e1,m)2E(e2,m)

E(e22,m) + E(e21,m)
E(X12)Zm,N

)
η′E(X12)

− E(e2,m)

E(e22,m)2

(
− E(e2,m)η′E(X12X23)Zm,N − E(e2,m)3

E(e22,m)
η′E(X12)E(X12)

′Zm,N

+
E(e1,m)2E(e2,m)

E(e22,m) + E(e21,m)
η′E(X12)E(X12)

′Zm,N

)
+Op

(
1

N

)
hence:

diag(0, 1, 1, ..., 1)M−1
m R2,m,N (1, 0, ..., 0)′ =

1

N2
diag(0, 1, 1, ..., 1)

(
1− E(e2,m)2

E(e22,m)

)
M−1

m

∑
ij

Xij − E(Xij)


− diag(0, 1, 1, ..., 1)M−1

m

E(e2,m)bm
N2E(e22,m)

∑
ij

AiXij,η

− E(e2,m)2

E(e22,m)2
diag(0, 1, 1, ..., 1)M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)

=
1

N2
diag(0, 1, 1, ..., 1)

b2mσ2
A(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m

∑
ij

Xij − E(Xij)
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+ diag(0, 1, 1, ..., 1)M−1
m

(
1
2bmcmσA + 1

2bm

)
bm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

1

N2

∑
ij

AiXij,η

−

(
1
2bmcmσA + 1

2bm

)2
((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)2diag(0, 1, 1, ..., 1)M
−1
m E(X12X

′
23)Zm,N +Op

(
1

N

)

Including the intercept:

M−1
m R2,m,N (1, 0, ..., 0)′ =

1

N2

(
1− E(e2,m)2

E(e22,m)

)
M−1

m

∑
ij

Xij − E(Xij)


−M−1

m

E(e2,m)bm
N2E(e22,m)

∑
ij

AiXij,η

+
E(e2,m)

E(e22,m)2

(
−E(e2,m)− 2

E(e2,m)3

E(e22,m)
+ 2

E(e1,m)2E(e2,m)

E(e22,m) + E(e21,m)

)
M−1

m E(X12)E(X12)
′Zm,N

+

(
E(e22,m)− ||e2,m||2/N

E(e22,m)2
− E(e2,m)bm

E(e22,m)2

∑
iAi

N

)
M−1

m E(X12)

− E(e2,m)2

E(e22,m)2
M−1

m E(X12X
′
23)Zm,N +Op

(
1

N

)

=
1

N2

b2mσ2
A(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m

∑
ij

Xij − E(Xij)


+M−1

m

(
1
2bmcmσA + 1

2bm

)
bm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

1

N2

∑
ij

AiXij,η

+
E(e2,m)2

E(e22,m)b2mσ2
A

(
−1− 2

E(e2,m)2

E(e22,m)
+ 2

E(e1,m)2

E(e22,m) + E(e21,m)

)
(1, 0, ..., 0)′E(X12)

′Zm,N

+
1

E(e22,m)bmσ2
A

bm

(
σ2
A −

∑
A2

i

N

)
− 3E(e2,m)

∑
iAi

N

 (1, 0, ..., 0)′

−

(
1
2bmcmσA + 1

2bm

)2
((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)2M
−1
m E(X12X

′
23)Zm,N +Op

(
1

N

)

=
1

N2

b2mσ2
A(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m

∑
ij

Xij − E(Xij)
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+M−1
m

(
1
2bmcmσA + 1

2bm

)
bm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

1

N2

∑
ij

AiXij,η

+

(
1
2bmcmσA + 1

2bm

)2((
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)
b2mσ2

A

(
− 1− 2

(
1
2bmcmσA + 1

2bm

)2
(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

+

+ 2

(
1
2bmcmσA − 1

2bm

)2
(
1
2bmcmσA + 1

2bm

)2
+
(
1
2bmcmσA − 1

2bm

)2
+ 2b2mσ2

A

)
(1, 0, ..., 0)′E(X12)

′Zm,N

+
1

E(e22,m)bmσ2
A

bm

(
σ2
A −

∑
A2

i

N

)
+ 3

(
1

2
bmcmσA +

1

2bm

) ∑
iAi

N

 (1, 0, ..., 0)′

−

(
1
2bmcmσA + 1

2bm

)2
((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)2M
−1
m E(X12X

′
23)Zm,N +Op

(
1

N

)

=
1

N2

b2mσ2
A(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m

∑
ij

Xij − E(Xij)


+M−1

m

(
1
2bmcmσA + 1

2bm

)
bm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

1

N2

∑
ij

AiXij,η

+

(
1
2bmcmσA + 1

2bm

)2((
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)
b2mσ2

A

(
− 1− 2

(
1
2bmcmσA + 1

2bm

)2
(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

+

+ 2b2mσ2
A

(
1

2
bmcmσA − 1

2bm

)2)
(1, 0, ..., 0)′E(X12)

′Zm,N

+
1

E(e22,m)bmσ2
A

bm

(
σ2
A −

∑
A2

i

N

)
+ 3

(
1

2
bmcmσA +

1

2bm

) ∑
iAi

N

 (1, 0, ..., 0)′

−

(
1
2bmcmσA + 1

2bm

)2
((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)2M
−1
m E(X12X

′
23)Zm,N +Op

(
1

N

)

where the last inequality results from the observation that:

1

4
b2mc2mσA − 1

4b2m
+ b2mσ2

A = 0
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remember:

diag(0, 1, 1, ..., 1)M−1
m R1,m,N (1, 0, ..., 0)′

=
1

N2
diag(0, 1, 1, ..., 1)

b2mσ2
A(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m

∑
ij

Xij − E(Xij)


− diag(0, 1, 1, ..., 1)M−1

m

(
1
2bmcmσA + 1

2bm

)
bm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

1

N2

∑
ij

AiXij,η

+

(
1
2bmcmσA + 1

2bm

)2
((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)2diag(0, 1, 1, ..., 1)M
−1
m E(X12X

′
23)Zm,N +Op

(
1

N

)

Including the intercept:

M−1
m R1,m,N (1, 0, ..., 0)′ =

1

N2

b2mσ2
A(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m

∑
ij

Xij − E(Xij)


−M−1

m

(
1
2bmcmσA + 1

2bm

)
bm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

1

N2

∑
ij

AiXij,η

+

(
1
2bmcmσA + 1

2bm

)2((
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)
b2mσ2

A

(
1 + 2

(
1
2bmcmσA + 1

2bm

)2
(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

+

− 2b2mσ2
A

(
1

2
bmcmσA − 1

2bm

)2)
(1, 0, ..., 0)′E(X12)

′Zm,N

+
1

E(e21,m)bmσ2
A

bm

(
σ2
A −

∑
A2

i

N

)
− 3

(
1

2
bmcmσA +

1

2bm

) ∑
iAi

N

 (1, 0, ..., 0)′

+

(
1
2bmcmσA + 1

2bm

)2
((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)2M
−1
m E(X12X

′
23)Zm,N +Op

(
1

N

)

plugging in equation (41):

√
Ndiag(0, 1, ..., 1)(π̂m+1 − π0) = diag(0, 1, ..., 1)×

(
(

1
2bmcmσA + 1

2bm

)2
(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

(
1
2bmcmσA − 1

2bm

)2
+ b2mσ2

A(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m E(X12X

′
23)

√
NZm,N
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+


 cm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 2

 bm

(
1

2
bmcmσA +

1

2bm

)
+ 2

 1

N
√
N

M−1
m

∑
ij

XijAj

+
(
1(λ1(π̂) + λN (π̂) ≥ 0)− 1(λ1(π̂) + λN (π̂) < 0)

) cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1

(1

2
bmcmσA +

1

2bm

)2

×
√
N

 1

N2

∑
ij

Xij − E(X12)



− 1(λ1(π̂) + λN (π̂) ≥ 0)

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)(
1
2bmcmσA + 1

2bm

)2
b2mσ2

A

×
√
NM−1

m R1,m,N (1, 0, ..., 0)′

− 1(λ1(π̂) + λN (π̂) < 0)

− cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA + 1


((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)(
1
2bmcmσA + 1

2bm

)2
b2mσ2

A

×
√
NM−1

m R2,m,N (1, 0, ..., 0)′
)

+Op

(
1√
N

)
= diag(0, 1, ..., 1)×

(
(

1
2bmcmσA + 1

2bm

)2
b2mσ2

A

(
1
2bmcmσA − 1

2bm

)2
+ b2mσ2

A(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m E(X12X

′
23)

√
NZm,N

+

[ cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 2

 bm

(
1

2
bmcmσA +

1

2bm

)
+ 2+

+

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1

 bm

(
1
2bmcmσA + 1

2bm

)3
b2mσ2

A

]
1

N
√
N

M−1
m

∑
ij

XijAj

+Op

(
1√
N

)
Including the intercept

√
N(π̂m+1 − π0) = −σAcm+1,N (1, 0, ..., 0)′

+
E(e21,m)

E(e21,m)− E(e1,m)2

(
E(e1,m)4

E(e21,m)2
− 1

E(e21,m)

(
σAcm,NE(e1,m)2

E(e21,m)
+ 2

E(e1,m)4

E(e21,m)
+ 2

E(e1,m)2E(e2,m)2

E(e21,m) + E(e22,m)

− 2σAcm,NE(e1,m)4

E(e21,m)2
− 2σAcm,NE(e1,m)2E(e2,m)2

E(e21,m)(E(e21,m) + E(e22,m))

))
(1, 0, ..., 0)′E(X ′

12)Zm,N
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(
1
2bmcmσA + 1

2bm

)2
(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

(
1
2bmcmσA − 1

2bm

)2
+ b2mσ2

A(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m E(X12X

′
23)

√
NZm,N

+


 cm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 2

 bm

(
1

2
bmcmσA +

1

2bm

)
+ 2

 1

N
√
N

M−1
m

∑
ij

XijAj

+
(
1(λ1(π̂) + λN (π̂) ≥ 0)− 1(λ1(π̂) + λN (π̂) < 0)

) cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1

(1

2
bmcmσA +

1

2bm

)2

×
√
N

 1

N2

∑
ij

Xij − E(X12)



− 1(λ1(π̂) + λN (π̂) ≥ 0)

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)(
1
2bmcmσA + 1

2bm

)2
b2mσ2

A

×
√
NM−1

m R1,m,N (1, 0, ..., 0)′

− 1(λ1(π̂) + λN (π̂) < 0)

− cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA + 1


((

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

)(
1
2bmcmσA + 1

2bm

)2
b2mσ2

A

×
√
NM−1

m R2,m,N (1, 0, ..., 0)′
)

+Op

(
1√
N

)
= −σAcm+1,N (1, 0, ..., 0)′

+
E(e21,m)

E(e21,m)− E(e1,m)2

(
E(e1,m)4

E(e21,m)2
− 1

E(e21,m)

(
σAcm,NE(e1,m)2

E(e21,m)
+ 2

E(e1,m)4

E(e21,m)
+ 2

E(e1,m)2E(e2,m)2

E(e21,m) + E(e22,m)

− 2σAcm,NE(e1,m)4

E(e21,m)2
− 2σAcm,NE(e1,m)2E(e2,m)2

E(e21,m)(E(e21,m) + E(e22,m))

))
(1, 0, ..., 0)′E(X ′

12)Zm,N

+

(
1
2bmcmσA + 1

2bm

)2
b2mσ2

A

(
1
2bmcmσA − 1

2bm

)2
+ b2mσ2

A(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

M−1
m E(X12X

′
23)

√
NZm,N

+

[ cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 2

 bm

(
1

2
bmcmσA +

1

2bm

)
+ 2+

+

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1

 bm

(
1
2bmcmσA + 1

2bm

)3
b2mσ2

A

]
1

N
√
N

M−1
m

∑
ij

XijAj
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+

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


(

1
2bmcmσA + 1

2bm

)4
b4mσ4

A

×

(
1 + 2

(
1
2bmcmσA + 1

2bm

)2
(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

− 2b2mσ2
A

(
1

2
bmcmσA − 1

2bm

)2)
(1, 0, ..., 0)′

√
NE(X12)

′Zm,N

+ 3

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


(

1
2bmcmσA + 1

2bm

)3
b3mσ4

A

√
N

∑
i Ai

N
(1, 0, ..., 0)′

+
(
1(λ1(π̂) + λN (π̂) ≥ 0)− 1(λ1(π̂) + λN (π̂) < 0)

)(∑A2
i

N
− σ2

A

) cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1

×

(
1
2bmcmσA + 1

2bm

)2
b2mσ4

A

√
N(1, 0, 0, ..., 0)′

+Op

(
1√
N

)
Let’s simplify the coefficient of the term M−1

m E(X12)E(X12)
′Zm,N :

E(e1,m)4

E(e21,m)2
− 1

E(e21,m)

(
σAcm,NE(e1,m)2

E(e21,m)
+ 2

E(e1,m)4

E(e21,m)
+ 2

E(e1,m)2E(e2,m)2

E(e21,m) + E(e22,m)
− 2σAcm,NE(e1,m)4

E(e21,m)2

− 2σAcm,NE(e1,m)2E(e2,m)2

E(e21,m)(E(e21,m) + E(e22,m))

)

+

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


(

1
2bmcmσA + 1

2bm

)4
b2mσ2

A

((
1
2bmcmσA + 1

2bm

)2
+ b2σ2

A

)
(
1 + 2

(
1
2bmcmσA + 1

2bm

)2
(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

− 2b2mσ2
A

(
1

2
bmcmσA − 1

2bm

)2)

=
E(e1,m)4

E(e21,m)2
− 1

E(e21,m)

(σAcm,N

(
1
2bmcmσA + 1

2bm

)2
E(e21,m)

+ 2

(
1
2bmcmσA + 1

2bm

)4
E(e21,m)

+ 2b6mσ6
A

−
2σAcm,N

(
1
2bmcmσA + 1

2bm

)4
E(e21,m)2

− 2σAcm,Nb6mσ6
A

E(e21,m)

)

+

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


(

1
2bmcmσA + 1

2bm

)4
b2mσ2

A

((
1
2bmcmσA + 1

2bm

)2
+ b2σ2

A

)
(
1 + 2

(
1
2bmcmσA + 1

2bm

)2
(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

− 2b2mσ2
A

(
1

2
bmcmσA − 1

2bm

)2)
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=
E(e1,m)4

E(e21,m)2
− 1

E(e21,m)

(σAcm,N

(
1
2bmcmσA + 1

2bm

)2
E(e21,m)

+ 2

(
1
2bmcmσA + 1

2bm

)4
E(e21,m)

+ 2b6mσ6
A

−
2σAcm,N

(
1
2bmcmσA + 1

2bm

)4
E(e21,m)2

− 2σAcm,Nb6mσ6
A

E(e21,m)

)

+

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


(

1
2bmcmσA + 1

2bm

)4
b2mσ2

A

((
1
2bmcmσA + 1

2bm

)2
+ b2σ2

A

)
(
1 + 2

(
1
2bmcmσA + 1

2bm

)2
(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

− 2b2mσ2
A

(
1

2
bmcmσA − 1

2bm

)2)

To simplify notation, for every c, c1,N and σA denote

A(σA, c, c1,N ) :=
E(e1,m)4

E(e21,m)2
− 1

E(e21,m)

(σAcmc1,N

(
1
2bmcmσA + 1

2bm

)2
E(e21,m)

+ 2

(
1
2bmcmσA + 1

2bm

)4
E(e21,m)

+ 2b6mσ6
A

−
2σAcm,N

(
1
2bmcmσA + 1

2bm

)4
E(e21,m)2

−
2σAcm,Nb6mσ6

A

E(e21,m)

)

+

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


(
1
2bmcmσA + 1

2bm

)4
b2mσ2

A

((
1
2bmcmσA + 1

2bm

)2
+ b2σ2

A

)
(
1 + 2

(
1
2bmcmσA + 1

2bm

)2
(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

− 2b2mσ2
A

(
1

2
bmcmσA − 1

2bm

)2)

B(σA, c) :=

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 2

 bm

(
1

2
bmcmσA +

1

2bm

)
+ 2+

+

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1

 bm

(
1
2bmcmσA + 1

2bm

)3
b2mσ2

A

C(σA, c) := 3

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


(
1
2bmcmσA + 1

2bm

)3
b3mσ4

A

D(σA, c, c1,N ) := c1,N

 cm(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1


(
1
2bmcmσA + 1

2bm

)2
b2mσ4

A
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(remember c1,N := 1(λ1(π̂) + λN (π̂) ≥ 0)− 1(λ1(π̂) + λN (π̂) < 0)) so that:

√
N(π̂m+1 − π0) = −σAcm+1,N (1, 0, ..., 0)′ +A(σA, cm)M(cm)−1E(X12)E(X ′

12)Zm,N +M−1
m E(X12X

′
23)

√
NZm,N

+B(σA, cm)
1

N
√
N

M−1
m

∑
ij

XijAj + C(σA, cm)
√
N

∑
i Ai

N
(1, 0, ..., 0)′ +D(σA, cm)

√
N

(∑
A2

i

N
− σ2

A

)
(1, 0, 0, ..., 0)′

+Op

(
1√
N

)
= −σAcm+1,N (1, 0, ..., 0)′ +M(cm)−1

(
E(X12X

′
23) +A(σA, cm)E(X12)E(X ′

12)
)
Zm,N

+B(σA, cm)
1

N
√
N

M−1
m

∑
ij

XijAj + C(σA, cm)
√
N

∑
i Ai

N
(1, 0, ..., 0)′ +D(σA, cm)

√
N

(∑
A2

i

N
− σ2

A

)
(1, 0, 0, ..., 0)′

+Op

(
1√
N

)
Since

bm =

(
1

4σ2
A + c2mσ2

A

) 1
4

Then:
1

4
b2mσ2

Ac
2
m − 1

4b2m
= −b2mσ2

A

implying (
1

2
bmcmσA +

1

2bm

)2

×
(
1

2
bmcmσA − 1

2bm

)2

=

(
1

4
b2mσ2

Ac
2
m − 1

4b2m

)2

= b4mσ4
A

therefore: (
1
2bmcmσA + 1

2bm

)2
b2mσ2

A

(
1
2bmcmσA − 1

2bm

)2
+ b2mσ2

A(
1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

= 1

and

√
Ndiag(0, 1, ..., 1)(π̂m+1 − π0) = diag(0, 1, ..., 1)×

(
M−1

m E(X12X
′
23)

√
NZm,N

+ 2


 cm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1

 bm

(
1

2
bmcmσA +

1

2bm

)
+ 1

 1

N
√
N

M−1
m

∑
ij

XijAj

+Op

(
1√
N

)
= diag(0, 1, ..., 1)×

(
M−1

m E(X12X
′
23)

√
Ndiag(0, 1, ..., 1)(π̂m − π0)

+ 2


 cm(

1
2bmcmσA + 1

2bm

)2
+ b2mσ2

A

σA − 1

 bm

(
1

2
bmcmσA +

1

2bm

)
+ 1

 1

N
√
N

M−1
m

∑
ij

XijAj
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+Op

(
1√
N

)

A.13 Lemma for the proof of Theorem 3

Lemma 5.

K̂ →p K0

with

K0 : =

(
1
2b0c0σA + 1

2b0

)2
(

1
2b0c0σA + 1

2b0

)2
+ b20σ

2
A

E(X12X
′
12)−

(
1
2b0c0σA + 1

2b0

)2
(

1
2b0c0σA + 1

2b0

)2
+ b20σ

2
A

E(X12X
′
23)


−1

×

E(X12X
′
23)−

(
1
2b0c0σA + 1

2b0

)2
(

1
2b0c0σA + 1

2b0

)2
+ b20σ

2
A

E(X12)E(X ′
12)


=

1

2

(
E(X12X

′
12)−

1

2
E(X12X

′
23)

)−1(
E(X12X

′
23)−

1

2
E(X12)E(X ′

12)

)
Proof. Follows the same proof strategy as the proof of proposition 5 in appendix A.9.
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